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ÏÐÅÄÈÑËÎÂÈÅ

Òåîðèÿ êâàäðàòóðíûõ è êóáàòóðíûõ ôîðìóë ÿâëÿåòñÿ àêòèâíî ðàç-
âèâàþùèìñÿ íàïðàâëåíèåì â ñîâðåìåííîé ìàòåìàòèêå. Ýòîé òåîðèè è åå
÷èñëåííûì ðåàëèçàöèÿì ïîñâÿùåíî áîëüøîå ÷èñëî ñòàòåé è ðÿä ìîíî-
ãðàôèé. Îò èìåþùèõñÿ ìîíîãðàôèé äàííàÿ êíèãà îòëè÷àåòñÿ òåì, ÷òî
â îñíîâíîì ïîñâÿùåíà ïîñòðîåíèþ îïòèìàëüíûõ ïî òî÷íîñòè (àñèìïòî-
òè÷åñêè îïòèìàëüíûõ èëè îïòèìàëüíûõ ïî ïîðÿäêó) àëãîðèòìîâ âû÷èñ-
ëåíèÿ ñèíãóëÿðíûõ èíòåãðàëîâ â ñìûñëå ãëàâíîãî çíà÷åíèÿ ïî Êîøè,
ïîëèñèíãóëÿðíûõ èíòåãðàëîâ, ìíîãîìåðíûõ ñèíãóëÿðíûõ èíòåãðàëîâ, à
òàêæå ïîñòðîåíèþ îïòèìàëüíûõ ïî òî÷íîñòè àëãîðèòìîâ âû÷èñëåíèÿ
îäíîìåðíûõ ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ, ïîëèãèïåðñèíãóëÿðíûõ èí-
òåãðàëîâ, ìíîãîìåðíûõ ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ. Ïîñòðîåíèå ýòèõ
àëãîðèòìîâ îñíîâàíî íà âîñõîäÿùåé ê Ï.Ë.×åáûøåâó ìèíèìàêñíîé êîí-
öåïöèè îïòèìàëüíîñòè, ãàðàíòèðóþùåé ïîëó÷åíèå íàèëó÷øèõ ðåçóëüòà-
òîâ ïðè íàèõóäøåé íà âçÿòîì êëàññå èñõîäíîé èíôîðìàöèè.

Ìîíîãðàôèÿ ñîñòîèò èç äâóõ ÷àñòåé. Ïåðâàÿ ÷àñòü ïîñâÿùåíà îïòè-
ìàëüíûì ìåòîäàì âû÷èñëåíèÿ ñèíãóëÿðíûõ èíòåãðàëîâ, âòîðàÿ � îïòè-
ìàëüíûì ìåòîäàì âû÷èñëåíèÿ ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ. Îñíîâíîå
âíèìàíèå âî âòîðîé ÷àñòè óäåëÿåòñÿ ãèïåðñèíãóëÿðíûì èíòåãðàëàì â
ñìûñëå Àäàìàðà.

Ïåðâàÿ ÷àñòü ñîñòîèò èç ñåìè ãëàâ. Â ïåðâîé ãëàâå äàåòñÿ îáçîð ïðè-
áëèæåííûõ ìåòîäîâ âû÷èñëåíèÿ ñèíãóëÿðíûõ èíòåãðàëîâ, ïðèâîäèòñÿ
ïîñòàíîâêà çàäà÷è îïòèìèçàöèè, îïèñûâàþòñÿ êëàññû ôóíêöèé, äëÿ êî-
òîðûõ ñòðîÿòñÿ îïòèìàëüíûå àëãîðèòìû.

Âòîðàÿ ãëàâà ïîñâÿùåíà îïòèìàëüíûì àëãîðèòìàì âû÷èñëåíèÿ ñèí-
ãóëÿðíûõ èíòåãðàëîâ ñ ôèêñèðîâàííîé ñèíãóëÿðíîñòüþ.

Â òðåòüåé ãëàâå èçëàãàþòñÿ îïòèìàëüíûå àëãîðèòìû âû÷èñëåíèÿ ñèí-
ãóëÿðíûõ èíòåãðàëîâ ñ ÿäðàìè Ãèëüáåðòà è Êîøè.

Â ÷åòâåðòîé ãëàâå èññëåäóþòñÿ ìåòîäû ïîñòðîåíèÿ îïòèìàëüíûõ êó-
áàòóðíûõ ôîðìóë âû÷èñëåíèÿ ìíîãîìåðíûõ ñëàáîñèíãóëÿðíûõ èíòåãðà-
ëîâ, ïîëèñèíãóëÿðíûõ èíòåãðàëîâ ñ ÿäðàìè Ãèëüáåðòà è Êîøè è ìíîãî-
ìåðíûõ ñèíãóëÿðíûõ èíòåãðàëîâ.

Â ïÿòîé ãëàâå èññëåäóþòñÿ àäàïòèâíûå ìåòîäû âû÷èñëåíèÿ ñèíãóëÿð-
íûõ èíòåãðàëîâ.

Â øåñòîé ãëàâå ðàññìàòðèâàþòñÿ îïòèìàëüíûå ïî ñëîæíîñòè àëãîðèò-
ìû âû÷èñëåíèÿ îäíîìåðíûõ è ìíîãîìåðíûõ ñèíãóëÿðíûõ èíòåãðàëîâ.
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Ñåäüìàÿ ãëàâà ïîñâÿùåíà ïðèìåíåíèþ îïòèìàëüíûõ êóáàòóðíûõ ôîð-
ìóë âû÷èñëåíèÿ ìíîãîìåðíûõ ñëàáîñèíãóëÿðíûõ èíòåãðàëîâ ê ïðèáëè-
æåííîìó âû÷èñëåíèþ ýëåêòðè÷åñêîé åìêîñòè ïðîñòðàíñòâåííûõ òåë ïðî-
èçâîëüíîé ôîðìû.

Êíèãà, â ïåðâóþ î÷åðåäü, àäðåñîâàíà ñïåöèàëèñòàì â îáëàñòè âû÷èñ-
ëèòåëüíîé ìàòåìàòèêè è ìåõàíèêè. Îíà òàêæå ìîæåò áûòü ïîëåçíà ôè-
çèêàì è èíæåíåðàì-èññëåäîâàòåëÿì, êîòîðûå â ñâîèõ ïðåäìåòíûõ îáëà-
ñòÿõ ñòàëêèâàþòñÿ ñ íåîáõîäèìîñòüþ âû÷èñëåíèÿ ñèíãóëÿðíûõ èíòåãðà-
ëîâ. Îòäåëüíûå ïàðàãðàôû êíèãè ìîãóò áûòü èñïîëüçîâàíû â êà÷åñòâå
ó÷åáíîãî ïîñîáèÿ ïî äèñöèïëèíàì "Êâàäðàòóðíûå ôîðìóëû"è "Ãðàíè÷-
íûå èíòåãðàëüíûå óðàâíåíèÿ"äëÿ ñòóäåíòîâ ñïåöèàëüíîñòè "Ïðèêëàä-
íàÿ ìàòåìàòèêà".

Èññëåäîâàíèÿ àâòîðà ïî ïðèáëèæåííûì ìåòîäàì âû÷èñëåíèÿ ñèíãó-
ëÿðíûõ è ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ áûëè ïîääåðæàíû Ðîññèéñêèì
ôîíäîì ôóíäàìåíòàëüíûõ èññëåäîâàíèé (ãðàíòû 94-01-00653, 97-01-00621),
Ìèíèñòåðñòâîì îáðàçîâàíèÿ ÐÔ (ãðàíòû ïî âû÷èñëèòåëüíîé ìàòåìàòèêå
1994 − 1996 ãã. è 1998 − 2000 ãã.), Ôåäåðàëüíûì àãåíñòâîì ïî îáðàçîâà-
íèþ (2005 ã., ðåãèñòðàöèîííûé íîìåð 0120.0502705).
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ÃËÀÂÀ 1

ÂÂÅÄÅÍÈÅ

1. Ïîñòàíîâêà çàäà÷è îïòèìèçàöèè

Â ýòîì ïàðàãðàôå ïðèâåäåíû îïðåäåëåíèÿ îïòèìàëüíûõ ïî òî÷íîñòè è
ñëîæíîñòè ïàññèâíûõ àëãîðèòìîâ âû÷èñëåíèÿ ñèíãóëÿðíûõ èíòåãðàëîâ.
Îïðåäåëåíèÿ îïòèìàëüíûõ ïî òî÷íîñòè ïàññèâíûõ àëãîðèòìîâ âû÷èñëå-
íèÿ ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ äàíû âî âòîðîé ÷àñòè.

Ïðåäâàðèòåëüíî íàïîìíèì îïðåäåëåíèÿ ñèíãóëÿðíûõ èíòåãðàëîâ â
ñìûñëå ãëàâíîãî çíà÷åíèÿ ïî Êîøè, ïîëèñèíãóëÿðíûõ èíòåãðàëîâ è ìíî-
ãîìåðíûõ ñèíãóëÿðíûõ èíòåãðàëîâ.

Ðàññìîòðèì èíòåãðàë

Jϕ =

b∫

a

f(τ)

τ − t
dτ, a < t < b. (1.1)

Èçâåñòíî, ÷òî ýòîò èíòåãðàë íå áåðåòñÿ íè â ñìûñëå Ðèìàíà, íè â
ñìûñëå Ëåáåãà. Äëÿ òîãî, ÷òîáû ïðèäàòü èíòåãðàëó (1.1) ñìûñë, Êî-
øè ââåë íîâûé òèï èíòåãðàëîâ (òàê íàçûâàåìûå èíòåãðàëû â ñìûñëå
ãëàâíîãî çíà÷åíèÿ ïî Êîøè). Èñòîðè÷åñêè èíòåãðàëû â ñìûñëå ãëàâíîãî
çíà÷åíèÿ ïî Êîøè ÿâëÿþòñÿ îäíèì èç ïåðâûõ ìåòîäîâ ðåãóëÿðèçàöèè
ðàñõîäÿùèõñÿ èíòåãðàëîâ. Ïîäðîáíåå îá ýòîì ñì. â [2], [64].

Îïðåäåëåíèå 1.1. Ãëàâíûì çíà÷åíèåì ïî Êîøè îñîáîãî èíòåãðàëà
b∫
a

f(τ)
τ−cdτ, a < c < b, íàçûâàåòñÿ ïðåäåë

lim
η→0




c−η∫

a

f(τ)

τ − c
dτ +

b∫

c+η

f(τ)

τ − c
dτ


 .

Ïîêàæåì, ÷òî åñëè ôóíêöèÿ f(t) íà ñåãìåíòå [a, b] óäîâëåòâîðÿåò óñëî-
âèþ Ãåëüäåðà Hα(A) ñ ïîêàçàòåëåì α (0 < α ≤ 1) è êîýôôèöèåí-
òîì A, ò.å. åñëè |f(x1) − f(x2)| ≤ A|x1 − x2|α, òî ñóùåñòâóåò èíòåãðàë
b∫
a

f(τ)
τ−cdτ, a < c < b.
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Â ñàìîì äåëå, èç îïðåäåëåíèÿ èíòåãðàëà â ñìûñëå ãëàâíîãî çíà÷åíèÿ
ïî Êîøè ñëåäóåò åãî îäíîðîäíîñòü è àääèòèâíîñòü. Ïîýòîìó

b∫

a

f(τ)

τ − c
dτ =

b∫

a

f(τ)− f(c)

τ − c
dτ + f(c)

b∫

a

dτ

τ − c
. (1.2)

Ïåðâûé èç èíòåãðàëîâ â ïðàâîé ÷àñòè ïðåäûäóùåãî ðàâåíñòâà åñòü
íåñîáñòâåííûé èíòåãðàë Ðèìàíà. Ýòî ñëåäóåò èç íåðàâåíñòâà |f(τ) −
f(c)|/|τ − c| ≤ A|τ − c|α/|τ − c| ≤ A/|τ − c|1−α è êðèòåðèÿ Êîøè ñóùå-
ñòâîâàíèÿ íåñîáñòâåííûõ èíòåãðàëîâ [155]. Âòîðîé èíòåãðàë èç ïðàâîé
÷àñòè ðàâåíñòâà (1.2) ïî îïðåäåëåíèþ ðàâåí

b∫

a

f(τ)

τ − c
dτ = ln

∣∣∣∣
b− c

a− c

∣∣∣∣ .

Ðàâåíñòâî (1.2) øèðîêî èñïîëüçóåòñÿ ïðè îöåíêå êâàäðàòóðíûõ ôîð-
ìóë.

Îïðåäåëèì òåïåðü ãëàâíîå çíà÷åíèå ïî Êîøè îñîáîãî èíòåãðàëà íà
êðèâîëèíåéíîì êîíòóðå.

Ðàññìîòðèì èíòåãðàë

Jf =

∫

L

f(τ)

τ − t
dτ, t ∈ L,

ãäå L− ãëàäêàÿ êðèâàÿ â ïëîñêîñòè êîìïëåêñíîé ïåðåìåííîé z;
t íå ñîâïàäàåò ñ êîíöàìè êîíòóðà L.

Ïðîâåäåì èç òî÷êè t êîíòóðà êàê èç öåíòðà îêðóæíîñòü ðàäèóñà r è
ïóñòü t1, t2 � òî÷êè ïåðåñå÷åíèÿ ýòîé îêðóæíîñòè ñ êðèâîé L. Ðàäèóñ r

áóäåì ñ÷èòàòü íàñòîëüêî ìàëûì, ÷òîáû îêðóæíîñòü íå èìåëà ñ êîíòóðîì
L äðóãèõ òî÷åê ïåðåñå÷åíèÿ êðîìå t1 è t2. Îáîçíà÷èì ÷àñòü êîíòóðà L,

âûðåçàííîãî îêðóæíîñòüþ, ÷åðåç l è âîçüìåì èíòåãðàë ïî îñòàâøåéñÿ
äóãå ∫

L\l

f(τ)

τ − t
dτ.

Îïðåäåëåíèå 1.2 [63]. Ïðåäåë èíòåãðàëà
∫

L\l

f(τ)
τ−t dτ ïðè r → 0 íàçû-
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âàåòñÿ ãëàâíûì çíà÷åíèåì îñîáîãî èíòåãðàëà
∫

L

f(τ)

τ − t
dτ.

Íàïîìíèì, ñëåäóÿ [63], îïðåäåëåíèå ïîëèñèíãóëÿðíûõ èíòåãðàëîâ. Ïðè
ýòîì äëÿ ïðîñòîòû îáîçíà÷åíèé îãðàíè÷èìñÿ ðàññìîòðåíèåì áèñèíãóëÿð-
íûõ èíòåãðàëîâ.

Ïóñòü â îáëàñòè êîìïëåêñíîé ïåðåìåííîé zk, k = 1, 2, äàí ïðîñòîé,
ãëàäêèé, çàìêíóòûé êîíòóð γk, äåëÿùèé åå íà äâå ÷àñòè: âíóòðåííþþ
−D+

k è âíåøíþþ −D−
k . Ãðàíèöà ýòèõ îáëàñòåé îïðåäåëÿåòñÿ ôîðìóëîé

γ = γ1 × γ2 è íàçûâàåòñÿ îñòîâîì. Ïóñòü íà îñòîâå γ çàäàíà ôóíêöèÿ
ϕ(t1, t2).

Ðàññìîòðèì èíòåãðàë

Bϕ =

∫

γ1

∫

γ2

ϕ(τ1, τ2)dτ1dτ2

(τ1 − t1)(τ2 − t2)
, ti ∈ γi, i = 1, 2.

Äëÿ îïðåäåëåíèÿ ýòîãî èíòåãðàëà ïðåäëàãàåòñÿ ñëåäóþùàÿ ïðîöåäó-
ðà.

Â ïëîñêîñòè zi ∈ γi, i = 1, 2, îïèøåì îêðóæíîñòü ñ öåíòðîì â òî÷êå
ti, i = 1, 2, è ñòîëü ìàëîãî ðàäèóñà ρ, ρ ≤ ε, ÷òî îíà ïåðåñåêàåò êîíòóð
γi, i = 1, 2, òîëüêî â äâóõ òî÷êàõ. ×àñòü êîíòóðà γi, i = 1, 2, ëåæàùóþ
âíóòðè ýòîé îêðóæíîñòè, îáîçíà÷èì ÷åðåç γ∗i , i = 1, 2. ×åðåç γ∗ îáîçíà-
÷èì òîïîëîãè÷åñêîå ïðîèçâåäåíèå γ∗ = γ∗1 × γ∗2 .

Îïðåäåëåíèå 1.3. Áèñèíãóëÿðíûé èíòåãðàë Bϕ îïðåäåëÿåòñÿ êàê
ïðåäåë

Bϕ = lim
ε→0

∫

γ1\γ∗1

∫

γ2\γ∗2

ϕ(τ1, τ2)dτ1dτ2

(τ1 − t1)(τ2 − t2)
, ti ∈ γi, i = 1, 2.

Íåêîòîðûå êëàññû ôóíêöèé, ïðè êîòîðûõ ñóùåñòâóåò ýòîò ïðåäåë,
óêàçàíû â ìîíîãðàôèè [63].

Ïðèâåäåì îïðåäåëåíèå ìíîãîìåðíûõ ñèíãóëÿðíûõ èíòåãðàëîâ, ïðè-
÷åì, êàê è âûøå, îãðàíè÷èìñÿ äëÿ ïðîñòîòû îáîçíà÷åíèé äâóìåðíûì
ñëó÷àåì. Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ. ×åðåç E2 îáîçíà÷èì äâóìåð-
íîå åâêëèäîâî ïðîñòðàíñòâî, t = (t1, t2), τ = (τ1, τ2)− òî÷êè ýòîãî ïðî-
ñòðàíñòâà, r(t, τ) = ((t1 − τ1)

2 + (t2 − τ2)
2)1/2, θ = ( t1−τ1

r(t,τ) ,
t2−τ2

r(t,τ)). Íåòðóäíî
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âèäåòü, ÷òî òî÷êà θ ïðîáåãàåò îêðóæíîñòü ðàäèóñà åäèíèöà ñ öåíòðîì â
òî÷êå t.

Ïóñòü Ω̄− îáëàñòü â E2. Îáëàñòü Ω̄ ìîæåò áûòü êàê êîíå÷íîé, òàê è
áåñêîíå÷íîé.

Îïðåäåëåíèå 1.4 [106]. Ìíîãîìåðíûé ñèíãóëÿðíûé èíòåãðàë

Mϕ =

∫

Ω̄

f(θ, t, τ)ϕ(τ)

r2(t, τ)
dτ1dτ2, t ∈ Ω

îïðåäåëÿåòñÿ ôîðìóëîé

Mϕ = lim
ε→0

∫

Ω̄\S(t,ε)

f(θ, t, τ)ϕ(τ)

r2(t, τ)
dτ1dτ2, t ∈ Ω,

ãäå S(t, ε)− êðóã ðàäèóñà ε ñ öåíòðîì â òî÷êå t.

Âîïðîñû ñóùåñòâîâàíèÿ ìíîãîìåðíûõ ñèíãóëÿðíûõ èíòåãðàëîâ ïî-
äðîáíî èññëåäîâàíû â [106].

Ïîñòàíîâêà çàäà÷è ïîñòðîåíèÿ íàèëó÷øåé êâàäðàòóðíîé ôîðìóëû (ê.ô.)
ïðèíàäëåæèò À. Í. Êîëìîãîðîâó è çàêëþ÷àåòñÿ â ñëåäóþùåì. Ïóñòü Ψ
íåêîòîðûé êëàññ èíòåãðèðóåìûõ íà ñåãìåíòå [0,1] ôóíêöèé. Ðàññìîòðèì
ê.ô.:

1∫

0

f(x)dx =
n∑

i=1

pif(xi) + Rn(f, pi, xi), (1.3)

ãäå êîýôôèöèåíòû pi è óçëû 0 ≤ x1 < · · · < xn ≤ 1 ïðîèçâîëüíû.
Ïîãðåøíîñòü ê.ô. (1.3) íà êëàññå ôóíêöèé Ψ ðàâíà

Rn(Ψ, pi, xi) = sup
f∈Ψ

|Rn(f, pi, xi)|.

Ââåäåì âåëè÷èíó ζn[Ψ] = inf
pi,xi

Rn(Ψ, pi, xi). Åñëè ñóùåñòâóþò êîýôôè-
öèåíòû p∗i è óçëû x∗i (i = 1, 2, . . . , n), ïðè êîòîðûõ ζn(Ψ) =
= Rn(Ψ, p∗i , x

∗
i ), òî ê.ô. (1.3) ñ âåñàìè p∗i è óçëàìè x∗i íàçûâàåòñÿ íàèëó÷-

øåé (èëè îïòèìàëüíîé) íà êëàññå Ψ.

Í.Ñ.Áàõâàëîâûì ââåäåíû [14] ïîíÿòèÿ àñèìïòîòè÷åñêè îïòèìàëüíûõ
è îïòèìàëüíûõ ïî ïîðÿäêó ïàññèâíûõ àëãîðèòìîâ ðåøåíèÿ çàäà÷ ÷èñ-
ëåííîãî àíàëèçà. Äðóãèå ïîäõîäû ê îïðåäåëåíèþ îïòèìàëüíûõ ïàññèâ-
íûõ àëãîðèòìîâ ïðåäëîæåíû â êíèãàõ [143], [145], [150].
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Ñëåäóÿ [14], ê.ô. (1.3) ñ âåñàìè p∗i è óçëàìè x∗i íàçîâåì àñèìïòî-
òè÷åñêè îïòèìàëüíîé èëè îïòèìàëüíîé ïî ïîðÿäêó íà êëàññå Ψ, åñëè
Rn(Ψ, p∗i , x

∗
i ) ∼ ζn(Ψ) èëè Rn(Ψ, p∗i , x

∗
i ) ³ ζn(Ψ) (íàïîìíèì, ÷òî αn ∼ βn

îçíà÷àåò, ÷òî lim
n→∞

(αn/βn) = 1, à αn ³ βn îçíà÷àåò, ÷òî A ≤ (αn/βn) ≤ B,

ãäå A,B=const, 0 < A, B < ∞).
Ïåðåéäåì ê îïðåäåëåíèþ îïòèìàëüíûõ àëãîðèòìîâ âû÷èñëåíèÿ ñèí-

ãóëÿðíûõ èíòåãðàëîâ. Ñëåäóåò ðàçëè÷àòü ïîñòàíîâêó çàäà÷è âû÷èñëåíèÿ
ñèíãóëÿðíûõ èíòåãðàëîâ â ñëó÷àå ôèêñèðîâàííîé è ïåðåìåííîé ñèíãó-
ëÿðíîñòè.

Â ïåðâîì ñëó÷àå, îãðàíè÷èâàÿñü èíòåãðàëîì
1∫
−1

ϕ(τ)dτ
τ íàõîäèì, ÷òî çà-

äà÷à ïîñòðîåíèÿ íàèëó÷øåé ê.ô. äëÿ ñèíãóëÿðíîãî èíòåãðàëà ñ ôèêñè-
ðîâàííîé îñîáåííîñòüþ ñîâïàäàåò ñ àíàëîãè÷íîé çàäà÷åé äëÿ èíòåãðàëà
â ñìûñëå Ðèìàíà.

Âî âòîðîì ñëó÷àå îãðàíè÷èìñÿ èíòåãðàëîì ñ ÿäðîì Ãèëüáåðòà

Fϕ =
1

2π

2π∫

0

ϕ(σ)ctgσ − s

2
dσ,

â êîòîðîì ïàðàìåòð s ïðèíèìàåò ëþáûå çíà÷åíèÿ, ïðèíàäëåæàùèå ñåã-
ìåíòó [0, 2π].

Ýòîò èíòåãðàë áóäåì âû÷èñëÿòü ïî ê.ô.

Fϕ =
n∑

k=1

pk(s)ϕ(tk) + Rn(s, pk, tk, ϕ) (1.4)

ñ ïðîèçâîëüíûìè âåñàìè pk(s) è óçëàìè tk(0 ≤ tk ≤ 2π). Ïîä ïîãðåøíî-
ñòüþ ê.ô. (1.4) áóäåì ïîíèìàòü âåëè÷èíó

Rn(pk, tk, ϕ) = max
s
|Rn(s, pk(s), tk, ϕ)|.

Îòìåòèì, ÷òî åñëè èç êîíòåêñòà ÿñíî, î êàêîì âåêòîðå óçëîâ è âå-
ñîâ èäåò ðå÷ü, òî âìåñòî îáîçíà÷åíèé Rn(s, pk, tk, ϕ) è Rn(pk, tk, ϕ) áóäåì
ïèñàòü ñîîòâåòñòâåííî Rn(s, ϕ) è Rn(ϕ).

Åñëè Ψ− íåêîòîðûé êëàññ çàäàííûõ íà ñåãìåíòå [0, 2π] ôóíêöèé, òî
ïîëîæèì Rn(pk, tk, Ψ) = sup

ϕ∈Ψ
Rn(pk, tk, ϕ). Îáîçíà÷èì ÷åðåç ζn[Ψ] âåëè÷è-

íó ζn[Ψ] = inf
pk,tk

Rn(pk, tk, Ψ), â êîòîðîé íèæíÿÿ ãðàíü áåðåòñÿ ïî âñåâîç-
ìîæíûì n óçëàì tk(0 ≤ tk ≤ 2π) è âåñàì pk(s), k = 1, 2, . . . , n. Ê.ô.
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(1.4), ïîñòðîåííóþ íà óçëàõ t∗k è âåñàõ p∗k(s), áóäåì, ñëåäóÿ
Í. Ñ. Áàõâàëîâó [14] è Â. Â. Èâàíîâó [82], íàçûâàòü îïòèìàëüíîé, àñèìï-
òîòè÷åñêè îïòèìàëüíîé, îïòèìàëüíîé ïî ïîðÿäêó, åñëè
Rn(p

∗
k, t

∗
k, Ψ) = ζn[Ψ]; Rn(p

∗
k, t

∗
k, Ψ) ∼ ζn[Ψ], Rn(p

∗
k, t

∗
k, Ψ) ³ ζn[Ψ] ñîîò-

âåòñòâåííî.
Àíàëîãè÷íûì îáðàçîì ââîäèòñÿ ïîíÿòèå îïòèìàëüíûõ, àñèìïòîòè÷å-

ñêè îïòèìàëüíûõ è îïòèìàëüíûõ ïî ïîðÿäêó ê.ô. äëÿ èíòåãðàëîâ ñî ñëà-
áîé ñòåïåííîé îñîáåííîñòüþ, ëîãàðèôìè÷åñêîé îñîáåííîñòüþ, äëÿ ìíî-
ãîìåðíûõ ñèíãóëÿðíûõ èíòåãðàëîâ ðàçëè÷íûõ âèäîâ.

Ïðè ïîñòàíîâêå çàäà÷è ïîñòðîåíèÿ îïòèìàëüíûõ ïî ñëîæíîñòè àëãî-
ðèòìîâ âû÷èñëåíèÿ èíòåãðàëîâ áóäåì ñëåäîâàòü êíèãå [150]. Â êà÷åñòâå
íàáîðà ïðîñòåéøèõ îïåðàöèé âîçüìåì íàáîð P = (àðèôìåòè÷å-
ñêèå îïåðàöèè, âû÷èñëåíèå çíà÷åíèÿ ôóíêöèè).

Ïóñòü η− èíôîðìàöèîííûé îïåðàòîð, äîïóñòèìûé ïî îòíîøåíèþ ê
P, A− àëãîðèòì, èñïîëüçóþùèé äîïóñòèìóþ èíôîðìàöèþ η. ×åðåç comp(η(f))
îáîçíà÷àåòñÿ èíôîðìàöèîííàÿ ñëîæíîñòü âû÷èñëåíèÿ η(f). Ýòî îçíà÷à-
åò, ÷òî åñëè η(f) òðåáóåò âûïîëíåíèÿ ïðîñòåéøèõ îïåðàöèé p1, p2, . . . , pk,

òî comp(η(f)) =
k∑

i=1
comp(pi).

Äëÿ âû÷èñëåíèÿ A(η(f)) ñëåäóåò âû÷èñëèòü y = η(f) è âû÷èñëèòü
A(y). Ïóñòü âû÷èñëåíèå A(y) òðåáóåò âûïîëíåíèÿ ïðîñòåéøèõ îïåðàöèé

q1, q2, . . . , qk. Âåëè÷èíà comp(A(y)) =
k∑

i=1
comp(qi) íàçûâàåòñÿ êîìáèíà-

òîðíîé ñëîæíîñòüþ âû÷èñëåíèé A(y).
Ïóñòü E1 è E2− ëèíåéíûå ïðîñòðàíñòâà, E0− ìíîæåñòâî â ëèíåéíîì

ïðîñòðàíñòâå E1, S : E0 → E2− ëèíåéíûé èëè íåëèíåéíûé îïåðàòîð,
ε > 0− âåùåñòâåííîå ÷èñëî. Çàäà÷à ñîñòîèò â îòûñêàíèè ε-ïðèáëèæåíèÿ
x = x(f) ê ðåøåíèþ α çàäà÷è α = S(f) : ‖x − α‖ ≤ ε äëÿ âñåõ f ∈ E0.

Â çàäà÷å α = S(f) S íàçûâàåòñÿ îïåðàòîðîì ðåøåíèÿ, f− ýëåìåíòîì
çàäà÷è, α− ýëåìåíòîì ðåøåíèÿ. Îáîçíà÷èì ÷åðåç ∆(f) = {f̃ : η(f̃) =
η(f), f̃ ∈ E0} ïðîîáðàç â E0 ýëåìåíòà y = η(f). Ðàäèóñîì èíôîðìàöèè
η äëÿ çàäà÷è S íàçûâàåòñÿ âåëè÷èíà

r(η, S) = supf∈E0
infα∈E2

supf̃∈∆(f)‖α− S(̃f)‖.
Ïîãðåøíîñòüþ àëãîðèòìà A íàçûâàåòñÿ âåëè÷èíà

e(A) = supf∈E0
‖A(η(f))− S(f)‖.
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Ïóñòü r(η, S) < ε äëÿ íåêîòîðîãî äîïóñòèìîãî η. Îáîçíà÷èì ÷åðåç
Φ(ε) êëàññ âñåõ äîïóñòèìûõ àëãîðèòìîâ, äëÿ êîòîðûõ e(A) < ε. Áóäåì
ñ÷èòàòü êëàññ Φ(ε) íåïóñòûì. Òàê êàê íàáîð ïðîñòåéøèõ îïåðàöèé ôèê-
ñèðîâàí, çàâèñèìîñòü ñëîæíîñòè îò P íå ðàññìàòðèâàåòñÿ.

Ñëîæíîñòü àëãîðèòìà ϕ ∈ Φ îïðåäåëÿåòñÿ ðàâåíñòâîì

comp(ϕ) = sup
f∈E0

(comp(η(f)) + comp(ϕ(η(f))).

Îïðåäåëåíèå 1.5 [150]. Âåëè÷èíà comp(η, S, ε), îïðåäåëÿåìàÿ ôîð-
ìóëîé

comp(η, S, ε) =





infϕ∈Φ(ε)comp(ϕ), r(η, S) < ε

ϕ(ε) 6= ®,
∞− ,

íàçûâàåòñÿ ε-ñëîæíîñòüþ çàäà÷è S ïðè èñïîëüçîâàíèè èíôîðìàöèè, çà-
äàâàåìîé îïåðàòîðîì η.

Â êíèãå [150] äàíî îïðåäåëåíèå îïòèìàëüíîãî ïî ñëîæíîñòè àëãîðèò-
ìà. Ðàñïðîñòðàíèì ýòî îïðåäåëåíèå íà àñèìïòîòè÷åñêè îïòèìàëüíûå è
îïòèìàëüíûå ïî ïîðÿäêó àëãîðèòìû.

Îïðåäåëåíèå 1.6. Àëãîðèòì ϕoc ∈ Φ(ε) íàçûâàåòñÿ îïòèìàëüíûì,
àñèìïòîòè÷åñêè îïòèìàëüíûì, îïòèìàëüíûì ïî ïîðÿäêó ïî ñëîæíîñòè
àëãîðèòìîì äëÿ çàäà÷è S ïðè èñïîëüçîâàíèè èíôîðìàöèè η, åñëè comp(ϕoc) =
comp(η, S, ε), comp(ϕoc) ∼ comp(η, S, ε),
comp(ϕoc) ³ comp(η, S, ε) ñîîòâåòñòâåííî.

Ïðè ïîñòðîåíèè oïòèìàëüíûõ ìåòîäîâ âîññòàíîâëåíèÿ ñîïðÿæåííûõ
ôóíêöèé íàì ïîíàäîáÿòñÿ îïðåäåëåíèÿ ïîïåðå÷íèêîâ Áàáåíêî è Êîëìî-
ãîðîâà.

Ïóñòü B− áàíàõîâî ïðîñòðàíñòâî, X ⊂ B− êîìïàêò , : X →
→ X̄− ïðåäñòàâëåíèå êîìïàêòà X ⊂ B êîíå÷íîìåðíûì ïðîñòðàíñòâîì
X̄.

Îïðåäåëåíèå 1.7 [145]. Ïóñòü Ln− ìíîæåñòâî n-ìåðíûõ ëèíåéíûõ
ïîäïðîñòðàíñòâ ïðîñòðàíñòâà B. Âûðàæåíèå

dn(X, B) = inf
Ln

sup
x∈X

inf
u∈Ln

‖x− u‖,

ãäå ïîñëåäíèé inf áåðåòñÿ ïî âñåì ïîäïðîñòðàíñòâàì Ln ðàçìåðíî-
ñòè n, îïðåäåëÿåò n-ïîïåðå÷íèê Êîëìîãîðîâà.
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Îïðåäåëåíèå 1.8 [145]. Ïóñòü χ− ìíîæåñòâî âñåõ n-ìåðíûõ ëèíåé-
íûõ ïîäïðîñòðàíñòâ ïðîñòðàíñòâà B, Map(X, χ)− ñîâîêóïíîñòü âñåõ íåïðå-
ðûâíûõ îòîáðàæåíèé âèäà : X → X̄, ãäå X̄ ∈ χ. Âûðàæåíèå

d′n(X,B) = inf
(Ln,π)

sup
x∈X

‖x− π(x)‖,

ãäå inf áåðåòñÿ ïî âñåâîçìîæíûì ïàðàì (Ln, π), ñîñòîÿùèì èç n-ìåðíîãî
ëèíåéíîãî ïðîñòðàíñòâà Ln ⊂ B è íåïðåðûâíîãî îòîáðàæåíèÿ π : X →
Ln, îïðåäåëÿåò ëèíåéíûé n-ïîïåðå÷íèê Êîëìîãîðîâà.

Îïðåäåëåíèå 1.9 [145]. Ïóñòü χ ∈ Rn. Âûðàæåíèå

dn(X) = inf
(:X→Rn)

sup
x∈X

diam−1(x),

ãäå inf áåðåòñÿ ïî âñåì íåïðåðûâíûì îòîáðàæåíèÿì : X → Rn, îïðåäå-
ëÿåò n-ïîïåðå÷íèê Áàáåíêî.

2. Êëàññû ôóíêöèé
Â êíèãå Ñ.Ì. Íèêîëüñêîãî [116] îòìå÷àåòñÿ, ÷òî ïîãðåøíîñòü ëþ-

áîé ê.ô. íà âñåì êëàññå èíòåãðèðóåìûõ ôóíêöèé ðàâíà áåñêîíå÷íîñòè
è ïîýòîìó ïðèõîäèòñÿ ïðîâîäèòü èññëåäîâàíèå ê.ô. íà óçêèõ êëàññàõ
ôóíêöèé. Ýòî çàìå÷àíèå îòíîñèòñÿ è ê ñèíãóëÿðíûì èíòåãðàëàì. Íèæå
îïèñûâàþòñÿ êëàññû ôóíêöèé, íà êîòîðûõ èññëåäóþòñÿ àëãîðèòìû âû-
÷èñëåíèÿ ñèíãóëÿðíûõ èíòåãðàëîâ. Îïèñàíèå êëàññîâ W rHω, W r

p , W r,s,
Hω(D), Hω1ω2(D) äàåòñÿ ïî êíèãå Ñ.Ì. Íèêîëüñêîãî [116].

2.1. Êëàññû WrHα, Wr
p

Êëàññ W r(M ; a; b) ñîñòîèò èç ôóíêöèé, çàäàííûõ íà îòðåçêå [a, b],
íåïðåðûâíûõ è èìåþùèõ íåïðåðûâíûå ïðîèçâîäíûå äî r − 1 ïîðÿäêà
âêëþ÷èòåëüíî è êóñî÷íî-íåïðåðûâíóþ ïðîèçâîäíóþ r ïîðÿäêà, óäîâëå-
òâîðÿþùóþ íà ýòîì îòðåçêå íåðàâåíñòâó |f (r)(x)| ≤ M.

Øèðîêî èñïîëüçóåòñÿ â ñîâðåìåííîì àíàëèçå êëàññ Hα(M ; a; b) (0 <

< α ≤ 1) - êëàññ ôóíêöèé Ãåëüäåðà, ñîñòîÿùèé èç çàäàííûõ íà îòðåç-
êå [a, b] ôóíêöèé f(x), óäîâëåòâîðÿþùèõ âî âñåõ òî÷êàõ x′ è x′′ ýòîãî
îòðåçêà íåðàâåíñòâó |f(x′)− f(x′′)| ≤ M |x′ − x′′|α.

×åðåç W rHα(M ; a, b) (r = 1, 2, . . . ; 0 < α ≤ 1) îáîçíà÷àåòñÿ êëàññ
ôóíêöèé f(x), èìåþùèõ íà îòðåçêå [a, b] ïðîèçâîäíûå r ïîðÿäêà, óäî-
âëåòâîðÿþùèå óñëîâèþ |f (r)(x′) − f (r)(x′′)| ≤ M |x′ − x′′|α ïðè âñåõ x′ è
x′′ èç [a, b].
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×åðåç Hr+α
p (0 < α ≤ 1, 1 ≤ p < ∞, r = 1, 2, . . .) îáîçíà÷åíî ìíî-

æåñòâî ïåðèîäè÷åñêèõ ñ ïåðèîäîì 2π ôóíêöèé, r-å ïðîèçâîäíûå êîòî-
ðûõ ñóììèðóåìû â p-é ñòåïåíè è óäîâëåòâîðÿþò èíòåãðàëüíîìó óñëîâèþ
Ãåëüäåðà

|
2π∫

0

|f (r)(t + h)− f (r)(t)|pdt|1/p ≤ Ahα.

Ïóñòü íà îòðåçêå [a, b] çàäàíà ôóíêöèÿ ω(x), óäîâëåòâîðÿþùàÿ óñëî-
âèÿì ω(0) = 0, 0 ≤ ω(x2) − ω(x1) ≤ ω(x2 − x1) äëÿ âñåõ x1 è x2, äëÿ
êîòîðûõ a ≤ x1 ≤ x2 ≤ b.

Êëàññ W rHω(a, b) ñîñòîèò èç ôóíêöèé f(x), çàäàííûõ íà [a, b], èìåþ-
ùèõ íà ýòîì îòðåçêå ïðîèçâîäíóþ f (r)(x) ïîðÿäêà r, óäîâëåòâîðÿþùóþ
íåðàâåíñòâó |f (r)(x2)− f (r)(x1)| ≤ ω(x2 − x1) (a ≤ x1 ≤ x2 ≤ b).

×åðåç W̃ rHω(a, b) îáîçíà÷åí êëàññ ïåðèîäè÷åñêèõ ôóíêöèé ñ ïåðèî-
äîì (b− a), âõîäÿùèõ â êëàññ W rHω(a, b).

Êëàññ W r
Lp

(M ; a, b) ñîñòîèò èç ôóíêöèé, çàäàííûõ íà [a, b], èìåþ-
ùèõ àáñîëþòíî íåïðåðûâíóþ ïðîèçâîäíóþ ïîðÿäêà r−1 è ïðîèçâîäíóþ

f (r)(x) ïîðÿäêà r, òàêóþ, ÷òî [
b∫
a

|f (r)(x)|pdx]1/p ≤ M(p ≤ 1), ãäå èíòåãðàë
ïîíèìàåòñÿ â ñìûñëå Ëåáåãà. Äëÿ ïðîñòîòû îáîçíà÷åíèé íèæå âìåñòî
W r

Lp áóäåì ïèñàòü W r
p .

×åðåç W̃ r
p (M ; a, b) îáîçíà÷åí êëàññ ïåðèîäè÷åñêèõ ôóíêöèé ñ ïåðèî-

äîì (b− a), âõîäÿùèõ â êëàññ W r
p (M ; a, b).

×åðåç W r
p (1, 1;−1, 1) îáîçíà÷åíî ìíîæåñòâî ôóíêöèé ϕ, âõîäÿùèõ â

êëàññ W r
p è îáëàäàþùèõ äîïîëíèòåëüíûì óñëîâèåì:

0∫

−1

|ϕ(t)|pdt ≤ 1,

1∫

0

|ϕ(t)|pdt ≤ 1.

×åðåç Hα,ρ(1) îáîçíà÷åí êëàññ ôóíêöèé f(t), îïðåäåëåííûõ íà ïðîìå-
æóòêå (−∞,∞) è óäîâëåòâîðÿþùèõ óñëîâèþ

|f(t1)− f(t2)| ≤ |t1 − t2|α/ρ(t1, t2),

ãäå ρ(t1, t2)− âåñîâàÿ ôóíêöèÿ.
Êëàññ W

r
(M ;−∞,∞) ñîñòîèò èç ôóíêöèé, îïðåäåëåííûõ íà ïðîìå-

æóòêå (−∞, +∞), íåïðåðûâíûõ è èìåþùèõ íåïðåðûâíûå ïðîèçâîäíûå
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äî (r − 1)-ãî ïîðÿäêà âêëþ÷èòåëüíî è êóñî÷íî-íåïðåðûâíóþ ïðîèçâîä-
íóþ r-ãî ïîðÿäêà, óäîâëåòâîðÿþùóþ íà ýòîì ïðîìåæóòêå íåðàâåíñòâó

sup
−∞<x<+∞

|f (r)(x)| ≤ M.

×åðåç W r
ρ (1) îáîçíà÷åí êëàññ ôóíêöèé f(t), ïðåäñòàâèìûõ â âèäå

f(t) = ϕ(t)/ρ(t), ãäå ϕ(t) ∈ W r(1), ρ(t)− âåñîâàÿ ôóíêöèÿ.
×åðåç W

r
ρ(1) îáîçíà÷åí êëàññ ôóíêöèé f(t), ïðåäñòàâèìûõ â âèäå

f(t) = ϕ(t)/ρ(t),

ãäå ϕ(t) ∈ W
r
(1), ρ(t)− âåñîâàÿ ôóíêöèÿ.

Íèæå â êà÷åñòâå âåñîâûõ ôóíêöèé áåðóòñÿ

ρ0(t1, t2) = max(1, |t1|, |t2|), ρ1(t1, t2) = (ρ0(t1, t2))
λ,

ρ0(t) = max(1, |t|), ρ1(t) = (ρ0(t))
λ.

2.2. Êëàññû WrsHω1ω2
, WrsHω

×åðåç Hω1ω2
(D) îáîçíà÷åí êëàññ îïðåäåëåííûõ íà D = {a ≤ x ≤

≤ b, c ≤ y ≤ d} ôóíêöèé f(x, y), òàêèõ, ÷òî äëÿ ëþáûõ òî÷åê (x′, y′) è
(x′′, y′′) èç D |f(x′, y′)− f(x′′, y′′)| ≤ ω1(|x′− x′′|) + ω2(|y′− y′′|), ãäå ω1(δ)
è ω2(δ)− çàäàííûå ìîäóëè íåïðåðûâíîñòè. Â ñëó÷àå, êîãäà ωi(x) = xαi

(i = 1, 2), èñïîëüçóåòñÿ îáîçíà÷åíèå Hα1α2
(D). Íàðÿäó ñ îáîçíà÷åíè-

åì Hα1α2
(D) èñïîëüçóåòñÿ îáîçíà÷åíèå Hα1,α2

(1) äëÿ êëàññà ôóíêöèé
f(x1, x2), óäîâëåòâîðÿþùèõ ïî êàæäîé ïåðåìåííîé óñëîâèþ Ãåëüäåðà ñ
ïîêàçàòåëåì α è êîýôôèöèåíòîì, ðàâíûì åäèíèöå.

W r,sHω1,ω2
(D) îçíà÷àåò êëàññ îïðåäåëåííûõ íà D ôóíêöèé f(x, y),

èìåþùèõ ïðîèçâîäíûå f (α,β)(x, y) = ∂α+βf(x, y)/∂xα∂yβ (0 ≤ α ≤ r,

0 ≤ β ≤ s), ïðè÷åì f (r,s) ∈ Hω1ω2
.

×åðåç W̃ r,sHω1,ω2
(D), D = [a, b; a, b] îáîçíà÷åíî ìíîæåñòâî ôóíêöèé

ϕ(x, y), ïðèíàäëåæàùèõ êëàññó ôóíêöèé W r,sHω1,ω2
(D), è ïåðèîäè÷å-

ñêèõ ñ ïåðèîäîì b− a ïî êàæäîé ïåðåìåííîé.
×åðåç W

r1,r2
(1) îáîçíà÷åí êëàññ ôóíêöèé ϕ(x, y), èìåþùèõ ÷àñòíûå

ïðîèçâîäíûå ïî ïåðåìåííûì x è y äî r1 è r2 ïîðÿäêà âêëþ÷èòåëüíî,
ïðè÷åì

‖ϕ(r1,0)(x, y)‖C ≤ 1, ‖ϕ(0,r2)(x, y)‖C ≤ 1, ‖ϕ(r1,r2)(x, y)‖C ≤ 1.
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Â ñòàòüÿõ Â.Ô.Áàáåíêî [5,6] ðàññìàòðèâàëèñü êëàññû ôóíêöèé Hω
j (D)

(j = 1, 2, 3), îïðåäåëåííûõ â îáëàñòè D. Ôóíêöèÿ ϕ ∈ Hω
j (D), åñëè

|ϕ(x) − ϕ(y)| ≤ ω(ρj(x, y)) (x = (x1, x2), y = (y1, y2)), ãäå ρ1(x, y) =

max
i=1,2

(|xi − yi|), ρ2(x, y) =
2∑

i=1
|xi − yi|, ρ3(x, y) = [

2∑
i=1
|xi − yi|2]1/2. Ðàñ-

ïðîñòðàíåíèå îïðåäåëåíèÿ êëàññîâ Hω
j (D) íà îáëàñòè ñ ïðîèçâîëüíûì

êîíå÷íûì ÷èñëîì èçìåðåíèé î÷åâèäíî.
Ïóñòü p(x), x ∈ D− ôóíêöèÿ, èíòåãðèðóåìàÿ ïî Ðèìàíó â îáëàñòè D.

×åðåç Hω
p,j(D) îáîçíà÷åí êëàññ ôóíêöèé, ïðåäñòàâèìûõ â âèäå f(x) =

p(x)ϕ(x), ãäå p(x)− âåñîâàÿ ôóíêöèÿ, à ϕ ∈ Hω
j (D).

×åðåç Cr
l (1) îáîçíà÷åí êëàññ ôóíêöèé l íåçàâèñèìûõ ïåðåìåííûõ, ó

êîòîðûõ ñóùåñòâóþò è îãðàíè÷åíû ïî ìîäóëþ åäèíèöåé âñå ÷àñòíûå ïðî-
èçâîäíûå äî r-ãî ïîðÿäêà âêëþ÷èòåëüíî.

×åðåç W r1,r2
p (1), 1 ≤ p ≤ ∞, îáîçíà÷åí êëàññ ôóíêöèé ϕ(x, y), îïðå-

äåëåííûõ íà ïðÿìîóãîëüíèêå D = [a, b; c, d] è óäîâëåòâîðÿþùèõ ñëåäóþ-
ùèì óñëîâèÿì:
1) ‖ϕ(r1,r2)(x1, x2)‖Lp(D) ≤ 1,

2) ‖ϕ(r1,j)(x1, 0)‖Lp(a,b) ≤ 1, j = 0, 1, . . . , r2 − 1,

3) ‖ϕ(j,r2)(0, x2)‖Lp(c,d) ≤ 1, j = 0, 1, . . . , r1 − 1,
â ïðåäïîëîæåíèè, ÷òî âûïèñàííûå ÷àñòíûå ïðîèçâîäíûå ñóùåñòâóþò è
êóñî÷íî-íåïðåðûâíû.

Ïóñòü D = [a, b]2. ×åðåç W r1+α1,r2+α2
p îáîçíà÷åí êëàññ ôóíêöèé ϕ(x, y),

ïðèíàäëåæàùèõ W r1,r2
p , ïðîèçâîäíûå ϕ(r1,r2)(x, y) êîòîðûõ óäîâëåòâîðÿ-

þò â ìåòðèêå ïðîñòðàíñòâà Lp[a, b] ïî ïåðâîé è âòîðîé ïåðåìåííûì â
îòäåëüíîñòè èíòåãðàëüíîìó óñëîâèþ Ãåëüäåðà ñ ïîêàçàòåëÿìè α1 è α2

ñîîòâåòñòâåííî.
×åðåç W r

Lp[D](1) îáîçíà÷èì êëàññ ôóíêöèé, èìåþùèõ ÷àñòíûå ïðîèç-
âîäíûå äî r ïîðÿäêà âêëþ÷èòåëüíî, îãðàíè÷åííûå â ìåòðèêå ïðîñòðàí-
ñòâà Lp[D] åäèíèöåé. ×åðåç D îáîçíà÷åíû êâàäðàòû [0, 2π; 0, 2π] èëè
[−1, 1;−1, 1].

2.3. Êëàññû Dα
s , Hα

s , Eα
s

Ïóñòü ôóíêöèÿ f(x1, x2, . . . , xs) íåïðåðûâíà â s - ìåðíîì êóáå Gs,
îïðåäåëåííîì íåðàâåíñòâàìè 0 ≤ xv ≤ 2π (v = 1, 2, . . . , s) è èìååò ïåðè-
îä, ðàâíûé 2π ïî êàæäîé ïåðåìåííîé x1, x2, . . . , xs. ×åðåç
C(m1, . . . , ms) îáîçíà÷åíû êîýôôèöèåíòû Ôóðüå ýòîé ôóíêöèè. Âåëè÷è-
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íû m̄v îïðåäåëåíû ðàâåíñòâàìè m̄v = 1, åñëè mv = 0, m̄v = |mv|, åñëè
mv 6= 0.

Â ìîíîãðàôèè Í.Ì.Êîðîáîâà [94] ââåäåíû êëàññû Eα
s , Hα

s , Dα
s .

Îïðåäåëåíèå 2.1.Ôóíêöèÿ f(x1, x2, . . . , xs) ïðèíàäëåæèò êëàññó Eα
s ,

åñëè âûïîëíÿåòñÿ îöåíêà C(m1, . . . , ms) = O((m̄1 · m̄2 . . . m̄s)
−α), ãäå α−

äåéñòâèòåëüíîå ÷èñëî, áîëüøåå åäèíèöû, è êîíñòàíòà â çíàêå O íå çàâè-
ñèò îò m1,m2, . . . , ms. Åñëè íóæíî ïîä÷åðêíóòü, ÷òî
C(m1, . . . , ms) ≤ A(m̄1m̄2 . . . m̄s)

−α), òî âìåñòî Eα
s ïèøóò Eα

s (A).
Îïðåäåëåíèå 2.2. Ïóñòü α ≥ 1− öåëîå. Ôóíêöèÿ f(x1, x2, . . . , xs)

(íå îáÿçàòåëüíî ïåðèîäè÷åñêàÿ) ïðèíàäëåæèò êëàññó Hα
s , åñëè â êóáå Gs

îíà èìååò íåïðåðûâíûå ïðîèçâîäíûå âèäà ∂nf/∂xn1

1 . . . ∂xns
s (0 ≤

≤ n ≤ αs, 0 ≤ nj ≤ α).
Åñëè ýòè ïðîèçâîäíûå íåïðåðûâíû âî âñåì s-ìåðíîì ïðîñòðàíñòâå è

ôóíêöèÿ f(x1, x2, . . . , xs) èìååò ïåðèîä, ðàâíûé 2π ïî êàæäîé èç ïåðå-
ìåííûõ, òî ãîâîðÿò, ÷òî f(x1, x2, . . . , xs) 2π− ïåðèîäè÷åñêàÿ ôóíêöèÿ èç
êëàññà Hα

s .

Çàìå÷àíèå. Â ìàòåìàòè÷åñêîé ëèòåðàòóðå èñïîëüçóþòñÿ îáîçíà÷åíèÿ
Hα

s è Hα
i êëàññîâ ôóíêöèé, ââåäåííûõ ñîîòâåòñòâåííî Í.Ì.Êîðî-áîâûì

è Â.Ô.Áàáåíêî. Âî èçáåæàíèå ïóòàíèöû â äàëüíåéøåì, â ñëó÷àå íåîáõî-
äèìîñòè, áóäåì îáîçíà÷àòü êëàññ Hα

s ôóíêöèé, ââåäåííûõ Í. Ì. Êîðî-
áîâûì, ÷åðåç Hα

s,k.
Îïðåäåëåíèå 2.3. Êëàññ Dα

s ñîñòîèò èç ôóíêöèé, èìåþùèõ íåïðå-
ðûâíûå ïðîèçâîäíûå âèäà

∂nf/∂xn1
1 ∂xn2

2 · · · ∂xns
s (0 ≤ n ≤ αs, 0 ≤ nv ≤ αs).

Çàïèñü Hα
s (C) èëè Dα

s (C) îçíà÷àåò, ÷òî ìîäóëè ïðîèçâîäíûõ
∂nf/∂xn1

1 , . . . , ∂xns
s îãðàíè÷åíû â Gs êîíñòàíòîé C.

2.4. Íåêîòîðûå äðóãèå êëàññû

Â ãëàâå 3 áóäóò èññëåäîâàíû ê.ô. íà êëàññå Φ. Ïîäðîáíî ýòîò êëàññ
îïèñàí â êíèãå À.È.Ãóñåéíîâà è Õ.Ø.Ìóõòàðîâà [67]. Çäåñü æå ïðèâîäÿò-
ñÿ òîëüêî íåîáõîäèìûå äëÿ äàëüíåéøåãî îïðåäåëåíèÿ è ñâîéñòâà ôóíê-
öèé èç êëàññà Φ.

Îïðåäåëåíèå 2.4. Ôóíêöèÿ ϕ(σ) íàçûâàåòñÿ ïî÷òè âîçðàñòàþùåé
(ïî÷òè óáûâàþùåé) íà [0, l], åñëè äëÿ ëþáûõ σ1 ≤ σ2 :

ϕ(σ1) ≤ Cϕ(σ2), (ϕ(σ2) ≤ Cϕ(σ1)).
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Îïðåäåëåíèå 2.5. Ôóíêöèÿ ω(σ) ïðèíàäëåæèò êëàññó Φ, åñëè îíà
îïðåäåëåíà â [0, l0] è óäîâëåòâîðÿåò óñëîâèÿì:

à) ω(σ) ÿâëÿåòñÿ ìîäóëåì íåïðåðûâíîñòè;

á) σ
l0∫
0

ω(t)
t(t+σ)dt ≤ Dω(σ);

â) ω′(σ) ∼ ω(σ)/σ.

Â ñòàòüå Í.Ê.Áàðè è Ñ.Á.Ñòå÷êèíà [10] ïðèâåäåíû îñíîâíûå ñâîéñòâà
ôóíêöèè êëàññà Φ:

1) åñëè ϕ(t) ∈ Φ, òî ϕ(t)/t ïî÷òè óáûâàåò;
2) åñëè ϕ(t) ∈ Φ, òî ñóùåñòâóþò 0 < α, β < 1, òàêèå, ÷òî ϕ(t)/tα

ïî÷òè âîçðàñòàåò, à ϕ(t)/tβ ïî÷òè óáûâàåò;
3) åñëè ϕ(t) ∈ Φ, òî è t/ϕ(t) ∈ Φ.

Â ñòàòüå Í.Ñ.Áàõâàëîâà [11] ââåäåí êëàññ ôóíêöèé Pα(C). Ïî àíàëî-
ãèè ìîæíî ââåñòè ñëåäóþùèå êëàññû ôóíêöèé:

êëàññ Lα(C) ôóíêöèé ϕ, óäîâëåòâîðÿþùèõ óñëîâèþ
∞∑

n=1
(En(ϕ))2n2α ln2 n ≤ C, ãäå En(ϕ)− íàèëó÷øåå ðàâíîìåðíîå ïðèáëè-

æåíèå ôóíêöèè ϕ ïîëèíîìàìè ñòåïåíè íå âûøå n;
êëàññ Φα(C) ôóíêöèé ϕ, óäîâëåòâîðÿþùèõ óñëîâèþ

∞∑
n=1

(E2
n(ϕ)n2α ≤ C.

Â ñòàòüå Ìàóíã ×æî Íüþíà è È.Ô.Øàðûãèíà [105] ââåäåí êëàññ ôóíê-
öèé D1,l

s .
Îïðåäåëåíèå 2.6. ×åðåç D1,l

s îáîçíà÷åí êëàññ íåïðåðûâíûõ ôóíêöèé
ϕ(x1, . . . , xs), îïðåäåëåííûõ â íåêîòîðîì ïàðàëëåëåïèïåäå Ds è èìåþùèõ
êóñî÷íî-íåïðåðûâíûå ÷àñòíûå ïðîèçâîäíûå, òàêèå, ÷òî
s∑

i=1
|∂ϕ/∂xi| ≤ 1.

Îïðåäåëåíèå 2.7 [85]. Ïóñòü ôóíêöèÿ ψ(x) (x ≥ 0) ïîëîæèòåëü-
íàÿ è íåïðåðûâíà. Oáîçíà÷èì ÷åðåç V r

ψ êëàññ ôóíêöèé x(t), t ∈ [0, 2π],
èìåþùèõ íåïðåðûâíûå ïðîèçâîäíûå äî ïîðÿäêà r è óäîâëåòâîðÿþùèõ
íåðàâåíñòâó

2π∫
0

ψ(|x(r)(t)|)dt ≤ 1.

Áóäåì ïðåäïîëàãàòü, ÷òî ôóíêöèÿ ψ(x) óäîâëåòâîðÿåò ñëåäóþùèì
óñëîâèÿì:
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a) ψ(0) = 0, ψ(x)− âûïóêëàÿ è âîçðàñòàþùàÿ íà [0,∞),
ψ(x) → +∞(x → +∞).

â) Ôóíêöèÿ [ψ−1(x)]2x−1− âîçðàñòàþùàÿ (çäåñü ÷åðåç ψ−1 îáîçíà÷à-
åòñÿ ôóíêöèÿ, îáðàòíàÿ ê ôóíêöèè ψ);

ñ) ψ(xy) ≤ Nψ(x)ψ(y) äëÿ íåêîòîðîãî N > 0 è âñåõ x ≥ 0, y ≥ 0 (ýòî
óñëîâèå íàçûâàåòñÿ ∆′− óñëîâèåì).

Îïðåäåëåíèå 2.8 [30], [36]. Ïóñòü Ω = [−1, 1]l, l = 1, 2, . . . Ôóíê-
öèÿ ϕ(x1 . . . , xl) ïðèíàäëåæèò êëàññó Qr,γ(Ω,M), åñëè âûïîëíåíû óñëî-
âèÿ

max
x∈Ω

|∂|v|ϕ(x)/∂xv1
1 · · · ∂xvl

l | ≤ M

ïðè 0 ≤ |v| ≤ r,

|∂|v|ϕ(x)/∂xv1
1 · · · ∂xvl

l | ≤ M/(d(x, ))v−r−ζ

ïðè r < |v| ≤ s,

ãäå s = r + γ, ζ = 0, åñëè r + γ− öåëîå; s = r + [γ] + 1, γ =
= [γ] + µ, 0 < µ < 1, ζ = 1− µ, åñëè r + γ− íåöåëîå. Çäåñü x =
= (x1, . . . , xl), v = (v1, . . . , vl), |v| = v1 + · · · + vl, d(x, )− ðàññòîÿíèå îò
òî÷êè x äî ãðàíèöû îáëàñòè Ω, âû÷èñëÿåìîå ïî ôîðìóëå d(x, ) =
= min1≤i≤l min(| − 1− xi|, |1− xi|).

Îïðåäåëåíèå 2.9. Ïóñòü Ω = [−1, 1]l, l = 1, 2, . . . , γ− öåëîå
÷èñëî. Ôóíêöèÿ ϕ(x1, . . . , xl) ïðèíàäëåæèò êëàññó Q∗

r,γ(Ω,M), åñëè âû-
ïîëíåíû óñëîâèÿ

max
x∈Ω

|∂|v|ϕ(x)/∂xv1
1 · · · ∂xvl

l | ≤ M

ïðè 0 ≤ |v| < r,

max
x∈Ω

|∂|v|ϕ(x)/∂xv1
1 · · · ∂xvl

l | ≤ M | ln d(x, Γ)|

ïðè |v| = r,
|∂|v|ϕ(x)/∂xv1

1 · · · ∂xvl

l | ≤ M/(d(x, ))v−r−ζ

ïðè r < |v| ≤ s.

Îïðåäåëåíèå 2.10. Ïóñòü Ω = [−1, 1]. Ôóíêöèÿ f(t) ïðèíàäëåæèò
êëàññó ôóíêöèé Q∗

s,r,1,γ(Ω,M), åñëè âûïîëíåíû óñëîâèÿ
∣∣∣∣
dvf(t)

dtv

∣∣∣∣ ≤ M, 0 ≤ v ≤ r,
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|f (r)(t1)− f (r)(t2)| ≤ A|t1 − t2|| ln |t1 − t2||,∣∣∣∣
dvf(t)

dtv

∣∣∣∣ ≤
A

(d(t, Γ))v−r−ζ
, r < v ≤ s,

ãäå γ = s− r − ζ, 0 ≤ ζ ≤ 1.
Êëàññû Qr,γ(Ω,M), Q∗

r,γ(Ω,M), Q∗
r,1,γ(Ω,M) ÿâëÿþòÿ îáîáùåíèåì

êëàññà ôóíêöèé Qr(Ω,M), ââåäåííîãî â ðàáîòå [8].
×åðåç Hp(1) (1 ≤ p ≤ ∞) îáîçíà÷àåòñÿ êëàññ ôóíêöèé Õàðäè, àíàëè-

òè÷åñêèõ âíóòðè åäèíè÷íîé îêðóæíîñòè γ ñ öåíòðîì â íà÷àëå êîîðäèíàò,
ñ íîðìîé

‖f‖ =


 lim

ρ→1−0

1

2π

2π∫

0

|f (
ρeiσ

)|p dσ




1/p

≤ 1.

Îáîçíà÷èì ÷åðåç Hr
p(1) (r = 0, 1, . . . ; 1 ≤ p ≤ ∞) êëàññ ôóíêöèé,

àíàëèòè÷åñêèõ âíóòðè γ, èìåþùèõ ïðîèçâîäíûå äî r-ãî ïîðÿäêà âêëþ-
÷èòåëüíî íà êîíòóðå γ è óäîâëåòâîðÿþùèõ óñëîâèþ

lim
ρ→1−0

1

2π




2π∫

0

|f (r)(ρeiσ)|p dσ




1/p

≤ 1 ïðè 1 ≤ p < ∞,

lim
ρ→1−0

sup
0≤σ≤2π

∣∣∣f (r) (ρeiσ
)∣∣∣ ≤ 1 ïðè p = ∞.

Îáîçíà÷èì ÷åðåç Hr,α
∞ (1) êëàññ ôóíêöèé, âõîäÿùèõ â êëàññ Hr

∞(1) è
óäîâëåòâîðÿþùèõ íà îêðóæíîñòè γ äîïîëíèòåëüíîìó óñëîâèþ

|f (r)(t1)− f (r)(t2)| ≤ |t1 − t2|α.

Ïóñòü f(z1, . . . , zl) � ôóíêöèÿ l êîìïëåêñíûõ ïåðåìåííûõ, àíàëèòè÷å-
ñêàÿ ïî êàæäîé ïåðåìåííîé zi âíóòðè åäèíè÷íîé îêðóæíîñòè γi ñ öåí-
òðîì â íà÷àëå êîîðäèíàò êîìïëåêñíîé ïëîñêîñòè zi (i = 1, 2, . . . , l).

Îáîçíà÷èì ÷åðåç D+
i îáëàñòü, ðàñïîëîæåííóþ âíóòðè åäèíè÷íîé îêðóæ-

íîñòè γi (i = 1, 2, . . . , l).
Áóäåì ãîâîðèòü, ÷òî ôóíêöèÿ f(z1, . . . , zl) ∈ Hr,...,r

p (1), åñëè îíà ïî
êàæäîé ïåðåìåííîé zi èìååò ÷àñòíûå ïðîèçâîäíûå äî r-ãî ïîðÿäêà âêëþ-
÷èòåëüíî

f r
i (z1, . . . , zl) =

∂f(z1, . . . , zl)

∂zr
i

,
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óäîâëåòâîðÿþùèå óñëîâèþ

sup
1≤i≤l

sup lim
ρ→1−0

∫

γi

|f (r)
i

(
z1, . . . , zi−1, ρeiσi, zi+1, . . . , zl

)|p dσi ≤ 1,

ãäå Dk = D+
k ∪ γk, âòîðîé supremum áåðåòñÿ ïî ìíîæåñòâó

(z1, . . . , zi−1, zi+1, . . . , zl) ∈ ∪l
k=1,k 6=iDk.

Îïðåäåëåíèå 2.12 [115]. Ôóíêöèÿ g = gv(z) = gv1,...,vn
(z1, . . . , zn)

íàçûâàåòñÿ öåëîé ôóíêöèåé ýêñïîíåíöèàëüíîãî òèïà v, åñëè äëÿ íåå âû-
ïîëíÿþòñÿ ñëåäóþùèå ñâîéñòâà:

1) îíà åñòü öåëàÿ ôóíêöèÿ ïî âñåì ïåðåìåííûì, ò.å. ðàçëàãàåòñÿ â
ñòåïåííîé ðÿä

g(z) =
∑

k≥0

ckz
k =

∑

ki≥0,i=1,2,...,n

ak1,...,kn
zk1
1 · · · zkn

n

ñ ïîñòîÿííûìè êîýôôèöèåíòàìè ak(ak1,...,kn
), àáñîëþòíî ñõîäÿùèéñÿ äëÿ

âñåõ êîìïëåêñíûõ z = (z1, . . . , zn);
2) äëÿ âñÿêîãî ε > 0 ñóùåñòâóåò ïîëîæèòåëüíîå ÷èñëî Aε òàêîå, ÷òî

äëÿ âñåõ êîìïëåêñíûõ ÷èñåë zk = xk + iyk (k = 1, 2, . . . , n) âûïîëíÿåòñÿ
íåðàâåíñòâî

|g(z)| ≤ Aεexp{
n∑

j=1

(vj + ε)|zj|}.

Â ýòîì ñëó÷àå ãîâîðÿò, ÷òî ôóíêöèÿ gv(z) ïðèíàäëåæèò êëàññó Ev.

3. Âñïîìîãàòåëüíûå óòâåðæäåíèÿ
Â äàííîì ïàðàãðàôå ïðèâîäèòñÿ ðÿä èçâåñòíûõ ôàêòîâ èç òåîðèè

ïðèáëèæåíèé, êîòîðûìè áóäåì ïîëüçîâàòüñÿ íà ïðîòÿæåíèè êíèãè. Ïðå-
æäå âñåãî íàïîìíèì íåêîòîðûå êëàññè÷åñêèå ðåçóëüòàòû êîíñòðóêòèâ-
íîé òåîðèè ôóíêöèé. Ïðè èçëîæåíèè ýòèõ ðåçóëüòàòîâ áóäåì ñëåäîâàòü
ìîíîãðàôèÿì [68], [112].

3.1. Ïîëèíîìû íàèëó÷øåãî ïðèáëèæåíèÿ
Ïóñòü f(x)− ôóíêöèÿ, îïðåäåëåííàÿ íà ñåãìåíòå [a, b]. Îáîçíà÷èì ÷å-

ðåç Hn ìíîæåñòâî ïîëèíîìîâ ñòåïåíè íå âûøå n, ò. å. ïîëèíîìîâ âèäà
Pn(x) = a0 + a1x + a2x

2 + · · · + anx
n, à ÷åðåç HT

n − ìíîæåñòâî òðèãîíî-
ìåòðè÷åñêèõ ïîëèíîìîâ âèäà a0 +

n∑
k=1

ak cos kx + bk sin kx.

20



Ðàññìîòðèì ïðîèçâîëüíûé ïîëèíîì Pn(x) è ïîëîæèì

∆(Pn) = max
x∈[a,b]

| Pn(x)− f(x) | .

×èñëî ∆(Pn) íàçûâàåòñÿ îòêëîíåíèåì ïîëèíîìà Pn(x) îò ôóíêöèè
f(x). Åñëè áóäåì èçìåíÿòü ïîëèíîì Pn(x), çàñòàâëÿÿ åãî ïðîáåãàòü âñå
ìíîæåñòâî Hn, òî âåëè÷èíà ∆(Pn) òàêæå áóäåò èçìåíÿòüñÿ, íî òàê êàê
îíà îñòàåòñÿ íåîòðèöàòåëüíîé, òî ìíîæåñòâî åå çíà÷åíèé îãðàíè÷åíî ñíè-
çó è èìååò òî÷íóþ íèæíþþ ãðàíèöó

En = En(f) = inf
Pn∈Hn

{∆(Pn)}.

Âåëè÷èíà En(f) íàçûâàåòñÿ íàèìåíüøèì îòêëîíåíèåì ïîëèíîìîâ èç
Hn îò f(x) èëè íàèëó÷øèì ïðèáëèæåíèåì ê f(x) ïîëèíîìàìè èç Hn.

Òåîðåìà 3.1 (òåîðåìà Áîðåëÿ). Äëÿ âñÿêîé ôóíêöèè f(x) ∈
∈ C[a, b] â ìíîæåñòâå Hn ñóùåñòâóåò òàêîé ïîëèíîì P (x), ÷òî
∆(P ) = En(f).

Ñëåäóåò îòìåòèòü, ÷òî äëÿ âñÿêîé ôóíêöèè f(x) ∈ C[a, b] â ìíîæåñòâå
Hn ñóùåñòâóåò åäèíñòâåííûé ïîëèíîì íàèëó÷øåãî ïðèáëèæåíèÿ. Ýòî
óòâåðæäåíèå ñëåäóåò èç òåîðåìû Áîðåëÿ è ÷åáûøåâñêîãî àëüòåðíàíñà.

Ïðèâåäåì îöåíêè íàèëó÷øèõ ïðèáëèæåíèé ê f(x) ïîëèíîìàìè èç Hn.

Âíà÷àëå äàäèì ôîðìóëèðîâêè êëàññè÷åñêèõ òåîðåì Äæåêñîíà.
Òåîðåìà 3.2. Äëÿ ëþáîé ôóíêöèè f ∈ C2π ñïðàâåäëèâà îöåíêà

En(f) ≤ 12ω

(
1

n

)
.

Òåîðåìà 3.3. Ïóñòü f(x) åñòü íåïðåðûâíàÿ 2π-ïåðèîäè÷åñêàÿ ôóíê-
öèÿ, èìåþùàÿ íåïðåðûâíûå ïðîèçâîäíûå f ′(x), f ′′(x), . . . , f (r)(x). Åñëè
ωr(δ)− ìîäóëü íåïðåðûâíîñòè r-é ïðîèçâîäíîé f (r)(x), òî

En(f) ≤ 12r+1ωr

( 1
n

)

nr
.

Åñëè ôóíêöèÿ f(x) ïðèáëèæàåòñÿ àëãåáðàè÷åñêèìè ïîëèíîìàìè, òî
òåîðåìû Äæåêñîíà ôîðìóëèðóþòñÿ ñëåäóþùèì îáðàçîì.

Òåîðåìà 3.4. Åñëè f(x) ∈ C[a, b], òî

En(f) ≤ 12ω

(
b− a

2n

)
.
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Òåîðåìà 3.5. Åñëè f(x) ∈ C[a, b] èìååò íåïðåðûâíûõ ïðîèçâîäíûõ,
ïðè÷åì ìîäóëü íåïðåðûâíîñòè f (p) = ωp(δ), òî äëÿ n > p ñïðàâåäëèâà
îöåíêà

En(f) ≤ Cp(b− a)p

np
ωp

(
b− a

2(n− p)

)
,

ãäå Cp çàâèñèò òîëüêî îò p.

Íàðÿäó ñ îöåíêàìè íàèëó÷øèõ ïðèáëèæåíèé òðèãîíîìåòðè÷åñêèìè
è àëãåáðàè÷åñêèìè ïîëèíîìàìè ðàçëè÷íûõ êëàññîâ ôóíêöèé, ò.å. ïðÿ-
ìûìè òåîðåìàìè êîíñòðóêòèâíîé òåîðèè ôóíêöèé, íàì ïîíàäîáÿòñÿ îá-
ðàòíûå òåîðåìû êîíñòðóêòèâíîé òåîðèè ôóíêöèé, ïîçâîëÿþùèå ïî ÷èñ-
ëîâûì õàðàêòåðèñòèêàì En(f) ñóäèòü î êëàññàõ ôóíêöèé, ê êîòîðûì
ïðèíàäëåæàò ôóíêöèè f(x).

Ïðåäâàðèòåëüíî ïðèâåäåì íåðàâåíñòâà Ñ.Í. Áåðíøòåéíà,
À.À. Ìàðêîâà è Ñ.Ì. Íèêîëüñêîãî , êîòîðûìè òàêæå áóäåì íåîäíîêðàòíî
ïîëüçîâàòüñÿ.

Òåîðåìà 3.6 ( ïåðâîå íåðàâåíñòâî Áåðíøòåéíà). Åñëè

T (x) = A +
n∑

k=1

(ak cos kx + bk sin kx)−

òðèãîíîìåòðè÷åñêèé ïîëèíîì ïîðÿäêà n, òî ñïðàâåäëèâà îöåíêà

|T ′(x)| ≤ n max |T (x)|.
Òåîðåìà 3.7 ( âòîðîå íåðàâåíñòâî Áåðíøòåéíà). Åñëè ïîëèíîì Pn(x) =

a0 + a1x + · · ·+ anx
n ñòåïåíè íå âûøå n íà ñåãìåíòå [a, b] óäîâëåòâîðÿåò

íåðàâåíñòâó |Pn(x)| ≤ M, òî íà èíòåðâàëå (a, b) |Pn(x)| ≤
≤ Mn

((x−a)(b−x))1/2 .

Òåîðåìà 3.8 ( íåðàâåíñòâî Ìàðêîâà). Åñëè ïîëèíîì Pn(x) =
= a0+a1x+ · · ·+anx

n ñòåïåíè íå âûøå n íà ñåãìåíòå [a, b] óäîâëåòâîðÿåò
íåðàâåíñòâó |Pn(x)| ≤ M, òî íà òîì æå ñåãìåíòå |P ′

n(x)| ≤
≤ 2Mn2/(b− a).

Òåîðåìà 3.9 (íåðàâåíñòâî Ñ.Ì. Íèêîëüñêîãî) [115]. Ïóñòü Tn(t)−
òðèãîíîìåòðè÷åñêèé ïîëèíîì n-ãî ïîðÿäêà. Òîãäà ñïðàâåäëèâî íåðàâåí-
ñòâî

‖Tn(t)‖C ≤ n1/p‖Tn(t)‖Lp
, 1 ≤ p ≤ ∞.

Àíàëîãè÷íîå íåðàâåíñòâî ñïðàâåäëèâî è äëÿ ôóíêöèé ýêñïîíåíöèàëü-
íîãî òèïà.
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Òåîðåìà 3.10 [115]. Åñëè 1 ≤ p ≤ p′ ≤ ∞, òî äëÿ öåëîé ôóíêöèè
ýêñïîíåíöèàëüíîãî òèïà g = gv ∈ Lp(Rn), v = (v1, . . . , vn), èìååò ìåñòî
íåðàâåíñòâî (ðàçíûõ ìåòðèê)

‖gv‖Lp′(Rn) ≤ 2n(
n∏

k=1

vk)
1
p− 1

p′ ‖gv‖Lp(Rn).

Ïðè ôèêñèðîâàííûõ n è ïðîèçâîëüíûõ vk ýòî íåðàâåíñòâî òî÷íî â ñìûñ-
ëå ïîðÿäêà.

Ïðèâîäèìûå íèæå îáðàòíûå òåîðåìû êîíñòðóêòèâíîé òåîðèè ôóíê-
öèé ïðèíàäëåæàò Ñ.Í. Áåðíøòåéíó.

Òåîðåìà 3.11. Ïóñòü f(x) ∈ C2π è äëÿ ëþáîãî n íàèëó÷øåå ïðè-
áëèæåíèå ïîëèíîìàìè èç HT

n En ≤ An−α. Òîãäà åñëè 0 < α < 1, òî
f(x) ∈ Hα, à åñëè α = 1, òî f(x) ∈ Z.

Òåîðåìà 3.12. Ïóñòü f(x) ∈ C2π è En − åå íàèëó÷øåå ïðèáëèæå-
íèå ïîëèíîìàìè èç HT

n . Åñëè En ≤ A
nr+α , ãäå r− íàòóðàëüíîå ÷èñëî, à

0 < α ≤ 1, òî ó ôóíêöèè f(x) ñóùåñòâóþò íåïðåðûâíûå ïðîèçâîäíûå
f ′(x), f ′′(x), . . . , f (r)(x), ïðè÷åì f (r) ∈ Hα, åñëè α < 1, è f (r) ∈ Z, åñëè
α = 1.

Íàïîìíèì, ÷òî ÷åðåç Z îáîçíà÷åí êëàññ ôóíêöèé Çèãìóíäà, îïðå-
äåëåííûé ñëåäóþùèì ñîîòíîøåíèåì: äëÿ ìîäóëÿ íåïðåðûâíîñòè ω(δ)
ñïðàâåäëèâî íåðàâåíñòâî ω(δ) ≤ Aδ(1 + |lnδ|), ãäå íå çàâèñèò îò δ.

Èçëîæåííûå âûøå ðåçóëüòàòû ïðèíàäëåæàò â îñíîâíîì êëàññèêàì
êîíñòðóêòèâíîé òåîðèè ôóíêöèé: Ï.Ë. ×åáûøåâó, Ñ.Í. Áåðíøòåéíó, Ä.
Äæåêñîíó è îòíîñÿòñÿ ê ïåðâîìó ïåðèîäó â òåîðèè ïðèáëèæåíèé. Èõ
ïîäðîáíîå èçëîæåíèå èìååòñÿ â [3], [68], [92], [112].

Â 50-å � 70-å ãã. ïðîøëîãî ñòîëåòèÿ â êîíñòðóêòèâíîé òåîðèè ôóíêöèé
áûëè ïîëó÷åíû íîâûå ðåçóëüòàòû, ìíîãèå èç êîòîðûõ ÿâëÿþòñÿ íåóëó÷-
øàåìûìè. Íå èìåÿ âîçìîæíîñòè îñòàíîâèòüñÿ íà ýòèõ ðåçóëüòàòàõ, ïðè-
âåäåì òåîðåìó òèïà Äæåêñîíà îá îöåíêàõ íàèëó÷øèõ ïðèáëèæåíèé.

Òåîðåìà 3.13 [92, ñ.237]. Äëÿ ëþáîé ôóíêöèè f ∈ C, f 6≡ const,
ñïðàâåäëèâû íåðàâåíñòâà En(f)<ω(f,π

n ),n=1,2,..., ïðè÷åì íå çàâèñÿùàÿ îò f
è îò n êîíñòàíòà 1 ïåðåä ω(f, π

n) íå ìîæåò áûòü óìåíüøåíà.
Ñîâðåìåííîå ñîñòîÿíèå êîíñòðóêòèâíîé òåîðèè ôóíêöèé è òî÷íûå

îöåíêè ïðèáëèæåíèé ïîëèíîìàìè, îòðåçêàìè ðÿäîâ è ñïëàéíàìè èçëî-
æåíû â ìîíîãðàôèÿõ è îáçîðàõ [3], [68], [70] − [72], [91] − [93], [112], [137],
[138], [144], [146], [148], [149].
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3.2. Èíòåðïîëÿöèîííûå ïîëèíîìû

Ìû áóäåì ïîëüçîâàòüñÿ ñëåäóþùèìè èçâåñòíûìè îöåíêàìè òî÷íîñòè
àïïðîêñèìàöèè ïîëèíîìàìè.

Ëåììà 3.1 [146, ñ. 276]. Åñëè ôóíêöèÿ f(x), çàäàííàÿ íà [−1, 1], èìååò
r-þ (r ≥ 0 öåëîå) íåïðåðûâíóþ ïðîèçâîäíóþ, òî ñóùåñòâóåò êîíñòàíòà
Mr, íå çàâèñÿùàÿ îò f, x è n, òàêàÿ, ÷òî äëÿ ëþáîãî n >

> r íàéäåòñÿ àëãåáðàè÷åñêèé ìíîãî÷ëåí Pn(x) =
n∑

k=0
akx

k, ñòåïåíè íå
âûøå, ÷åì n, óäîâëåòâîðÿþùèé äëÿ êàæäîãî x ∈ [−1, 1] íåðàâåíñòâó

|f(x)− Pn(x)| ≤

≤ Mr

[
1

n

(√
1− x2 +

|x|
n

)]r

ω

[
1

n

(√
1− x2 +

|x|
n

)]
,

ãäå ω(t) = ω(f (r); t) åñòü ìîäóëü íåïðåðûâíîñòè r-é ïðîèçâîäíîé.
Îáîçíà÷èì ÷åðåç Tr(x) ïîëèíîì ×åáûøåâà ñòåïåíè r, íàèìåíåå óêëî-

íÿþùèéñÿ îò íóëÿ â ðàâíîìåðíîé ìåòðèêå íà ñåãìåíòå [−1, 1], à ÷åðåç
x1, . . . , xr åãî êîðíè. ×åðåç Pr(x, [−1, 1]) îáîçíà÷èì ïîëèíîì, èíòåðïîëè-
ðóþùèé ôóíêöèþ f(x) íà ñåãìåíòå [−1, 1] ïî óçëàì x1, . . . , xr.

Ëåììà 3.2 [66]. Cïðàâåäëèâà îöåíêà ïîãðåøíîñòè èíòåðïîëÿöèîííîé
ôîðìóëû Pr(x, [−1, 1]) :

‖f(x)− Pr(x, [−1, 1])‖ ≤ ‖f (r)‖/r!2r−1.

Äîêàçàòåëüñòâî. Äëÿ ïðîèçâîëüíîãî t ∈ [−1, 1], t 6= xk, k = 1, 2, . . . , r,
ïîëîæèì

τ =
f(t)− Pr(t, [−1, 1])

Tr(t)
. (3.1)

Ââåäåì ôóíêöèþ

ϕ(x) = f(x)− Pr(x, [−1, 1])− τTr(x).

Ôóíêöèÿ ϕ(x) îáðàùàåòñÿ â íóëü â òî÷êàõ t, xk, k = 1, 2, . . . , r. Ïðèìå-
íÿÿ ê ôóíêöèè ϕ(x) r+1 ðàç òåîðåìó Ðîëëÿ, óáåæäàåìñÿ, ÷òî ñóùåñòâóåò
òî÷êà ξ (ξ ∈ (−1, 1)) òàêàÿ, ÷òî

ϕ(r)(ξ) = f (r)(ξ)− τr! = 0.

Îòñþäà τ = f (r)(ξ)/r!.
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Èñïîëüçóÿ ñîîòíîøåíèå (3.1), èìååì ïðè x 6= xk, k = 1, 2, . . . , r,

|f(x)− Pr(x, [−1, 1])| = |τ ||Tr(x)| ≤ |f (r)(ξ)|
r!

|Tr(x)| ≤ 1

2r−1r!
‖f (r)(x)‖.

Â óçëàõ xk, k = 1, 2, . . . , r, óòâåðæäåíèå ëåììû î÷åâèäíî.
Ëåììà äîêàçàíà.
Àíàëîãè÷íûå óòâåðæäåíèÿ èìåþò ìåñòî è ïðè èíòåðïîëÿöèè ôóíêöèé

ïî óçëàì äðóãèõ îðòîãîíàëüíûõ ìíîãî÷ëåíîâ. Â ÷àñòíîñòè, íàì ïîíàäî-
áèòñÿ îöåíêà òî÷íîñòè èíòåðïîëèðîâàíèÿ ôóíêöèé èç êëàññà W r(M) ïî
óçëàì ïîëèíîìîâ Ëåæàíäðà.

Îáîçíà÷èì ÷åðåç X̃n(x) ïîëèíîì Ëåæàíäðà

X̃n(x) =
n!

(2n)!

dn(x2 − 1)n

dxn

ñî ñòàðøèì êîýôôèöèåíòîì, ðàâíûì 1. Îáîçíà÷èì ÷åðåç xk, k = 1, 2,
, . . . , n, óçëû ïîëèíîìà Ëåæàíäðà, à ÷åðåç Pn(x, [−1, 1]) îáîçíà÷èì èí-
òåðïîëÿöèîííûé ïîëèíîì Ëàãðàíæà, ïîñòðîåííûé ïî ýòèì óçëàì.

Ëåììà 3.3. Ñïðàâåäëèâà îöåíêà ïîãðåøíîñòè èíòåðïîëÿöèîííîé ôîð-
ìóëû Pn(x, [−1, 1]) ïî óçëàì ïîëèíîìà Ëåæàíäðà

‖f(x)− Pn(x, [−1, 1])‖ ≤ ‖f (n)(x)‖/(2n)!.

Äîêàçàòåëüñòâî ïðîâîäèòñÿ ïî àíàëîãèè ñ äîêàçàòåëüñòâîì ïðåäû-
äóùåé ëåììû. Äëÿ ïðîèçâîëüíîãî t ∈ [−1, 1], t 6= xk, k = 1, 2, . . . , n,

ïîëîæèì
τ =

f(t)− Pn(f, [−1, 1])

X̃n(t)

è ââåäåì ôóíêöèþ ϕ(x) = f(x)− Pn(x, [−1, 1])− τX̃n(x). Ôóíêöèÿ ϕ(x)
ïî ïîñòðîåíèþ èìååò n + 1 êîðåíü, è, ñëåäîâàòåëüíî, ïî òåîðåìå Ðîëëÿ
ñóùåñòâóåò òàêàÿ òî÷êà ξ, −1 < ξ < 1, â êîòîðîé ϕ(n)(ξ) = 0. Ýòî
îçíà÷àåò, ÷òî f (n)(ξ)− τn! = 0. Ñëåäîâàòåëüíî, τ = f (n)(ξ)/n! è

‖f(x)− Pn(x, [−1, 1])‖ ≤ |τ |‖X̃n(x)‖ ≤ ‖f (n)‖/(2n)!

â òî÷êàõ x 6= xk, k = 1, 2, . . . , n. Â óçëàõ xk, k = 1, 2, . . . , n, óòâåðæäåíèå
ëåììû î÷åâèäíî.

Ëåììà äîêàçàíà.
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×åðåç W s
p (∆) îáîçíà÷àåòñÿ ïðîñòðàíñòâî Ñîáîëåâà ñ íîðìîé

‖u‖W s
p (∆) = ‖u‖Lp(∆) + ‖u‖Ls

p(∆),

ãäå

‖u‖Ls
p(∆) =


∑

|v|=s

∫

∆

| Dvu |p dx




1/p

.

Ïóñòü ∆ êóá ðàçìåðíîñòè l. Ïîëîæèì w = s − 1 è ïîñòàâèì â ñîîò-
âåòñòâèå êàæäîé ôóíêöèè u = W s

p (∆) ïîëèíîì Rw(x) ñòåïåíè w, óäî-
âëåòâîðÿþùèé óñëîâèÿì

∫

∆

xαRw(x)dx =

∫

∆

xαu(x)dx, | α |≤ w.

Ïîëîæèì Rw(x) = P∆u; ò.å. P∆− ëèíåéíûé îïåðàòîð ïðîåêòèðîâàíèÿ,
îòîáðàæàþùèé ïðîñòðàíñòâî W s

p (∆) íà êîíå÷íîìåðíîå ïðîñòðàíñòâî ïî-
ëèíîìîâ ñòåïåíè w îò l ïåðåìåííûõ.

Ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ.
Ëåììà 3.4 [21, c. 341]. Ïðè sp > l äëÿ ëþáîé ôóíêöèè u ∈ W s

p (∆)
âûïîëíÿåòñÿ íåðàâåíñòâî

‖u− P∆u‖C(∆) ≤ C(mes∆)s/l−1/p‖u‖Ls
p(∆),

ïðè÷åì êîíñòàíòà C = C(p, s, l) íå çàâèñèò îò êóáà ∆.

Ëåììà 3.5 [21, c. 341]. Ïðè ps ≤ l è q < q∗ = p(1−ps/l)−1 äëÿ ëþáîé
ôóíêöèè u ∈ W s

p (∆) âûïîëíÿåòñÿ íåðàâåíñòâî

‖u− P∆u‖Lq(∆) ≤ C(mes∆)q−1−q∗−1‖u‖Ls
p(∆),

ïðè÷åì êîíñòàíòà C = C(p, q, s, l) íå çàâèñèò îò êóáà ∆.

3.3. Ýëåìåíòû òåîðèè ñïëàéíîâ

Íà ïðîòÿæåíèè âñåé êíèãè íåîäíîêðàòíî èñïîëüçóþòñÿ ìåòîäû ñïëàéí-
èíòåðïîëÿöèè. Íàïîìíèì îïðåäåëåíèÿ ñïëàéíîâ, íåîáõîäèìûå â äàëü-
íåéøåì.

Ôóíêöèÿ f(x), çàäàííàÿ íà ñåãìåíòå [a, b], íàçûâàåòñÿ ñïëàéíîì ïî-
ðÿäêà m (m = 0, 1, · · · ) ñ óçëàìè tk, k = 1, 2, . . . , N, a < t1 < t2 <
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< · · · < tN < b, åcëè â êàæäîì ñåãìåíòå [a, t1], [t1, t2], . . . , [tN , b] ôóíêöèÿ
f(x) ÿâëÿåòñÿ àëãåáðàè÷åñêèì ïîëèíîìîì ñòåïåíè m è â êàæäîé èç òî-
÷åê tk, k = 1, 2, . . . , N, íåêîòîðàÿ ïðîèçâîäíàÿ f (v)(x), 0 ≤ v ≤ m, èìååò
ðàçðûâ.

Ãîâîðÿò, ÷òî ñïëàéí f(x) ïîðÿäêà m èìååò äåôåêò rk (1 ≤ rk ≤
≤ m) â óçëå tk, k = 1, 2, . . . , N, åñëè â òî÷êå tk íåïðåðûâíû ôóíêöèè
f(x), f ′(x), . . . , f (m−rk)(x), à ïðîèçâîäíàÿ f (m−rk+1)(x) â òî÷êå tk òåðïèò
ðàçðûâ.

×èñëî r = max
1≤k≤N

rk íàçûâàåòñÿ äåôåêòîì ñïëàéíà.
Áóäåì ãîâîðèòü, ÷òî â óçëå tk, k = 1, 2, . . . , N, ñïëàéí f(x) èìååò äå-

ôåêò m+1, åñëè â ýòîì óçëå ôóíêöèÿ f(x) èìååò ðàçðûâ íåïðåðûâíîñòè.
Â ýòîì ñëó÷àå áóäåì ãîâîðèòü, ÷òî ñïëàéí f(x) èìååò äåôåêò m + 1.

Ïóñòü íà ñåãìåíòå [a, b] ôèêñèðîâàíà ñèñòåìà òî÷åê ∆N : a =
= t0 < t1 < · · · < tN = b, êîòîðàÿ íàçûâàåòñÿ ðàçáèåíèåì ñåãìåí-
òà [a, b]. ×åðåç Sr

m(∆N , [a, b]) îáîçíà÷èì ìíîæåñòâî çàäàííûõ íà [a, b]
ñïëàéíîâ ïîðÿäêà m, èìåþùèõ óçëû ñ äåôåêòàìè ri ≤ r â òî÷êàõ ti(i =
1, 2, . . . , N − 1) ðàçáèåíèÿ ∆N . Ñïëàéíû, èìåþùèå äåôåêò m + 1, íàçû-
âàþòñÿ íóëåâûìè è îáîçíà÷àþòñÿ ÷åðåç S0(∆N , [a, b]). Ïðè ðàññìîòðåíèè
ïåðèîäè÷åñêèõ ñïëàéíîâ â êà÷åñòâå îñíîâíîãî ïðîìåæóòêà [a, b] áóäåì
áðàòü ñåãìåíò [0, 2π] è âìåñòî îáîçíà÷åíèÿ Sr

m(∆N , [a, b]) áóäåì èñïîëü-
çîâàòü îáîçíà÷åíèå Sr

m(∆N).
Ïóñòü äàíî ðàâíîìåðíîå ðàçáèåíèå ∆̄2n : {kπ/n}, k = 1, 2, . . . , 2n.

Ëèíåéíîå ìíîãîîáðàçèå ñïëàéíîâ S1
m(∆̄2n) äåôåêòà 1 ïî ðàâíîìåðíîìó

ðàçáèåíèþ ∆̄2n â äàëüíåéøåì îáîçíà÷àåòñÿ êàê S2n,m.
Â ïîñëåäóþùèõ ãëàâàõ êíèãè ñïëàéíû èñïîëüçóþòñÿ äëÿ àïïðîêñè-

ìàöèè ïîäûíòåãðàëüíûõ ôóíêöèé â ñèíãóëÿðíûõ è ãèïåðñèíãóëÿðíûõ
èíòåãðàëàõ. Ïîýòîìó â ïåðâóþ î÷åðåäü íàñ èíòåðåñóþò îöåíêè ïîãðåø-
íîñòè ïðè ïðèáëèæåíèè ãëàäêèõ ôóíêöèé ñïëàéíàìè. Ïðè èçëîæåíèè
ýòèõ âîïðîñîâ áóäåì ñëåäîâàòü ìîíîãðàôèè Í.Ï. Êîðíåé÷óêà [93].

Ïðåæäå âñåãî îñòàíîâèìñÿ íà ïðèáëèæåíèè íåïðåðûâíûõ ôóíêöèé
êóñî÷íî-ïîñòîÿííûìè ôóíêöèÿìè, ò.å. íóëåâûìè ñïëàéíàìè. Ïóñòü íà
ñåãìåíòå [a, b] äàíî ôèêñèðîâàííîå ðàçáèåíèå ∆N : a = t0 < t1 <

< · · · < tN = b. Îáîçíà÷èì ÷åðåç |∆N | âåëè÷èíó |∆N | = max
0≤k≤N−1

|tk+1 −
− tk|. Íàðÿäó ñ ìîäóëåì íåïðåðûâíîñòè ω(f, δ)C[a,b] ôóíêöèè f ∈ C[a, b]
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ââîäèòñÿ âåëè÷èíà

Ω(f, ∆N , [a, b]) = max
1≤i≤N

Ωi(f, ∆N , [a, b]),

ãäå

Ωi(f, ∆N , [a, b]) = max
ti−1≤t≤ti

f(t)− min
ti−1≤t≤ti

f(t), i = 1, 2, . . . , N.

Î÷åâèäíî
Ωi(f, ∆N , [a, b]) ≤ ω(f, |∆N |)C[a,b],

òàê ÷òî äëÿ f ∈ C[a, b] èìååì Ωi(f, ∆N , [a, b]) → 0 ïðè |∆N | → 0.
Ïóñòü f ∈ C[a, b]. Ñðåäè ôóíêöèé ìíîæåñòâà S0(∆N , [a, b]) íàèìåíåå

óêëîíÿåòñÿ îò f(t) â ìåòðèêå L∞[a, b] ôóíêöèÿ

s(f, t) =
1

2
[ max
ti−1≤t≤ti

f(t)+ min
ti−1≤t≤ti

f(t)], ti−1 < t < ti, i = 1, 2, . . . , N,

ïðè ýòîì

‖f − s(f)‖∞ =
1

2
Ω(f, ∆N , [a, b]) ≤ 1

2
ω(f, |∆N |)C .

Êðîìå òîãî, ïðè p > 0

b∫

a

|f(t)− s(f, t)|pdt ≤ 2−p
N∑

i=1

(ti − ti−1)Ω
p
i (f, ∆N , [a, b]) ≤

≤ 2−p(b− a)Ωp(f, ∆N , [a, b]).

Îáîçíà÷èì ÷åðåç EN(f, Sr
m(∆N , [a, b]) âåëè÷èíó íàèëó÷øåãî ïðèáëè-

æåíèÿ ôóíêöèè f ñïëàéíàìè, ïðèíàäëåæàùèìè ìíîæåñòâó
Sr

m(∆N , [a, b]).
Òîãäà äëÿ f ∈ C[a, b]

EN(f, S0(∆N , [a, b]))∞ ≤ 1

2
Ω(f, ∆N , [a, b]) ≤ 1

2
ω(f, |∆N |)C .

EN(f, S0(∆N , [a, b]))p ≤ (b− a)1/p

2
Ω(f, ∆N , [a, b]) ≤ (b− a)1/p

2
ω(f, |∆N |)C .

Â ñëó÷àå ðàâíîìåðíîãî ðàçáèåíèÿ îòñþäà âûòåêàþò íåðàâåíñòâà

EN(f, SN,0, [a, b])∞ ≤ 1

2
ω

(
f,

(b− a)

N

)

C

,
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EN(f, SN,0, [a, b])p ≤ (b− a)1/p

2
ω

(
f,

(b− a)

N

)

C

,

íåóëó÷øàåìûå íà ìíîæåñòâå C[a, b].
Åñëè ïîëîæèòü [a, b] ðàâíûì [0, 2π], òî âñå ïðèâåäåííûå âûøå îöåí-

êè áóäóò ñïðàâåäëèâû è äëÿ ïåðèîäè÷åñêèõ ñ ïåðèîäîì 2π ôóíêöèé èç
C̃[0, 2π], ïðè÷åì ýòè îöåíêè íåóëó÷øàåìû ïðè N = 2n. Â ÷àñòíîñòè,
ñïðàâåäëèâî òî÷íîå íåðàâåíñòâî

E2n(f, S2n,0)p ≤ (2π)1/p

2
ω

(
f,

π

n

)
C

, 1 ≤ p ≤ ∞.

Â îáùåì ñëó÷àå ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.
Òåîðåìà 3.14 [93]. Åñëè f ∈ W r (r = 0, 1, . . .), òî

E2n(f, S2n,r)∞ ≤ Kr

2nr
Ω(f (r), ∆̄2n) ≤ Kr

2nr
ω

(
f (r),

π

n

)
C

,

E2n(f, S2n,r)L1
≤ 2Kr+1

nr
Ω(f (r), ∆̄2n) ≤ 2Kr+1

nr
ω

(
f (r),

π

n

)
C

,

ãäå Kr− êîíñòàíòà Ôàâàðà, Kr = 4
π

∞∑
k=1

(−1)k(r+1)

(2k+1)r+1 , k = 0, 1, . . . Âñå îöåíêè
òî÷íûå.

Çàêàí÷èâàÿ ýòîò ðàçäåë, îñòàíîâèìñÿ íà îöåíêàõ äëÿ èíòåðïîëÿöèîí-
íûõ ñïëàéíîâ. Èçâåñòíî [92], [93], ÷òî ñïëàéí σ2n,m(f, t) ∈ S2n,m, àïïðîê-
ñèìèðóþùèé ôóíêöèþ f(t) ∈ C̃[0, 2π], èìååò óçëû â òî÷êàõ ti = iπ/n

(i = 0, 1, . . . , 2n) è íóëè â òî÷êàõ τj = jπ/n + βm (βm = [1 +
+ (−1)m]π/(4n)), j = 0, 1, . . . , 2n− 1.

Òåîðåìà 3.15 [93]. Ïðè êàæäîì t âåðíû íåóëó÷øàåìûå íà ìíîæåñòâå
Wm (m = 1, 2, . . .) íåðàâåíñòâà

|f(t)− σ2n,m(f, t)| ≤ Mn,m(t)Ω(f (m), ∆̄2n) ≤ Mn,m(t)ω(f (m), π/n),

ãäå

Mn,m(t) =
1

2π

2π∫

0

|Dm(t− u)− σ2n,m(Dm(t− u), t)|du,

a Dm(t)− ôóíêöèÿ Áåðíóëëè.
Íàïîìíèì îïðåäåëåíèÿ ôóíêöèé è ïîëèíîìîâ Áåðíóëëè.
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Ôóíêöèÿìè Áåðíóëëè íàçûâàþò 2π ïåðèîäè÷åñêèå ôóíêöèè

Dr(x) =
∞∑

k=1

cos(kx− πr/2)

kr
, r = 1, 2, . . .

Èç îïðåäåëåíèÿ ôóíêöèé Áåðíóëëè ñëåäóåò, ÷òî ôóíêöèè ñ ÷åòíûìè
íîìåðàìè ÷åòíû, à ôóíêöèè ñ íå÷åòíûìè íîìåðàìè − íå÷åòíû.

Äëÿ D1(x) èçâåñòíî ðàâåíñòâî

D1(x) =
∞∑

k=1

sin kx

k
=

{
(π − x)/2, 0 < x < 2π

0, x = 0.

Èç îïðåäåëåíèÿ ôóíêöèé Áåðíóëëè ñëåäóåò, ÷òî D′
2(x) = D1(x), 0 <

x < 2π è D′
r(x) = Dr−1(x), r = 3, 4, . . . , ïðè |x| ≤ ∞.

Ñëåäîâàòåëüíî,

Dr(x) =

x∫

βr

Dr−1(t)dt, r = 2, 3, . . . ,

ãäå êîíñòàíòà βr îïðåäåëÿåòñÿ óñëîâèåì
∫ 2π

0
Dr(t)dt = 0.

Èç îòìå÷åííûõ âûøå ñâîéñòâ ôóíêöèè Dr(x) ñëåäóåò, ÷òî ôóíêöèè

B∗
r (t) = − r!

2r−1πr
Dr(2πt) (r = 2, 3, 4, . . . , |t| < ∞);

B∗
1(t) =

{ − 1
πD1(2πt), 0 < t < 1,

− 1
πD1(0 + 0) = −1

2 , t = 0;

B∗
1(t + 1) = B∗

1(t), íà ïðîìåæóòêå 0 ≤ t < 1 ÿâëÿþòñÿ àëãåáðàè÷åñêèìè
ïîëèíîìàìè ñòåïåíè r ñ êîýôôèöèåíòîì ïðè ñòàðøåé ñòåïåíè, ðàâíûì
1:

B∗
1(t + 1) = B∗

1(t),

Br(t) = tr +
r−1∑

k=0

αkt
k.

Ýòè ïîëèíîìû íàçûâàþòñÿ ïîëèíîìàìè Áåðíóëëè.
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Òåîðåìà 3.16 Äëÿ ëþáîé ôóíêöèè f ∈ W r(1) (r = 1, 2, . . .) ñïðàâåä-
ëèâû ñîîòíîøåíèÿ

‖f − σn,r−1(f)‖C ≤ ‖ϕnr‖C =
Kr

nr
(n = 1, 2, . . .),

à òàêæå

‖f − σn,r−1(f)‖Lp
≤ ‖ϕnr‖Lp

(1 ≤ p < ∞, n = 1, 2, . . .),

â ÷àñòíîñòè,

‖f − σn,r−1(f)‖L ≤ ‖ϕnr‖L =
4Kr+1

nr
(n = 1, 2, . . .).

3.4. Íåêîòîðûå ôàêòû èç òåîðèè êâàäðàòóðíûõ ôîðìóë

Íà ïðîòÿæåíèè âñåé êíèãè èñïîëüçóåòñÿ ðÿä èçâåñòíûõ óòâåðæäåíèé
èç òåîðèè êâàäðàòóðíûõ è êóáàòóðíûõ ôîðìóë. Äëÿ óäîáñòâà ÷èòàòåëÿ
íåêîòîðûå èç íèõ ïðèâîäÿòñÿ â ýòîì ïàðàãðàôå.

Ïóñòü íà ñåãìåíòå [0, 1] çàäàíà ïðîèçâîëüíàÿ ñèñòåìà óçëîâ 0 ≤
≤ x0 < x1 < · · · < xm−1 ≤ 1. Çàäàäèìñÿ âåêòîðîì P = (p0, p1, . . . , pm−1)
êîýôôèöèåíòîâ è ïîñòðîèì ëèíåéíûé ôóíêöèîíàë

L(f) =
m−1∑

k=0

pkf(xk),

ãäå f(x)− ïðîèçâîëüíàÿ íåïðåðûâíàÿ íà ñåãìåíòå [0, 1] ôóíêöèÿ.
Ïîëîæèì

1∫

0

f(x)dx = L(f) + R(f), (3.2)

ãäå R(f)− ïîãðåøíîñòü ïðèáëèæåíèÿ ôóíêöèîíàëà
1∫
0

f(x)dx ôóíêöèî-

íàëîì L(f).
Èçâåñòíî [116, ñòð. 45], ÷òî åñëè êâàäðàòóðíàÿ ôîðìóëà òî÷íà äëÿ

ïîëèíîìîâ äî r−1 ñòåïåíè âêëþ÷èòåëüíî, òî íà êëàññå ôóíêöèé W r(M)
ñïðàâåäëèâî ðàâåíñòâî

1∫

0

f(x)dx− L(f) =

1∫

0

Fr(t)f
(r)(t)dt,
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ãäå

Fr(t) =
1

(r − 1)!

[
(1− t)r

r
−

m∑

k=0

pkKr(xk − t)

]
,

à ôóíêöèÿ Kr(t) îïðåäåëÿåòñÿ ôîðìóëîé

Kr(t) =

{
tr−1 t ≥ 0
0, t < 0.

Ïîëîæèì

cr = max
f∈W (r)(1;0,1)

∣∣∣∣∣∣

1∫

0

f(x)dx− L(f)

∣∣∣∣∣∣
=

1∫

0

|Fr(t)|dt.

Íàñ áóäåò èíòåðåñîâàòü ñîîòâåòñòâèå
1∫

0

f(x)dx ≈ L(f) (3.3)

ìåæäó ýòèìè äâóìÿ ëèíåéíûìè ôóíêöèîíàëàìè.
Ðàññìîòðèì ïðîèçâîëüíûé ñåãìåíò [α, β]. Ñëåäóÿ Ñ.Ì. Íèêîëüñêîìó

([116, .43]), áóäåì íàçûâàòü êâàäðàòóðíóþ ôîðìóëó
β∫

α

f(x)dx ≈ L(α, β; f), (3.4)

ãäå

L(α, β; f) =
m−1∑

k=0

p′kf(x′k),

ïîäîáíîé ôîðìóëå (3.3), à ôóíêöèîíàë L(α, β; f)− ïîäîáíûì ôóíêöè-
îíàëó L(f), åñëè ñèñòåìà òî÷åê α, x′0, x

′
1, . . . , x

′
m−1, β ãåîìåòðè÷åñêè ïî-

äîáíà ñèñòåìå 0, x0, x1, . . . , xm−1, 1, à âåñà p′k îòíîñÿòñÿ ñîîòâåòñòâåííî ê
âåñàì pk, êàê äëèíà îòðåçêà [α, β] ê åäèíèöå, èíà÷å ãîâîðÿ, åñëè âûïîë-
íÿþòñÿ ñîîòíîøåíèÿ

x′k = α + xk(β − α), p′k = pk(β − α) (k = 0, 1, · · · ,m− 1).
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Ðàññìîòðèì èíòåãðàë
b∫
a

f(x)dx ïî ñåãìåíòó [a, b]. Ðàçäåëèì ñåãìåíò

[a, b] òî÷êàìè ξk = a + b−a
n k, k = 0, 1, . . . , n, è ïîñòàâèì èíòåãðàëó

b∫
a

f(x)dx â ñîîòâåòñòâèå ôóíêöèîíàë
n−1∑
k=0

L(ξk, ξk+1; f) :

b∫

a

f(x)dx ≈
n−1∑

k=0

L(ξk, ξk+1; f).

Òåîðåìà 3.17 [116]. Åñëè êâàäðàòóðíàÿ ôîðìóëà (3.2) òî÷íà äëÿ âñåõ
ìíîãî÷ëåíîâ ñòåïåíè r − 1, òî äëÿ ëþáîé ôóíêöèè f, ïðèíàäëåæàùåé ê
êëàññó W (r)(M ; a, b), èìååò ìåñòî íåðàâåíñòâî

∣∣∣∣∣∣

a∫

b

f(x)dx−
n−1∑

k=0

L(ξk, ξk+1; f)

∣∣∣∣∣∣
≤ (b− a)r+1crM

nr
. (3.5)

Ñóùåñòâóåò ôóíêöèÿ f, çàâèñÿùàÿ îò n, ïðèíàäëåæàùàÿ êëàññó
W r(M ; a, b), äëÿ êîòîðîé íåðàâåíñòâî (3.5) ÿâëÿåòñÿ òî÷íûì.

Â äàëüíåéøåì íåîäíîêðàòíî ïîíàäîáèòñÿ ñëåäóþùåå óòâåðæäåíèå,
ïðèâåäåííîå â ìîíîãðàôèè Ñ.Ì. Íèêîëüñêîãî [116, ñòð. 48].

Òåîðåìà 3.18.Äëÿ ëþáîé ôóíêöèè f , ïðèíàäëåæàùåé êëàññó W r
p (M ; a, b),

ãäå 1 < p < ∞ , èìååò ìåñòî íåðàâåíñòâî

|
b∫

a

f(x)dx−
n−1∑

k=0

L(ξk, ξk+1, f)| ≤ (b− a)r+1−1/pC
(q)
r M

nr
,

C(q)
r = (

1∫

0

|Fr(t)|qdt)1/q,

òî÷íîå â òîì ñìûñëå, ÷òî ñóùåñòâóåò ôóíêöèÿ f∗, ïðèíàäëåæàùàÿ ê óêà-
çàííîìó êëàññó, äëÿ êîòîðîé ýòî íåðàâåíñòâî îáðàùàåòñÿ â ðàâåíñòâî.

Òàì æå óêàçûâàåòñÿ, ÷òî ýòà òåîðåìà ðàñïðîñòðàíÿåòñÿ è íà ê.ô.,
èñïîëüçóþùèå çíà÷åíèÿ ïðîèçâîäíûõ.

Ëåììà 3.6 [116]. Ïóñòü Ψ1 = W r
p (1), r = 1, 2, . . . , 1 ≤ p ≤ ∞, 0 ≤ t ≤
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1, f(t) ∈ Ψ1, êâàäðàòóðíàÿ ôîðìóëà
1∫

0

f(t)dt =
n∑

k=1

pkf(tk) + Rn(f)

òî÷íà äëÿ ïîëèíîìîâ r−1 ïîðÿäêà è èìååò ïîãðåøíîñòü Rn(Ψ1) íà êëàññå
Ψ1. Ïóñòü Ψ2 = W r

p (1), r = 1, 2, . . . , 1 ≤ p ≤ ∞, a ≤ t ≤ b è g(t) ∈ W r
p (1).

Òîãäà êâàäðàòóðíàÿ ôîðìóëà
b∫

a

g(t)dt = (b− a)
n∑

k=1

pkg(a + (b− a)tk) + Rn(g)

èìååò ïîãðåøíîñòü Rn(Ψ2) íà êëàññå Ψ2 è Rn(Ψ2) = (b−a)r+1−1/pRn(Ψ1).
Òåîðåìà 3.19 [116]. Ñðåäè êâàäðàòóðíûõ ôîðìóë âèäà

1∫

0

f(x)dx =
m∑

k=1

ρ∑

l=0

pklf
(l)(xk) + R(f) ≡ L(f) + R(f)

íàèëó÷øåé äëÿ êëàññà W rLp(1) (1 ≤ p ≤ ∞) ïðè ρ = r − 1 (r =
= 1, 2, 3, . . .), à òàêæå ïðè ρ = r−2(r = 2, 4, 6, . . .) ÿâëÿåòñÿ åäèíñòâåííàÿ
ôîðìóëà, îïðåäåëÿåìàÿ ñëåäóþùèìè óçëàìè x∗k è êîýôôèöèåíòàìè p∗kl :

x∗k = h(2(k − 1) + [Rrq(1)]1/r) (k = 1, 2, . . . , m);

p∗1l = (−1)lp∗ml =

= hl+1
{

(−1)l

(l + 1)!
[Rrq(1)](l+1)/r +

1

r!
R(r−l−1)

rq (1)

}
(l = 0, 1, . . . , ρ),

p∗k,2ν =
2h2ν+1

r!
R(r−2ν−1)

rq (1)
(

k = 2, 3, . . . , m− 1; ν = 0, 1, . . . ,

[
r − 1

2

])
,

p∗k,2ν+1 = 0

(
k = 2, 3, . . . , m− 1; ν = 0, 1, . . . ,

[
r − 2

2

])
,

ãäå h = 2−1(m− 1 + [Rrq(1)]1/r)−1), à Rrq(t)− ìíîãî÷ëåí âèäà tr +
+

∑r−1
i=0 βit

i, íàèìåíåå óêëîíÿþùèéñÿ îò íóëÿ â ìåòðèêå Lq (p−1 + q−1 =
= 1) íà [−1, 1]. Ïðè ýòîì

Rm[W rLp(1)] = Rm[W rLp(1); X∗, p∗] =
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=
Rrq(1)hr

r! q
√

rq + 1
=

Rrq(1)

2rr! q
√

rq + 1(m− 1 + [Rrq(1)]1/r)r
.

Îòìåòèì ÷àñòíûå ñëó÷àè. Åñëè p = 1(q = ∞), òî ìíîãî÷ëåí Rr∞(t)
åñòü ìíîãî÷ëåí ×åáûøåâà Tr(t) = 21−r cos(r arccos t) è òîãäà

h =
1

21/r + 2(m− 1)
, Rm[W rL(1)] =

1

r![2 + (m− 1)22−1/r]r
.

Åñëè p = q = 2, òî Rr2(t) åñòü ìíîãî÷ëåí Ëåæàíäðà Lr(t); ïðè ýòîì

h =

[
4 r

√
(r!)2

(2r)!
+ 2(m− 1)

]−1

,

Rm[W rL2(1)] =
2

r!
√

2r + 1

[
2 + (m− 1) r

√
(2r)!

(r!)2

]−r

.

Íàêîíåö, â ñëó÷àå p = ∞ (q = 1) Rr1(t) åñòü ìíîãî÷ëåí ×åáûøåâà
Qr(t) (âòîðîãî ðîäà) è òîãäà

h = [2(m− 1) + r
√

r + 1]−1,

Rm[W rL∞(1)] =
1

r![4(m− 1) + 2 r
√

r + 1]r
.

Ïðèâåäåííûå ðàâåíñòâà ñïðàâåäëèâû äëÿ âñåõ r = 1, 2, 3, . . . , åñëè ρ =
r − 1, è äëÿ r = 2, 4, 6, . . . , åñëè ρ = r − 2.

Â êíèãå áóäóò íåîäíîêðàòíî èñïîëüçîâàòüñÿ ñëåäóþùèå ðåçóëüòàòû,
ïðèíàäëåæàùèå Â. Ï. Ìîòîðíîìó.

Òåîðåìà 3.20 [107]. Ïóñòü ïðè r = 1, 2, . . . , M r
m åñòü ìíîæåñòâî ôóíê-

öèé f ∈ W̃ r(0, 2π), èìåþùèõ 2m ýêñòðåìóìîâ íà ïåðèîäå [0, 2π), ïðîèç-
âîäíàÿ êîòîðûõ f (r)(x) ìåíÿåò çíàê íà ïåðèîäå 2m ðàç, ïðèíèìàÿ ïîïå-
ðåìåííî çíà÷åíèÿ +1 èëè −1. Òîãäà äëÿ ëþáîé ñèñòåìû òî÷åê X = {0 =
x0 < x1 < · · · < xm−1 < 2π} ñóùåñòâóåò ôóíêöèÿ fX ∈ M r

m, òàêàÿ, ÷òî

min
t

fX(t) = f(xk) = 0 (k = 0, 1, . . . ,m− 1)

è
2π∫

0

fX(t)dt ≥ 2πKr

mr
,
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ãäå Kr− êîíñòàíòà Ôàâàðà.
Ñëåäñòâèå [107]. Ñïðàâåäëèâî íåðàâåíñòâî

inf
X

sup
f∈W̃ r

X(0,2π)

2π∫

0

fX(t)dt ≥ 2πKr

mr
,

ãäå W̃ r
X(0, 2π)− ìíîæåñòâî ôóíêöèé, îïðåäåëåííûõ íà ñåãìåíòå [0, 2π],

ïðèíàäëåæàùèõ êëàññó W̃ r(1) è ðàâíûõ íóëþ íà ñåòêå X.

Òåîðåìà 3.21 [116]. Äëÿ êëàññà W̃ r(1) ôóíêöèé, îïðåäåëåííûõ íà
ñåãìåíòå [0, 2π] ïðè ëþáûõ íàòóðàëüíûõ r íàèëó÷øåé êâàäðàòóðíîé ôîð-
ìóëîé âèäà

2π∫

0

f(t)dt =
m−1∑

k=0

pkf(xk) + R(f)

èëè
2π∫

0

f(t)dt =
m−1∑

k=0

[pkf(xk) + p′kf
′(xk)] + R(f)

íà ïðîèçâîëüíîì âåêòîðå óçëîâ X = (x0, x1, . . . , xm−1), 0 ≤ x0 < x1 <

< · · · < xm−1 ≤ 2π äëÿ îáåèõ êâàäðàòóðíûõ ôîðìóë è ïðîèçâîëüíîì
âåêòîðå êîýôôèöèåíòîâ P = {pk} äëÿ ïåðâîé êâàäðàòóðíîé ôîðìóëû
èëè ïðîèçâîëüíîì âåêòîðå êîýôôèöèåíòîâ P = {pk} ∪ {p′k} äëÿ âòîðîé
êâàäðàòóðíîé ôîðìóëû ÿâëÿåòñÿ ôîðìóëà

2π∫

0

f(t)dt =
2π

m

m−1∑

k=0

f

(
2kπ

m

)
+ R(f)

ñ ðàâíîîòñòîÿùèìè óçëàìè è ðàâíûìè êîýôôèöèåíòàìè. Ïîãðåøíîñòü
ýòîé ôîðìóëû ðàâíà

sup
f∈W̃ r(1)

|R(f)| = 2πKr

mr
.

Òàêæå íåîäíîêðàòíî áóäóò èñïîëüçîâàòüñÿ ñëåäóþùèå êâàäðàòóðíûå
ôîðìóëû.

Òåîðåìà 3.22 [116]. Ñðåäè êâàäðàòóðíûõ ôîðìóë âèäà
1∫

0

f(x)dx =
m∑

k=1

pkf(xk) + R(f)
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íàèëó÷øåé äëÿ êëàññà W̃ rLp(1) (1 ≤ p ≤ ∞) ÿâëÿåòñÿ ôîðìóëà ïðÿìî-
óãîëüíèêîâ

1∫

0

f(x)dx =
1

m

m∑

k=1

f(
k

m
) + R(f);

ïðè ýòîì

Rm[W̃ rLp(1)] =
1

mr
inf
c
‖B∗

r (·)− c‖Lq
, (1/p + 1/q = 1).

Äëÿ 1 < p ≤ ∞ íàèëó÷øàÿ ôîðìóëà åäèíñòâåííàÿ ñ òî÷íîñòüþ äî æåñò-
êîãî ñäâèãà. Çäåñü

B∗
r (t) = − r!

2r−1πr

∞∑
v=1

1

vr
cos

(
2πvt− πr

2

)
.

Òåîðåìà 3.23 [116]. Ñðåäè êâàäðàòóðíûõ ôîðìóë âèäà
1∫

0

f(x)dx =
m∑

k=1

ρ∑

l=0

pklf
(l)(xk) + R(f) ≡ L(f) + R(f)

íàèëó÷øåé íà êëàññå W̃ rLp(1) (1 ≤ p ≤ ∞) ïðè ρ = r − 1 (r = 1, 2, . . .)
è ρ = r − 2 (r = 2, 4, 6, . . .) ÿâëÿåòñÿ ôîðìóëà

1∫

0

f(x)dx =
2

r!

m∑

k=1

[ρ/2]∑

l=0

R
(r−2l−1)
rq (1)

(2m)2l+1 f (2l)
(

k − 1

m

)
+ Rρ

m(f),

ãäå Rrq(t)− ìíîãî÷ëåí âèäà tr +
r−1∑
l=0

βlt
l, íàèìåíåå óêëîíÿþùèéñÿ îò íóëÿ

â ìåòðèêå Lq(1/p + 1/q = 1) íà ñåãìåíòå [−1, 1]. Ïðè ýòîì

Rρ
m[W̃ rLp(1)] =

Rrq(1)

r! q
√

rq + 1(2m)r
.

Ðàññìîòðèì ìíîæåñòâî êâàäðàòóðíûõ ôîðìóë òèïà
Ýéëåðà − Ìàêëîðåíà

1∫

0

f(x)dx = a0f(0) +
m∑

k=1

pkf(xk) + b0f(1)+
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+
r−1∑
v=1

av[f
(v)(1)− f (v)(0)] + Rm(f).

Òåîðåìà 3.24 [190]. Ñðåäè âñåâîçìîæíûõ ôîðìóë òèïà Ýéëåðà −
Ìàêëîðåíà òî÷íûõ äëÿ ïîëèíîìîâ r − 1 ñòåïåíè íàèëó÷øåé íà êëàññå
W r

p (1) ÿâëÿåòñÿ ôîðìóëà ñ êîýôôèöèåíòàìè è óçëàìè a0 =
= b0 = 1/2(m + 1), pk = 1/(m + 1), xk = k/(m + 1) (k = 1, 2, . . . , m),
av = 1

(m+1)v+1B
∗
v+1(1) (v = 1, 2, . . . , r − 2), ar−1 = 1

(m+1)r [B
∗
r (1) − γrq],

ãäå γrq− êîíñòàíòà íàèëó÷øåãî ïðèáëèæåíèÿ ôóíêöèè B∗
r (t) â ìåòðèêå

Lq. Ïîãðåøíîñòü îïòèìàëüíîé ôîðìóëû Ýéëåðà − Ìàêëîðåíà íà êëàññå
W r

p (1) ðàâíà Rm[W r
p (1)] = 1

mr infc‖B∗
r (t) − c‖Lq

, 1/p + 1/q = 1, ãäå
B∗

r (t)− ïîëèíîì Áåðíóëëè.
Ïóñòü ôóíêöèÿ f(x, y) çàäàíà íà ïðÿìîóãîëüíèêå D = [a, b; c, d]. Ðàñ-

ñìîòðèì êóáàòóðíóþ ôîðìóëó
∫ ∫

D

f(x, y)dxdy =
m∑

k=1

n∑

i=1

pkif(xk, yi) + Rmn(f), (3.6)

îïðåäåëÿåìóþ âåêòîðîì (X, Y, P ) óçëîâ a ≤ x1 < x2 < · · · < xm ≤ b,
c ≤ y1 < y2 < · · · < yn ≤ d è êîýôôèöèåíòîâ pki.

Òåîðåìà 3.25 [90]. Ñðåäè êâàäðàòóðíûõ ôîðìóë (3.6) îïòèìàëüíîé
äëÿ êëàññîâ Hω1,ω2

(D) è Hω(D) ÿâëÿåòñÿ ôîðìóëà
∫ ∫

D

f(x, y)dxdy = 4hq

m∑

k=1

n∑

i=1

f(a + (2k − 1)h, c + (2i− 1)q) + Rmn(f),

ãäå h = b−a
2m , q = d−c

2n . Ïðè ýòîì

Rmn[Hω1,ω2
(D)] = 4mn[q

h∫

0

ω1(t)dt + h

q∫

0

ω2(t)dt];

Rmn[Hω(D)] = 4mn

q∫

0

h∫

0

ω(
√

t2 + τ 2)dtdτ.

Ðàññìîòðèì êóáàòóðíûå ôîðìóëû âèäà
∫ ∫

D

p(x, y)f(x, y)dxdy =
N∑

k=1

pkf(Mk) + R(f), (3.7)
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ãäå p(x, y)− íåîòðèöàòåëüíàÿ è îãðàíè÷åííàÿ íà D ôóíêöèÿ, pk è Mk(Mk ∈
D)− êîýôôèöèåíòû è óçëû.

Òåîðåìà 3.26 [6]. Ïóñòü ρ(x, y)− îãðàíè÷åííàÿ íåîòðèöàòåëüíàÿ âå-
ñîâàÿ ôóíêöèÿ. Åñëè RN [Hα

ρ,j(D)], j = 1, 2, 3, 0 < α ≤ 1,− ïîãðåøíîñòü
îïòèìàëüíîé äëÿ êëàññà Hα

ρ,j(D) ôîðìóëû âèäà (3.7), òî

lim
N→∞

Nα/2RN [Hα
ρ,j(D)] = Dj




∫ ∫

D

(p(x, y))2/(2+α)dxdy




(2+α)/α

, j = 1, 2, 3,

ãäå D1 = 12
2+α

(
1

2
√

3

)(2+α)/α π/6∫
0

dϕ
cos2+αϕ , D2 = 21−α

2+α , D3 = 21−α/2

2+α .

Ñëó÷àé j = 2 ðàñïðîñòðàíÿåòñÿ íà n-ìåðíûå êóáàòóðíûå ôîðìóëû.
Çàìå÷àíèå. Òåîðåìà 3.25 îáîáùåíà â [35] íà ñëó÷àé íåîãðàíè÷åííûõ

âåñîâ p(x, y).
Îáîçíà÷èì ÷åðåç ln,r,p(ϕ; [a, b]) ê.ô. ñ ïîãðàíè÷íûì ñëîåì âèäà

ln,r,p(ϕ; [a, b]) =
n∑

k=1
pkϕ(tk), êîòîðàÿ àñèìïòîòè÷åñêè íàèëó÷øèì îáðàçîì

àïïðîêñèìèðóåò èíòåãðàë
b∫
a

ϕ(t)dt îò ôóíêöèè ϕ(t) ∈ W r
p (1), 1 < p ≤ ∞,

r = 1, 2, . . . Êâàäðàòóðíûå ôîðìóëû òàêîãî âèäà èññëåäîâàëèñü Â. È.
Ïîëîâèíêèíûì [122] - [125].

×åðåç n,r,p(ϕ
(l)(tj)) îáîçíà÷èì ðàçíîñòíûé îïåðàòîð, êîòîðûé àïïðîê-

ñèìèðóåò çíà÷åíèÿ ϕ(l)(tj) ïî r + 1 çíà÷åíèþ ôóíêöèè ϕ(t) ñ òî÷íîñòüþ
An−2(r−l), l = 0, 1, . . . , r−1, ïðè÷åì àïïðîêñèìàöèÿ òî÷íà äëÿ ïîëèíîìîâ
ñòåïåíè r−1. Îïåðàòîðû âèäà n,r,p ïîñòðîåíû Â. È. Ïîëîâèíêèíûì [122]
− [125].

Îáîçíà÷èì ÷åðåç

lr,sn1,n2
(ϕ; [a, b; c, d]) =

n1∑

k1=1

n2∑

k2=1

pk1k2
ϕ(tk1,k2

)

àñèìïòîòè÷åñêè îïòèìàëüíóþ íà êëàññå W r,s(1) êóáàòóðíóþ ôîðìóëó
(êóá.ô.), à ÷åðåç r,s

m,n(ϕ
(k,l)(ti, tj))−ôóíêöèîíàë, àïïðîêñèìèðóþùèé ϕ(k,l)(ti, tj)

ñ òî÷íîñòüþ Am−2(r−k)n−2(s−l) è òî÷íûé äëÿ ïîëèíîìîâ tv1t
w
2 , v = 0, 1, . . . , r−

1, w = 0, 1, . . . , s− 1. Ôóíêöèîíàëû lr,sn1,n2
è r,s

m,n èññëåäîâàíû Â. È. Ïîëî-
âèíêèíûì. Ïîñòðîèì ôóíêöèîíàëû ln,r,p(ϕ; [a, b]) è n,r,p ñïîñîáîì, îòëè÷-
íûì îò èñïîëüçîâàííîãî â [122] − [125].
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Îñòàíîâèìñÿ âíà÷àëå íà ôóíêöèîíàëå ln,r,p(ϕ; [a, b]). Âûøå áûëî îò-
ìå÷åíî, ÷òî íàèëó÷øàÿ íà êëàññå W rLp(1) êâàäðàòóðíàÿ ôîðìóëà òèïà
Ýéëåðà − Ìàêëîðåíà

1∫

0

f(x)dx = a0f(0)+
m∑

k=1

pkf(xk)+b0f(1)+
r−1∑
v=1

sv

[
f (v)(1)− f (v)(0)

]
+R(f)

îïðåäåëÿåòñÿ êîýôôèöèåíòàìè è óçëàìè a0 = b0 = 1/2(m + 1), pk =
= 1/(m + 1), xk = k/(m + 1) (k = 1, 2, . . . , m), sv = 1

(m+1)v+1B
∗
v+1(1)

(v = 1, 2, . . . , r − 2)), sr−1 = 1
(m+1)r [B

∗
r (1) − γrq]. Çäåñü γrq− êîíñòàíòà

íàèëó÷øåãî ïðèáëèæåíèÿ ôóíêöèè B∗
r (t) â ìåòðèêå Lq.

Àïïðîêñèìèðóÿ ïðîèçâîäíûå f (v)(0) è f (v)(1) ôóíêöèîíàëàìè
n,r,p(f

(v)(0)) è n,r,p(f
(v)(1)) ñ äîñòàòî÷íî ìàëûì íîñèòåëåì h, ïîëó÷àåì

ôóíêöèîíàë ln,r,p(ϕ; [0, 1]) âèäà

ln,r,p(f ; [0, 1]) = a0f(0) +
m∑

k=1

pkf(xk) + b0f(1)+

+
r−1∑
v=1

sv

[
n,r,pf

(v)(1)− n,r,pf
(v)(0)

]
+ Rm(f).

Ïîãðåøíîñòü

Rm(f) = R(f) +
r−1∑
v=1

∣∣∣sv

(
n,r,pf

(v)(1)− f (v)(1) + Πn,r,pf
(v)(0)− f (v)(0)

)∣∣∣ .

Òàê êàê R(f) = 1
mr infc ‖B∗

r (·)−c‖Lq
, sv = 0

( 1
mv+1

)
è êàê ïîêàçàíî íèæå,

|n,r,pf
(v)(k)− f (v)(k)| = 0(hr−v), k = 0, 1, òî

Rm(f) =
1 + o(1)

mr
inf
c
‖B∗

r (·)− c‖Lq
.

Çäåñü B∗
r (x)− ïîëèíîì Áåðíóëëè.

Ïîñòðîèì ôóíêöèîíàë n,r,p. Ôóíêöèþ f(x), îïðåäåëåííóþ íà ñåãìåíòå
[0, h], àïïðîêñèìèðóåì èíòåðïîëÿöèîííûì ïîëèíîìîì Lr(f), èñïîëüçó-
þùèì r + 1 óçåë, ðàñïîëîæåííûé íà ñåãìåíòå [0, h]. Òàêàÿ àïïðîêñèìà-
öèÿ áóäåò òî÷íîé äëÿ ïîëèíîìîâ ñòåïåíè r. Îäíà èç ïðîñòåéøèõ îöåíîê
ïîãðåøíîñòè àïïðîêñèìàöèè ôóíêöèè f(x) ∈ W r(1) ïîëèíîìîì Lr(f)
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èìååò âèä |f(x)−Lr(f)| ≤ 6rhr ln r/(r +1)r â ñëó÷àå, åñëè èíòåðïîëÿöèÿ
ïðîâîäèòñÿ ïî óçëàì ×åáûøåâà. Ïîëîæèì n,r,p(f) = Lr(f).

Ïîãðåøíîñòü àïïðîêñèìàöèè ôóíêöèè f(x) ïîëèíîìàìè Tn íàèëó÷-
øåãî ðàâíîìåðíîãî ïðèáëèæåíèÿ ñòåïåíè n ðàâíà En = 6rhr/nr.

Ïðåäñòàâèì, ñëåäóÿ [112], ôóíêöèþ f(x)− Lr(f) â âèäå

f(x)− Lr(x) =
∞∑

k=0

(T2k+1r − T2kr) + Tr − Lr.

Òîãäà, âîñïîëüçîâàâøèñü âòîðûì íåðàâåíñòâîì Áåðíøòåéíà, íà ñåã-
ìåíòå [h/4, 3h/4] èìååì (ïðè 0 ≤ v < r)

|f (v)(x)− L(v)
r (x)| ≤ 4v6rhr−v

( ∞∑

k=1

(2k+1r)v

(2kr)r
+

lnr

(r + 1)r−v
+

1

(r + 1)r−v

)
=

= 0(hr−v).

Èç ýòîé îöåíêè ñëåäóåò, ÷òî ïðè a ∈ [h/4, 3h/4]
|f (v)(a)− n,r,pf

(v)(a)| ≤ A(hr−v), ãäå h− íîñèòåëü ôóíêöèîíàëà n,r,p.

Îöåíèì òåïåðü âåëè÷èíó f (v)(x)−L
(v)
r (x) íà êîíöàõ ñåãìåíòà [0,1]. Ïðè

ýòîì îãðàíè÷èìñÿ ëåâûì êîíöîì. Òàê êàê
(
f (v)(x)− L(v)

r (x)
)
|x=0 =

∞∑

k=0

(
T

(v)
2k+1r

(x)− T
(v)
2kr

(x)
)
|x=0+

+
(
T (v)

r (x)− L(v)
r (x)

)
|x=0, (3.8)

òî êàæäîå ñëàãàåìîå |T (v)
2k+1r

(x)−T
(v)
2kr

(x)| îöåíèì íà ñåãìåíòå [0, hk], hk =
h/(2k+1r)2r−1. Ïîëüçóÿñü íåðàâåíñòâîì À.À.Ìàðêîâà èìååì íà ñåãìåíòå
[0, hk]

|T (v)
2k+1r

(x)− T
(v)
2kr

(x)| ≤ A(2kr)2v

hv
k

hr
k

1

(2kr)r
≤ Ahr−v

(2kr)r+2 .

Èç (3.8) ñëåäóåò, ÷òî |f (v)(x)− L
(v)
r (x)|x=0 ≤ Ahr−v.

Îïåðàòîð n,r,p ïîñòðîåí.
Ïóñòü f− ýëåìåíò ìåòðè÷åñêîãî ïðîñòðàíñòâà X; L,L1, . . . , LN− ëè-

íåéíûå ôóíêöèîíàëû. Èíôîðìàöèÿ î ôóíêöèè f çàäàåòñÿ âåêòîðîì T (f) =
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(L1(f), . . . , LN(f)). ×åðåç S(T (f)) îáîçíà÷åí ìåòîä S âû÷èñëåíèÿ ôóíê-
öèîíàëà L(f) ïî èíôîðìàöèè T (f). Ïîãðåøíîñòü ýòîãî ìåòîäà íà ìíîæå-
ñòâå ôóíêöèé Ω ðàâíà R(S, T ) = supf∈Ω |L(f)− S(T (f))|. ×åðåç R(T ) =
infs R(S, T ) îáîçíà÷åí íàèëó÷øèé äëÿ äàííîé èíôîðìàöèè T ìåòîä.

Ëåììà 3.7 (Ñ.À.Ñìîëÿêà) [135] (öèòèðóåòñÿ ïî [15]). Ïóñòü ôóíêöè-
îíàëû L(f), L1(f), . . . , LN(f)− ëèíåéíûå è Ω− âûïóêëîå öåíòðàëü-
íî-ñèììåòðè÷íîå ìíîæåñòâî ñ öåíòðîì ñèììåòðèè Q â ëèíåéíîì ìåòðè-
÷åñêîì ïðîñòðàíñòâå. Ïóñòü supf∈Ω0

L(f) < ∞, ãäå Ω0 ≡
≡ {f ; f ∈ Ω, Lk(f) = 0, k = 1, 2, ..., N}. Òîãäà ñóùåñòâóþò ÷èñëà
D1, . . . , DN , òàêèå, ÷òî

sup
f∈Ω

|L(f)−
N∑

k=1

DkLk(f)| = R(T ),

ò. å. ñðåäè íàèëó÷øèõ ìåòîäîâ åñòü ëèíåéíûé.
Ñëåäñòâèå.

R(T ) = sup
f∈Ω0

Lf.

3.5. Íåêîòîðûå îáîçíà÷åíèÿ

Îïèøåì îáîçíà÷åíèÿ, èñïîëüçóåìûå â êíèãå.
×åðåç Rrq(a; h; x) îáîçíà÷èì ìíîãî÷ëåí âèäà xr +

r−1∑
i=0

αix
i, òàêîé, ÷òî

a+h∫

a−h

|Rrq(a; h; x)|qdx = min
α0,...,αr−1

a+h∫

a−h

|xr +
r−1∑

i=0

αix
i|qdx.

×åðåç Rrq(x) îáîçíà÷åí ïîëèíîì âèäà xr +
r−1∑
i=0

αix
i íàèìåíåå óêëîíÿ-

þùèéñÿ îò íóëÿ â ìåòðèêå ïðîñòðàíñòâà Lq[−1, 1], 1 ≤ q ≤ ∞.

Ïóñòü ∆ = [a, b], c ∈ [a, b]. ×åðåç Tr(ϕ, ∆, c) îáîçíà÷åí îòðåçîê ðÿäà
Òåéëîðà

Tr(ϕ, ∆, c) = ϕ(c) +
ϕ′(c)
1!

(t− c) + · · ·+ ϕ(r)(c)

r!
(t− c)r.

Ïóñòü ∆ = [a1, b1; a2, b2], c ∈ ∆. ×åðåç Tr(ϕ, ∆, c) îáîçíà÷èì îòðåçîê
ðÿäà Òåéëîðà Tr(ϕ, ∆, c) = ϕ(c) + 1

1!dϕ(c) + · · ·+ 1
r!d

rϕ(c).
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Ïóñòü f(t) ∈ Hα, 0 < α ≤ 1, t ∈ [a, b]. Òîãäà

H(f, α) = sup
t1 6=t2;t1,t2∈[a,b]

|f(t1)− f(t2)|
|t1 − t2|α .

4. Îáçîð ïðèáëèæåííûõ ìåòîäîâ âû÷èñëåíèÿ ñèíãóëÿðíûõ
èíòåãðàëîâ

Ñèíãóëÿðíûå èíòåãðàëû ðàçëè÷íûõ òèïîâ íàõîäÿò øèðîêîå ïðèìåíå-
íèå â ìíîãî÷èñëåííûõ îáëàñòÿõ ôèçèêè è òåõíèêè: â òåîðèè óïðóãîñòè,
ýëåêòðîäèíàìèêå, àýðîäèíàìèêå, ÿäåðíîé ôèçèêå. Ê ñèíãóëÿðíûì èíòå-
ãðàëàì ñ ôèêñèðîâàííîé îñîáåííîñòüþ âèäà

1∫

−1

ϕ(τ)dτ

τ
(4.1)

ïðèâîäÿò çàäà÷è ÿäåðíîé ôèçèêè. Íàèáîëåå øèðîêîå ïðèìåíåíèå ïîëó-
÷èëè ñèíãóëÿðíûå èíòåãðàëû ñ ÿäðàìè Êîøè è Ãèëüáåðòà

1

πi

∫

γ

ϕ(τ)

τ − t
. (4.2)

1

2π

2π∫

0

ϕ(σ)ctg
σ − s

2
dσ, (4.3)

ïîëèñèíãóëÿðíûå èíòåãðàëû

1

(2π)m

∫

L

ϕ(τ1, . . . , τm)dτ1 · · · dτm

(τ1 − t1) · · · (τm − tm)
, (4.4)

1

(2π)m

2π∫

0

· · ·
2π∫

0

ϕ(σ1, . . . , σm)ctg
σ1 − s1

2
· · · ctgσm − sm

2
dσ1 . . . dσm. (4.5)

Çäåñü γ, γk, (k = 1, 2, . . . , m)− åäèíè÷íàÿ îêðóæíîñòü ñ öåíòðîì â íà-
÷àëå êîîðäèíàò ïëîñêîñòè êîìïëåêñíîé ïåðåìåííîé z, zk, (k =
= 1, 2, · · · ,m), L = γ1 × γ2 × · · · × γm− òîïîëîãè÷åñêîå ïðîèçâåäåíèå
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îêðóæíîñòåé γk. K èíòåãðàëàì (4.2)�(4.5) ñâîäÿòñÿ ìíîãî÷èñëåííûå çà-
äà÷è òåîðèè óïðóãîñòè, ãðàâèðàçâåäêè è ìàãíèòîðàçâåäêè. Íàðÿäó ñ èí-
òåãðàëàìè (4.2)�(4.5) øèðîêîå ïðèìåíåíèå â òåîðèè óïðóãîñòè, àýðîäè-
íàìèêå, òåîðèè àâòîìàòè÷åñêîãî óïðàâëåíèÿ, òåîðèè îáîëî÷åê, ýëåêòðî-
äèíàìèêå è êâàíòîâîé ìåõàíèêå íàõîäÿò ñèíãóëÿðíûå èíòåãðàëû

1∫

−1

ϕ(τ)dτ

τ − t
, t ∈ (−1, 1), (4.6)

1∫

−1

p(τ)ϕ(τ)dτ

τ − t
, t ∈ (−1, 1), (4.7)

ïîëèñèíãóëÿðíûå èíòåãðàëû
1∫

−1

· · ·
1∫

−1

ϕ(τ1, . . . , τm)dτ1 · · · dτm

(τ1 − t1) · · · (τm − tm)
, −1 < t1, . . . , tm < 1, (4.8)

1∫

−1

· · ·
1∫

−1

p(τ1, . . . , τm)ϕ(τ1, . . . , τm)dτ1 · · · dτm

(τ1 − t1) · · · (τm − tm)
,−1 < t1, . . . , tm < 1. (4.9)

Çäåñü p(τ) è p(τ1, . . . , τm)− âåñîâûå ôóíêöèè.
Ðÿä çàäà÷ óïðóãîñòè è àýðîäèíàìèêè ïðèâîäèò ê íåîáõîäèìîñòè âû-

÷èñëåíèÿ ìíîãîìåðíûõ ñèíãóëÿðíûõ èíòåãðàëîâ âèäîâ
∫

D

f(θ)ϕ(y)dy

rn(y)
, (4.10)

∫

D

f(x, θ)ϕ(y)dy

rn(x, y)
, (4.11)

ãäå x = (x1, . . . , xn), y = (y1, . . . , yn), θ = (x− y)/r(x, y),

r(y) =
√

y2
1 + · · ·+ y2

n, r(x, y) =
√

(x1 − y1)2 + · · ·+ (xn − yn)2.

Ïî-âèäèìîìó, ïåðâîé ðàáîòîé, íåïîñðåäñòâåííî ïîñâÿùåííîé ïðèáëè-
æåííîìó âû÷èñëåíèþ èíòåãðàëà (4.1), ÿâëÿåòñÿ ñòàòüÿ Â. È. Ëåáåäåâà è
Î. Â. Áàáóðèíà [97], â êîòîðîé óêàçàííûé èíòåãðàë âû÷èñëÿëñÿ ïî ê.ô.
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Ãàóññà. Â ñòàòüå ïðèâåäåíû òàáëèöû âåñîâ è óçëîâ ôîðìóëû Ãàóññà è
äàíà îöåíêà ïîãðåøíîñòè âû÷èñëåíèé.

Îïòèìàëüíûå ïî ïîðÿäêó àëãîðèòìû âû÷èñëåíèÿ ñèíãóëÿðíûõ èíòå-
ãðàëîâ âèäà (4.1) íà êëàññàõ Hα, W r

p ïîñòðîåíû È. Â. Áîéêîâûì [24]. Â
ñòàòüå È. Â. Áîéêîâà [24] ïðåäëîæåí ìåòîä âû÷èñëåíèÿ èíòåãðàëà (4.1)
íà êëàññå W rHα (r = 0, 1, . . . ; 0 < α ≤ 1), òðåáóþùèé [(α + 1)n ln n]
ñëîæåíèé è îäíî óìíîæåíèå. È. Â. Áîéêîâûì è
À. Ê. Ðóäåíêî [48] ïîñòðîåíà îïòèìàëüíàÿ ê.ô. òèïà Ìàðêîâà íà êëàññå
W 1(1). Â ñòàòüå È. Â. Áîéêîâà [27] ïðèâîäÿòñÿ àñèìïòîòè÷åñêè îïòè-
ìàëüíûå ê.ô. âû÷èñëåíèÿ èíòåãðàëà (4.1) íà êëàññå Hα (0 < a ≤ 1). Ì.
Ã. Îêóíü [119] ïîñòðîèë îïòèìàëüíóþ ê.ô. âû÷èñëåíèÿ èíòåãðàëà (4.1)
íà êëàññå H1.

Áîëüøîå ÷èñëî ðàáîò ïîñâÿùåíî ïðèáëèæåííîìó âû÷èñëåíèþ ñèíãó-
ëÿðíûõ èíòåãðàëîâ âèäîâ (4.2) − (4.11). Ïîäðîáíîå èçëîæåíèå îñíîâíûõ
ðåçóëüòàòîâ, ïîëó÷åííûõ ïî ýòîé òåìàòèêå äî 1968 ã., ñîäåðæèòñÿ â ìî-
íîãðàôèè Â. Â. Èâàíîâà [81], à â ïåðèîä ñ 1968 ïî 1995 ã. â ìîíîãðàôèÿõ
È. Â. Áîéêîâà [29], [36].

Îäíèì èç íàèáîëåå øèðîêî èñïîëüçóåìûõ ìåòîäîâ âû÷èñëåíèÿ ñèíãó-
ëÿðíûõ èíòåãðàëîâ (4.2) ÿâëÿåòñÿ çàìåíà ïîäûíòåãðàëüíîé ôóíêöèè áî-
ëåå ïðîñòûìè ôóíêöèÿìè: èíòåðïîëÿöèîííûìè ïîëèíîìàìè, ñïëàéíàìè,
îòðåçêàìè ðÿäà Ôóðüå, ñóììàìè Ôåéåðà, Âàëëå-Ïóññåíà, Áåðíøòåéíà −
Ðîãîçèíñêîãî, Àáåëÿ − Ïóàññîíà, ×åçàðî è äð. Âïåðâûå çàäà÷à àïïðîê-
ñèìàöèè ñîïðÿæåííîé ôóíêöèè èññëåäîâàëàñü â êëàññè÷åñêèõ ðàáîòàõ
À. Í. Êîëìîãîðîâà è Ñ. Ì. Íèêîëüñêîãî.

Ìíîãî÷èñëåííûå ðåçóëüòàòû è îáøèðíàÿ áèáëèîãðàôèÿ ïî ìåòîäàì
àïïðîêñèìàöèè ñîïðÿæåííûõ ôóíêöèé ïðèâåäåíû â ìîíîãðàôèÿõ Í. Ê.
Áàðè [9] è À. Çèãìóíäà [77], [78].

Äàëüíåéøèå ðåçóëüòàòû, ïîëó÷åííûå â ýòîì íàïðàâëåíèè, îòðàæåíû
â ìîíîãðàôèÿõ À. È. Ñòåïàíöà [137], [138].

Añèìïòîòè÷åñêè òî÷íûå îöåíêè ïðèáëèæåíèÿ ñîïðÿæåííûõ ôóíêöèé
ïîëó÷åíû À. Â. Åôèìîâûì [79], Â. À. Åôèìîâûì, Â. À. Ôèëèìîíîâîé
[80], Â. À. Ôèëèìîíîâîé [153] â ñëó÷àå ïðèáëèæåíèÿ èíòåðïîëÿöèîííûìè
ñóììàìè, Â. Ã. Ôèëèïïîâñêèì [154] â ñëó÷àå ïðèáëèæåíèÿ ïîëèíîìàìè
Ðîãîçèíñêîãî, Ë. Ï. Ôàëàëååâûì [152] â ñëó÷àå ïðèáëèæåíèÿ ïîëèíîìà-
ìè ×åçàðî, Ï. Â. Çàäåðååì, À. È. Ñòåïàíöîì [220] â ñëó÷àå ïðèáëèæåíèÿ
ïîëèíîìàìè Ôåéåðà.
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Ýôôåêòèâíûé àëãîðèòì âû÷èñëåíèÿ ñèíãóëÿðíûõ èíòåãðàëîâ áûë ïðåä-
ëîæåí Ì. À. Ëàâðåíòüåâûì [96].

Ïåðâûå ðàáîòû ïî ïîñòðîåíèþ ê.ô. äëÿ âû÷èñëåíèÿ èíòåãðàëà (4.2),
îñíîâàííûå íà çàìåíå ïîäûíòåãðàëüíîé ôóíêöèè òðèãîíîìåòðè÷åñêèìè
èíòåðïîëÿöèîííûìè ïîëèíîìàìè ðàçëè÷íûõ òèïîâ, ïðèíàäëåæàò Â. Â.
Èâàíîâó. Èì æå ïîñòðîåíû ýôôåêòèâíûå àëãîðèòìû âû÷èñëåíèÿ èíòå-
ãðàëîâ (4.6), (4.7) è ïðåäëîæåí îáùèé ìåòîä èññëåäîâàíèÿ ïîãðåøíîñòè
ê.ô. äëÿ ñèíãóëÿðíûõ èíòåãðàëîâ. Ïîäðîáíî ýòè ðåçóëüòàòû îïèñàíû â
ìîíîãðàôèè [81].

Ðÿä ðàáîò ïîñâÿùåí ïîñòðîåíèþ è èññëåäîâàíèþ ðàçëè÷íîãî âèäà
ê.ô., ïðåäíàçíà÷åííûõ äëÿ âû÷èñëåíèÿ ñèíãóëÿðíûõ èíòåãðàëîâ ñ ÿä-
ðîì Ãèëüáåðòà (4.3) íà ìíîæåñòâå àíàëèòè÷åñêèõ ïåðèîäè÷åñêèõ ôóíê-
öèé. Ñðåäè ýòèõ ðàáîò íóæíî îòìåòèòü ñòàòüè [171], [172].

Â ìîíîãðàôèÿõ À. Çèãìóíäà [77], [78] ïîñòðîåí èíòåðïîëÿöèîííûé
òðèãîíîìåòðè÷åñêèé ïîëèíîì, óçëàìè èíòåðïîëÿöèè êîòîðîãî ÿâëÿþòñÿ
êîðíè ôóíêöèè sin(nt + α). Ýòîò ïîëèíîì ìîæåò áûòü èñïîëüçîâàí äëÿ
ïîñòðîåíèÿ ê.ô. âû÷èñëåíèÿ èíòåãðàëîâ âèäà (4.3). Â êíèãå Ä. Ãàéåðà
[188] ïðèâåäåíû ê.ô. óêàçàííîãî òèïà è îöåíåíà èõ ïîãðåøíîñòü. Òàì æå
ïðèâåäåíà îáøèðíàÿ áèáëèîãðàôèÿ ïî ìåòîäàì âû÷èñëåíèÿ ñèíãóëÿð-
íûõ èíòåãðàëîâ.

Ïðåäñòàâëÿåò çíà÷èòåëüíûé èíòåðåñ âû÷èñëåíèå èíòåãðàëîâ âèäà (4.2)
ïî ê.ô. òèïà Ãàóññà. Ðÿä ðåçóëüòàòîâ, ïîñâÿùåííûõ ýòîìó íàïðàâëåíèþ,
èçëîæåí â ìîíîãðàôèè Â.Â. Èâàíîâà [81]. Ñðåäè áîëåå ïîçäíèõ ðàáîò
ñëåäóåò óïîìÿíóòü ñòàòüè M.M. Chawla and
N. Jayarajan [170], G. Criscuolo and G. Mastroianni [173], K. Diethelm [179]
� [181], [184], D. Elliott [186], D. Elliott and D.F.Paget [187],
W. Gautschi [189], N-A. Gori and E. Santi [191], D.B. Hunter [193],
N.I. Ioakimiadis [197], G.Monegato [204], F. Rabinowitz [206], â êîòîðûõ
èìååòñÿ áèáëèîãðàôèÿ ïî ê.ô. òèïà Ãàóññà äëÿ ñèíãóëÿðíûõ èíòåãðà-
ëîâ.

Íàðÿäó ñ êâàäðàòóðíûìè ôîðìóëàìè Ãàóññà áîëüøîé öèêë ðàáîò ïî-
ñâÿùåí òàê íàçûâàåìûì ìîäèôèöèðîâàííûì êâàäðàòóðíûì ôîðìóëàì.
Ðàññìîòðèì, íàïðèìåð, èíòåãðàë (4.7), êîòîðûé ìîæíî ïðåäñòàâèòü â
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âèäå

Kϕ ≡
1∫

−1

p(τ)ϕ(τ)

τ − t
dτ =

1∫

−1

p(τ)
ϕ((τ)− ϕ(t))

τ − t
dτ +

1∫

−1

p(τ)
ϕ(t)

τ − t
dτ.

Èíòåãðàëó Kϕ ñòàâèòñÿ â ñîîòâåòñòâèå ìîäèôèöèðîâàííàÿ êâàäðà-
òóðíàÿ ôîðìóëà

Kϕ = Qn(ϕ, t) + ϕ(t)

1∫

−1

p(τ)

τ − t
dτ + Rn(ϕ, t),

ãäå Qn(ϕ, t)− íåêîòîðàÿ êâàäðàòóðíàÿ ôîðìóëà, ïðåäíàçíà÷åííàÿ äëÿ
âû÷èñëåíèÿ èíòåãðàëà

1∫

−1

p(τ)
(ϕ(τ)− ϕ(t))

τ − t
dτ.

Èññëåäîâàëàñü ðàâíîìåðíàÿ ïî t îöåíêà |Rn(ϕ, t)| ïðè ðàçëè÷íûõ êâàä-
ðàòóðíûõ ôîðìóëàõ Qn(ϕ, t).

Ìåðîé êà÷åñòâà ðàçëè÷íûõ êâàäðàòóðíûõ ôîðìóë íà êëàññå Ψ ÿâ-
ëÿåòñÿ, ñîãëàñíî ìîíîãðàôèè H. Brab [168], êîíñòàíòà Ïåàíî, êîòîðàÿ
îïðåäåëÿåòñÿ ôîðìóëîé

c(t) = sup
ϕ∈Ψ

|Rn(ϕ, t)|.

Òîãäà ïîãðåøíîñòü êâàäðàòóðíîé ôîðìóëû íà ôóíêöèè ϕ ∈ W r îïðå-
äåëÿåòñÿ íåðàâåíñòâîì |Rn(ϕ, t)| ≤ c(t)‖ϕr(t)‖.

Äëÿ ðàçëè÷íûõ êâàäðàòóðíûõ ôîðìóë îöåíêè ñâåðõó è ñíèçó êîí-
ñòàíò Ïåàíî ïîëó÷åíû â ðàáîòàõ K. Diethelm [182], H. W. Stole,
R. Straub [217].

Â ñòàòüå [192] ïîñòðîåí àëãîðèòì, èñïîëüçóþùèé áûñòðîå ïðåîáðàçî-
âàíèå Ôóðüå è òðåáóþùèé 0(n ln n) àðèôìåòè÷åñêèõ äåéñòâèé äëÿ âû-
÷èñëåíèÿ ñèíãóëÿðíûõ èíòåãðàëîâ âèäà (4.3). Ñëåäóåò îòìåòèòü, ÷òî ýòà
âîçìîæíîñòü áûëà óêàçàíà â ñòàòüå Â. Â. Èâàíîâà [82].

Ðàçëè÷íûì ìåòîäàì âû÷èñëåíèÿ ñèíãóëÿðíûõ èíòåãðàëîâ (4.6) è (4.7)
À. À. Áàáàåâ, Ð. Äæóðàêóëîâ, Ì. È. Èñðàèëîâ, Í. Â. Êóëè÷,
È. Í. Ìåëåøêî, Ý. Ä. Ìóðàòøàåâà, Á. È. Ìóñàåâ, Ã. Í. Ïûõòååâ,
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Ð. Ñ. Ñàäûðõàíîâ, Â. Â. Ñàëàåâ, Ä. Ã. Ñàíèêèäçå, Ì. À. Øåøêî,
K. Atkinson, G. Criscuolo, C. Dagnino, P. I. Davis, K. Diethelm, D. Elliot,
D. B. Hunter, N. I. Ioakimidis, Du Jinyan, J. C. Mason, G. Mastroianni, D.
F. Paget, Ph. Rabinowitz, E. Santi, H. W. Stole, R. Straub, P.S. Theo-
caris, E. Venturino ïîñâÿòèëè áîëüøèå öèêëû ñòàòåé, èç êîòîðûõ îòìåòèì
ëèøü ïóáëèêàöèè [4], [69], [86] − [88], [108], [109], [127] − [129], [130] −
[134], [157], [158], [161], [173] − [176], [177], [180], [194], [195], [199], [200],
[203], [206], [207], [212], [217], [218].

Áîëüøîé èíòåðåñ ïðåäñòàâëÿåò èññëåäîâàíèå ðàâíîìåðíîé ñõîäèìîñòè
êâàäðàòóðíûõ ôîðìóë âû÷èñëåíèÿ ñèíãóëÿðíûõ èíòåãðàëîâ âèäà (4.6),
(4.7) ïðè −1 < t < 1.

Â ñëó÷àå, êîãäà ïîäûíòåãðàëüíàÿ ôóíêöèÿ ϕ(t) àïïðîêñèìèðóåòñÿ îð-
òîãîíàëüíûìè ïîëèíîìàìè, ýòè âîïðîñû èññëåäîâàëèñü Ä. Ã. Ñàíèêèäçå
[131] − [134], [211].

Ñïåöèàëüíûå ïðèåìû ïîñòðîåíèÿ êâàäðàòóðíûõ ôîðìóë, ðàâíîìåðíî
àïïðîêñèìèðóþùèõ ïî ïåðåìåííîé t èíòåãðàëû (4.6) − (4.8), ïðåäëîæå-
íû â ðàáîòàõ Ph. Rabinowitz, S. Santi [209], S. Santi [212].

Ïðè èññëåäîâàíèè ìåòîäà äèñêðåòíûõ âèõðåé È. Ê. Ëèôàíîâûì ïî-
ñòðîåíû ýôôåêòèâíûå ìåòîäû âû÷èñëåíèÿ ñèíãóëÿðíûõ èíòåãðàëîâ âè-
äîâ (4.2) è (4.6). Â êíèãàõ Ñ. Ì. Áåëîöåðêîâñêîãî è È. Ê. Ëèôàíîâà
[19] è È. Ê. Ëèôàíîâà [99] ê.ô. ìåòîäà äèñêðåòíûõ âèõðåé ïðèìåíÿþò-
ñÿ ê âû÷èñëåíèþ êàê ñèíãóëÿðíûõ èíòåãðàëîâ ðàçëè÷íûõ âèäîâ, òàê è
èíòåãðàëîâ Àäàìàðà.

Ã. Ã. Àáäóëàåâîé [1] ïðåäëîæåí ðåãóëÿðèçóþùèé àëãîðèòì âû÷èñëå-
íèÿ èíòåãðàëà (4.2) â ñëó÷àå, êîãäà ϕ(t) ∈ Hα çàäàíà ïðèáëèæåííî ôóíê-
öèåé ϕ èç C.

Â ðàáîòàõ Ô. Ñòåíãåðà [215], [216] èññëåäîâàëèñü âîïðîñû âû÷èñëå-
íèÿ ñèíãóëÿðíûõ èíòåãðàëîâ âèäà (4.6), (4.7) íà êëàññàõ àíàëèòè÷åñêèõ
ôóíêöèé è ôóíêöèé, ïðèíàäëåæàùèõ êëàññàì Õàðäè. Ïîëó÷åíû îöåíêè
ñíèçó è ñâåðõó âåëè÷èíû ïîãðåøíîñòè ê.ô. íà óêàçàííûõ êëàññàõ ôóíê-
öèé. Â ìîíîãðàôèè È.Â. Áîéêîâà [36] ýòè ðåçóëüòàòû ðàñïðîñòðàíåíû
íà áîëåå îáùèå êëàññû ôóíêöèé, â òîì ÷èñëå íà êëàññ ôóíêöèé Hr

p(1),
r = 0, 1, . . . ; 1 ≤ p ≤ ∞.

Ïðè âû÷èñëåíèè ïîëèñèíãóëÿðíûõ èíòåãðàëîâ âèäîâ (4.4), (4.5), (4.8),
(4.9) â ïåðâóþ î÷åðåäü èñïîëüçîâàëèñü ìåòîäû, îñíîâàííûå íà çàìåíå
ïëîòíîñòè êàêèìè-íèáóäü áîëåå ïðîñòûìè ôóíêöèÿìè: èíòåðïîëÿöèîí-
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íûì ïîëèíîìîì (Â. Â. Èâàíîâ [81], Á. Ã. Ãàáäóëõàåâ [59],
Ì. À. Øåøêî [158]), ñïëàéíàìè (Ð. Äæóðàêóðîâ, Ì. È. Èñðàèëîâ [69]).

Ïðè âû÷èñëåíèè ìíîãîìåðíûõ èíòåãðàëîâ øèðîêî èñïîëüçóþòñÿ
òåîðåòèêî-÷èñëîâûå ìåòîäû. Ðåçóëüòàòû, ïîëó÷åííûå â ýòîì íàïðàâëå-
íèè, ïîäûòîæåíû â ìîíîãðàôèè Í. Ì. Êîðîáîâà [94]. Ýòè ìåòîäû ðàñ-
ïðîñòðàíåíû íà ìíîãîìåðíûå ñèíãóëÿðíûå èíòåãðàëû ðàçëè÷íûõ âèäîâ
â ðàáîòàõ È. Â. Áîéêîâà [22], [24], [25], [29], Ì. È. Èñðàèëîâà è Ò. Ñ.
Ìàêñóäîâà [88], Ò. Ñ. Ìàêñóäîâà [104].

Èññëåäîâàíèþ êóáàòóðíûõ ôîðìóë äëÿ âû÷èñëåíèÿ ñèíãóëÿðíûõ èí-
òåãðàëîâ (4.10) ïîñâÿùåíû ñòàòüè Â. À. Âîëîõèíà [57], P. S. Theocaris, J.
G. Kazantzakis [218].

Â. Í. Ñòðàõîâ [140] − [142] èññëåäîâàë ðàçëè÷íûå ìåòîäû âû÷èñëåíèÿ
ìíîãîìåðíûõ èíòåãðàëîâ òèïà ïîòåíöèàëà.

Îïòèìàëüíûì ìåòîäàì âû÷èñëåíèÿ ïîäîáíûõ èíòåãðàëîâ ïîñâÿùåíà
ðàáîòà È. Â. Áîéêîâà è À. Ã. Ðàììà [165].

Â ïÿòèäåñÿòûå ãîäû ïðîøëîãî ñòîëåòèÿ íà÷àëà ðàçâèâàòüñÿ òåîðèÿ
îïòèìàëüíûõ êâàäðàòóðíûõ ôîðìóë. Òîë÷êîì ê ýòîìó ïîñëóæèëà ïóá-
ëèêàöèÿ ñòàòåé A. Sard [213] è Ñ. Ì. Íèêîëüñêîãî [113], [114].

Â 1958 ã. âûøëà êíèãà Ñ. Ì. Íèêîëüñêîãî "Êâàäðàòóðíûå ôîðìóëû",
êîòîðàÿ ïðèâëåêëà âíèìàíèå ìàòåìàòèêîâ ê ïîñòðîåíèþ îïòèìàëüíûõ
ê.ô. Ïðèíöèïèàëüíî ðàçëè÷íûå ìåòîäû ïîñòðîåíèÿ îïòèìàëüíûõ ê.ô.
ïðåäëîæåíû Í. Ñ. Áàõâàëîâûì [11] − [13], [16],
Â. È. Êðûëîâûì [95], Ñ. Ì. Íèêîëüñêèì [116], Ñ. Ë. Ñîáîëåâûì [136], À.
Ã. Ñóõàðåâûì [143]. Ïîäðîáíàÿ áèáëèîãðàôèÿ ðåçóëüòàòîâ ïî îïòèìàëü-
íûì ê.ô. ñîäåðæèòñÿ â äîïîëíåíèè Í. Ï. Êîðíåé÷óêà ê ìîíîãðàôèè Ñ.
Ì. Íèêîëüñêîãî [116] è â ñòàòüå À. À. Æåíñûêáàåâà [72]. Ìåòîäû ïî-
ñòðîåíèÿ îïòèìàëüíûõ âåñîâûõ êóáàòóðíûõ ôîðìóë ðàçðàáîòàíû Â. È.
Ïîëîâèíêèíûì [122] − [125].

Èññëåäîâàíèÿ ïî îïòèìàëüíûì ìåòîäàì âû÷èñëåíèÿ ñèíãóëÿðíûõ èí-
òåãðàëîâ íà÷àòû çíà÷èòåëüíî ïîçæå. Ïåðâûìè ðàáîòàìè â ýòîì íàïðàâ-
ëåíèè áûëè ñòàòüè Â. Â. Èâàíîâà [82], [83]. Â íèõ áûëè ïîñòðîåíû îï-
òèìàëüíûå ïî ïîðÿäêó àëãîðèòìû âû÷èñëåíèÿ ñèíãóëÿðíûõ èíòåãðàëîâ
âèäà (4.2) íà ðàçëè÷íûõ êëàññàõ ôóíêöèé è àñèìïòîòè÷åñêè îïòèìàëü-
íûé ìåòîä âû÷èñëåíèÿ èíòåãðàëà (4.2) íà ðàâíîîòñòîÿùèõ óçëàõ. Â ñòà-
òüå Þ. È. Ìàêîâîçà è Ì. À. Øåøêî [103] îïóáëèêîâàíà ëåììà, êîòîðàÿ â
äàëüíåéøåì øèðîêî èñïîëüçîâàëàñü ïðè èññëåäîâàíèè îïòèìàëüíûõ ïî
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ïîðÿäêó ê.ô. âû÷èñëåíèÿ ñèíãóëÿðíûõ èíòåãðàëîâ ñ ïåðåìåííûìè îñî-
áåííîñòÿìè.

Â ñòàòüÿõ È. Â. Áîéêîâà [23] − [25], È. Â. Áîéêîâà, À. Ê. Ðóäåíêî [48],
[49], Á. Ã. Ãàáäóëõàåâà [60] ïîñòðîåíû îïòèìàëüíûå ïî ïîðÿäêó ê.ô. äëÿ
âû÷èñëåíèÿ èíòåãðàëîâ âèäà (4.2) − (4.6),(4.9).

Ñëåäóþùèì ýòàïîì â ìåòîäàõ âû÷èñëåíèÿ ñèíãóëÿðíûõ èíòåãðàëîâ
áûëî ïîñòðîåíèå àñèìïòîòè÷åñêè îïòèìàëüíûõ êâàäðàòóðíûõ è êóáà-
òóðíûõ ôîðìóë âû÷èñëåíèÿ ñèíãóëÿðíûõ, ïîëèñèíãóëÿðíûõ è ìíîãîìåð-
íûõ ñèíãóëÿðíûõ èíòåãðàëîâ.

Â ðàáîòàõ È. Â. Áîéêîâà [25] − [28] ïîñòðîåíû àñèìïòîòè÷åñêè îïòè-
ìàëüíûå ìåòîäû âû÷èñëåíèÿ ñèíãóëÿðíûõ èíòåãðàëîâ âèäîâ
(4.2) − (4.4), (4.6) íà ðàçëè÷íûõ êëàññàõ ôóíêöèé.

È. Â. Áîéêîâûì [31], È. Â. Áîéêîâûì è Ì. À. Îêóíåì [46] è
Ì. À. Îêóíåì [119] áûëè ïîñòðîåíû àñèìïòîòè÷åñêè îïòèìàëüíûå àëãî-
ðèòìû âû÷èñëåíèÿ ìíîãîìåðíûõ ñèíãóëÿðíûõ èíòåãðàëîâ âèäîâ (4.10),
(4.11).

Ðåçóëüòàòû, ïîëó÷åííûå ê 1983 ã. ïî îïòèìàëüíûì ïî òî÷íîñòè àë-
ãîðèòìàì âû÷èñëåíèÿ ñèíãóëÿðíûõ èíòåãðàëîâ, ïîäûòîæåíû â êíèãå È.
Â. Áîéêîâà [29], à ê 1995 ã. â åãî æå êíèãå [36].

Ïîçäíåå â ðàáîòàõ È. Â. Áîéêîâà è Ñ. ß. Íàãàåâîé [42] − [45],
Þ. Ô. Çàõàðîâîé [73] − [76] áûëè ïîñòðîåíû àñèìïòîòè÷åñêè îïòèìàëü-
íûå è îïòèìàëüíûå ïî ïîðÿäêó ïàññèâíûå àëãîðèòìû âû÷èñëåíèÿ îä-
íîìåðíûõ, ïîëèñèíãóëÿðíûõ è ìíîãîìåðíûõ ñèíãóëÿðíûõ èíòåãðàëîâ ñ
ôèêñèðîâàííîé è ïåðåìåííîé ñèíãóëÿðíîñòÿìè îïðåäåëåííûõ íà En, n =
1, 2, . . . Ìåòîäû, ðàçâèòûå ïðè ïîñòðîåíèè îïòèìàëüíûõ àëãîðèòìîâ âû-
÷èñëåíèÿ ñèíãóëÿðíûõ èíòåãðàëîâ, ïîçäíåå áûëè ðàñïðîñòðàíåíû íà ãè-
ïåðñèíãóëÿðíûå èíòåãðàëû [40], èíòåãðàëû Äèðèõëå, Ïóàññîíà, Øâàðöà
[41], [47], òèïà Êîøè [39].

Èññëåäîâàíèÿ ïî ïðèìåíåíèþ àäàïòèâíûõ àëãîðèòìîâ ê âû÷èñëåíèþ
ñèíãóëÿðíûõ èíòåãðàëîâ íà÷àòû â ðàáîòàõ È. Â. Áîéêîâà [32] − [34] è
ïîäûòîæåíû â åãî ìîíîãðàôèè [36].

Ðåçóëüòàòû ïî ïîñòðîåíèþ îïòèìàëüíûõ ïî ñëîæíîñòè (àñèìïòîòè÷å-
ñêè îïòèìàëüíûõ è îïòèìàëüíûõ ïî ïîðÿäêó) ìåòîäîâ âû÷èñëåíèÿ ñèí-
ãóëÿðíûõ è ïîëèñèíãóëÿðíûõ èíòåãðàëîâ îïóáëèêîâàíû â ìîíîãðàôèè
àâòîðà [36].
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ÃËÀÂÀ 2

ÑÈÍÃÓËßÐÍÛÅ ÈÍÒÅÃÐÀËÛ Ñ ÔÈÊÑÈÐÎÂÀÍÍÎÉ
ÎÑÎÁÅÍÍÎÑÒÜÞ

1. Àëãîðèòìû âû÷èñëåíèÿ íà êëàññàõ WrHα

Â ýòîì ïàðàãðàôå èññëåäóþòñÿ ìåòîäû âû÷èñëåíèÿ ñèíãóëÿðíûõ èí-
òåãðàëîâ âèäà

Jϕ =

1∫

−1

ϕ(τ)

τ
dτ

íà ðàçëè÷íûõ êëàññàõ ôóíêöèé. Â êà÷åñòâå ìåòîäîâ âû÷èñëåíèÿ èñïîëü-
çóþòñÿ ê.ô.

Jϕ =
N∑

k=−N

′pkϕ(tk) + RN(tk, pk, ϕ), (1.1)

Jϕ =
N∑

k=−N

′
ρ∑

l=0

pklϕ
(l)(tk) + RN(tk, pkl, ϕ), (1.2)

ãäå −1 ≤ t−N < · · · < t−1 ≤ 0 ≤ t1 < · · · < tN ≤ 1,
∑ ′ îçíà÷àåò

ñóììèðîâàíèå ïî k 6= 0.
Íà ïðîòÿæåíèè âòîðîé ãëàâû ðàññìàòðèâàþòñÿ, êàê ïðàâèëî, ñèììåò-

ðè÷íûå êâàäðàòóðíûå ôîðìóëû, èñïîëüçóþùèå 2N èëè 2N + 1 ðàçëè÷-
íûé óçåë. Ïîýòîìó äëÿ åäèíîîáðàçèÿ â îáîçíà÷åíèÿõ ïîãðåøíîñòè òà-
êèõ êâàäðàòóðíûõ ôîðìóë îáîçíà÷àþòñÿ ñèìâîëîì RN(), à íå R2N() èëè
R2N+1().

1.1. Àñèìïòîòè÷åñêè îïòèìàëüíûå ïàññèâíûå àëãîðèòìû

1.1.1. Ôîðìóëèðîâêè òåîðåì

Òåîðåìà 1.1 [29], [36]. Ñðåäè âñåâîçìîæíûõ ê.ô. âèäà (1.1), èñïîëü-
çóþùèõ 2N çíà÷åíèé ïîäûíòåãðàëüíîé ôóíêöèè, àñèìïòîòè÷åñêè îïòè-
ìàëüíîé íà êëàññå ôóíêöèé Hα(1) ÿâëÿåòñÿ ôîðìóëà

Jϕ =
N−1∑

k=−N

′ϕ(t∗k) ln

(
tk+1

tk

)
+ RN , (1.3)
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ãäå t±k = ±(k/N)(1+α)/α, k = 1, 2, . . . , N, t∗±k = (t±k + t±k±1)/2, k =
= 1, 2, . . . , N − 1,

∑ ′ îçíà÷àåò ñóììèðîâàíèå ïî k 6= −1, 0. Ïîãðåøíîñòü
ê.ô. (1.3) ðàâíà

RN [Hα(1)] = (1 + o(1))21−α(1 + α)α/α1+αNα.

Ïóñòü ϕ(t)− ôóíêöèÿ, îïðåäåëåííàÿ íà ñåãìåíòå [−1, 1] è ïðèíàäëå-
æàùàÿ êëàññó W r. Ðàçîáüåì ñåãìåíò [−1, 1] íà áîëåå ìåëêèå ñåãìåíòû
∆k = [vk, vk+1], k = 0, 1, . . . , N − 1 òî÷êàìè −1 = v0 < v1 < · · · <
< vN = 1. Íà êàæäîì ñåãìåíòå ∆k ôóíêöèÿ ϕ(t) àïïðîêñèìèðóåòñÿ ïî-
ëèíîìîì

ϕ̃(t, ∆k) =
r−1∑

l=0

(
ϕ(l)(vk)

l!
(t− vk)

l + Bklδ
(l)(vk+1)

)
,

δ(t) = ϕ(t)−
r−1∑

l=0

ϕ(l)(vk)

l!
(t− vk)

l,

êîýôôèöèåíòû {Bkl} êîòîðîãî îïðåäåëÿþòñÿ èç ðàâåíñòâà

(vk+1 − t)r −
r−1∑

l=0

Bklr!(vk+1 − vk)

(r − l − 1)!
(vk+1 − vk)

r−l−1 =

= (−1)rRrq

(
vk + vk+1

2
,
vk+1 − vk

2
, t

)
.

Çäåñü Rrq(a, h, t)− ïîëèíîì âèäà tr +
r−1∑
l=0

alt
l, íàèìåíåå óêëîíÿþùèéñÿ îò

íóëÿ â ìåòðèêå Lq[a− h, a + h], (p−1 + q−1 = 1).
Òåîðåìà 1.2 [29], [36]. Ñðåäè âñåâîçìîæíûõ ê.ô. âèäà (1.2) íà êëàññå

W r(1; [−1, 1]) ïðè ρ = r − 1, r = 1, 2, . . . , àñèìïòîòè÷åñêè îïòèìàëüíîé
ÿâëÿåòñÿ ê.ô.

Jϕ =
N−1∑

k=1




tk+1∫

tk

ϕ̃(τ, ∆k)

τ
dτ +

t−k∫

t−k−1

ϕ̃(τ, ∆−k−1)

τ
dτ


 +

+
r−1∑

k=1

ϕ(k)(0)

k!k

1

N (r+1)/r
(1− (−1)r) + RN(ϕ), (1.4)
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ãäå t±k = ±(k/N)(r+1)/r, ∆k = [tk, tk+1], ∆−k = [t−k−1, t−k],
k = 0, 1, . . . , N − 1. Ïîãðåøíîñòü ýòîé ê.ô. ðàâíà

RN [W r(1)] = (1 + o(1))(r + 1)r+1/22r−1rr+1r!N r.

Òåîðåìà 1.3 [29], [36]. Ïóñòü Ψ = W r(1; [−1, 1]) è èíòåãðàë Jϕ âû-
÷èñëÿåòñÿ ïî ê.ô. âèäà (1.2) ïðè ρ = r − 2 è ρ = r − 3 (r = 3, 5, . . . ).
Òîãäà

ζN [Ψ] ≥ (1 + o(1))(r + 1)r+1‖Rr1‖L/rr+1r!2rN r.

1.1.2. Äîêàçàòåëüñòâà òåîðåì

Äîêàçàòåëüñòâî òåîðåìû 1.1.Íàéäåì îöåíêó ñíèçó âåëè÷èíû ζN [Hα(1)].
Ââåäåì ôóíêöèþ

ϕ∗(t) =

{
0 t−1 ≤ t ≤ t1,
min

k
|t− tk|αsgnt t /∈ [t−1, t1]

ïðè α = 1 è

ϕ∗(t) =

{
0 t−k ≤ t ≤ tk, k =

[1+α
α 22/α−2

]
+ 1,

min
l
|t− tl|αsgnt t /∈ [t−k, tk]

ïðè α 6= 1.
Íà ýòîé ôóíêöèè ïîãðåøíîñòü ê.ô. (1.1) ðàâíà

RN(ϕ∗) =

1∫

−1

ϕ∗(τ)

τ
dτ.

Èç ðàñïîëîæåíèÿ óçëîâ âèäíî, ÷òî äëÿ îöåíêè RN(ϕ∗) äîñòàòî÷íî

îãðàíè÷èòüñÿ èíòåãðàëîì
1∫
0

τ−1ϕ∗(τ)dτ. Îáîçíà÷èì ÷åðåç M ÷èñëî

[ln N ]([α]− öåëàÿ ÷àñòü ÷èñëà α) è ðàçîáüåì ñåãìåíò [0, 1] íà áîëåå ìåëêèå
ñåãìåíòû: ∆k = [skM , s(k+1)M ], k = 0, 1, . . . , l − 1, ∆l = [slM , 1]. Çäåñü
sk = (k/N)(1+α)/α, l = [N/M ], s(l+1)M = 1.

Íåòðóäíî âèäåòü, ÷òî
1∫

0

ϕ∗(τ)

τ
dτ ≥

l+1∑

k=1

1

skM

skM∫

s(k−1)M

ϕ∗(τ)dτ ≥
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≥ (1 + α)αM 1+α

2αα1+αN 1+α

l+1∑

k=1

(
k − θk

k

)(1+α)/α
1

(Nk−1 + 1)α
≥

≥ (1 + o(1))
(1 + α)αM 1+α

2αα1+αN 1+α

l∑

k=M

1

(Nk−1 + 1)α
. (1.5)

Çäåñü 0 < θk < 1, à Nk− ÷èñëî óçëîâ ê.ô. (1.1), ðàñïîëîæåííûõ â
ñåãìåíòå ∆k. Ïðè âûâîäå ñîîòíîøåíèÿ (1.5) áûëî èñïîëüçîâàíî èçâåñòíîå
[116] íåðàâåíñòâî

min
x1,...,xn

max
ϕ∈Hα(1)(x1,...,xn)

b∫

a

ϕ(τ)dτ ≥ (b− a)1+α

(1 + α)(2(n + 1))α
,

ãäå Hα(1)(x1, . . . , xn)− êëàññ ôóíêöèé, ïðèíàäëåæàùèõ Hα(1) è îáðàùà-
þùèõñÿ â íóëü â óçëàõ a, x1, . . . , xn, b. Îñòàëîñü íàéòè ìèíèìàëüíîå çíà-
÷åíèå ñóììû

∑l
k=M(Nk−1+1)−α. Íàì íåèçâåñòíî, ÷åìó ðàâíà

∑l
k=M Nk−1,

îäíàêî ñîâåðøåííî î÷åâèäíî, ÷òî ÷åì áîëüøå ñóììà
∑l

k=M Nk−1, òåì
ìåíüøå ñóììà

∑l
k=M(Nk−1 + 1)−α. Ïîýòîìó áóäåì èñêàòü ìèíèìóì ñóì-

ìû V =
∑l

k=M(Nk−1 + 1)−α ïðè óñëîâèè
∑l

k=M Nk−1 = N. Ñòàíäàðòíûå
ìåòîäû ìàòåìàòè÷åñêîãî àíàëèçà äàþò âîçìîæíîñòü îáíàðóæèòü, ÷òî
òî÷êà NM−1 = NM = · · · = Nl−1 =
= N/(l −M + 2) äîñòàâëÿåò ìèíèìóì ñóììå V. Ñëåäîâàòåëüíî, V ∼
∼ l1+α/Nα. Ïîäñòàâëÿÿ ýòî çíà÷åíèå â âûðàæåíèå (1.5), óáåæäàåìñÿ â
òîì, ÷òî îöåíêà ñíèçó ïîãðåøíîñòè ê.ô. (1.1) íà êëàññå ôóíêöèé Hα(1) íå
ìåíüøå âåëè÷èíû, ýêâèâàëåíòíîé (1 + α)α21−α/(α1+αNα). Îöåíêà ñíèçó
ïîëó÷åíà.

Ïîêàæåì, ÷òî ê.ô. (1.2) àñèìïòîòè÷åñêè îïòèìàëüíà. Â ñàìîì äåëå,

|RN(ϕ)| ≤



t1∫

t−1

ϕ(τ)− ϕ(0)

τ
dτ

∣∣∣∣∣∣
+

N−1∑

k=−N

′

∣∣∣∣∣∣

tk+1∫

tk

ϕ(τ)− ϕ(t∗k)
τ

dτ

∣∣∣∣∣∣
≤

≤ 2tα1
α

+
21−αN (1+α)/α

1 + α

N−1∑

k=1

(tk+1 − tk)
1+α

k(1+α)/α
= (1 + o(1))

21−α(1 + α)α

α1+αNα
.

Òåîðåìà äîêàçàíà.
Äîêàçàòåëüñòâî òåîðåìû 1.2.Ïðè îïðåäåëåíèè âåðõíåé ãðàíè îöåí-

êè ñíèçó ïîãðåøíîñòè ê.ô. âèäà (1.2) èñïîëüçóåì ñëåäóþùèå îáîçíà÷å-
íèÿ: s±k = ±(k/N)(r+1)/r(k = 0, 1, . . . , N),M = [ln N ], l =
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= [N/M ], Nk− ÷èñëî óçëîâ ê.ô. (1.2) â ñåãìåíòå ∆k = [skM , s(k+1)M ], k =
= 0, 1, . . . , l, ãäå s(l+1)M = 1. Êðîìå ýòèõ, áóäåì åùå ïîëüçîâàòüñÿ îáî-
çíà÷åíèÿìè ϕ+(t) = (ϕ(t) + |ϕ(t)|)/2, ϕ−(t) = (ϕ(t)− |ϕ(t)|)/2.

Ïðè ïîëó÷åíèè îöåíêè ñíèçó ìîæíî îãðàíè÷èòüñÿ ðàññìîòðåíèåì ñåã-
ìåíòà [0,1]. Íà ýòîì ñåãìåíòå ïîñòðîèì ôóíêöèþ ϕ∗(t), ðàâíóþ íóëþ ïðè
t ∈ [0, sM ], ïðèíàäëåæàùóþ êëàññó W r(1) è îáðàùàþùóþñÿ â íóëü âìå-
ñòå ñî ñâîèìè ïðîèçâîäíûìè äî (r − 1) ïîðÿäêà âêëþ÷èòåëüíî â óçëàõ
tk(k = 1, 2, . . . , N) ê.ô. (1.2), ðàñïîëîæåííûõ â ñåãìåíòå [0, 1] è òî÷êàõ
skM(k = 1, 2, . . . , l + 1). Êðîìå ýòîãî, ïîòðåáóåì, ÷òîáû

s(k+1)M∫

skM

ϕ∗(τ)dτ ≥ 0, k = 0, 1, . . . , l.

Î÷åâèäíî,
1∫

0

ϕ∗(τ)dτ

τ
≥

l∑

k=1


s−1

(k+1)M

s(k+1)M∫

skM

ϕ∗(τ)dτ+

+(s−1
kM − s−1

(k+1)M)

s(k+1)M∫

skM

ϕ∗−(τ)dτ


 = I1 + I2.

Èç òåîðåìû 3. 19 ïðåäûäóùåé ãëàâû ñëåäóåò, ÷òî ïðè ëþáîì ðàñïî-
ëîæåíèè óçëîâ

inf
pkl

sup
ϕ∈W r(1)

∣∣∣∣∣∣

1∫

0

ϕ(τ)dτ −
N∑

k=1

r−1∑

l=0

pklϕ(tk)

∣∣∣∣∣∣
≥

≥ 1

r![4(N − 1) + 2 r
√

r + 1]r
. (1.6)

Èç ñëåäñòâèÿ ëåììû Ñ.À.Ñìîëÿêà, ïðèâåäåííîãî â ãëàâå 1, è òåîðåìû
3. 17 èç ãëàâû 1 èìååì

sup
ϕ∈W r(1)(v1,...,vNk+2)

s(k+1)M∫

skM

ϕ(τ)dτ ≥
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≥ (s(k+1)M − skM)r+1 inf
pkl

sup
ϕ∈W r(1)

∣∣∣∣∣∣

1∫

0

ϕ(τ)dτ −
Nk+2∑

k=1

r−1∑

l=0

pklϕ
(l)(vi)

∣∣∣∣∣∣
,

ãäå vi− ìíîæåñòâî, ñîñòîÿùåå èç óçëîâ ê.ô. (1.2), ðàñïîëîæåííûõ íà
ñåãìåíòå ∆k, è êîíöîâ ýòîãî ñåãìåíòà, ϕ(j)(vi) = 0, i = 1, 2, . . . , Nk +
+ 2, j = 0, 1, . . . , r − 1. Ïðèñîåäèíÿÿ ê ýòîìó íåðàâåíñòâó íåðàâåíñòâî
(1.6), èìååì îöåíêó

sup
ϕ∈W r(1),ϕ(j)(vi)=0

s(k+1)M∫

skM

ϕ(τ)dτ ≥ (s(k+1)M − skM)r+1

r![4(Nk + 1) + 2 r
√

r + 1]r
.

Òåïåðü óæå ëåãêî îöåíèòü ñóììó I1 :

I1 =
l∑

k=1

s−1
(k+1)M

s(k+1)M∫

skM

ϕ∗(τ)dτ ≥

≥
l∑

k=1

(s(k+1)M − skM)r+1

s(k+1)Mr![4(Nk + 1) + 2 r
√

r + 1]r
≥

≥ (1 + o(1))

(
r + 1

r

)r+1
M r+1

r!N r+1

l∑

k=M

1

[4(Nk + 1) + 2 r
√

r + 1]r
. (1.7)

Îñòàëîñü íàéòè ðàñïðåäåëåíèå óçëîâ Nk, ìèíèìèçèðóþùèõ ñóììó V =
l∑

k=M

1/[4(Nk+1)+2 r
√

r + 1]r ïðè óñëîâèè
∑l

k=1 Nk = N. Ýòà ñóììà ìîæåò
áûòü òîëüêî óìåíüøåíà, åñëè ïðåäïîëîæèòü, ÷òî

NM + NM+1 + · · ·+ Nl = N. (1.8)

Òåìè æå ðàññóæäåíèÿìè, ÷òî áûëè ñäåëàíû ïðè äîêàçàòåëüñòâå òåîðå-
ìû 1.1, ìîæíî ïîêàçàòü, ÷òî ñóììà V äîñòèãàåò ìèíèìóìà ïðè óñëîâèÿõ
(1.8), åñëè NM = NM+1 = · · · = Nl = N/(l − M + 1). Ïîäñòàâëÿÿ ýòè
çíà÷åíèÿ â (1.7), âèäèì, ÷òî ñóììà I1 íå ïðåâîñõîäèò âåëè÷èíó, ýêâèâà-
ëåíòíóþ (r + 1)r+1/4rrr+1r!N r.

Ïåðåéäåì ê îöåíêå I2 :

I2 =
l∑

k=1

(s−1
kM − s−1

(k+1)M)

s(k+1)M∫

skM

ϕ∗−(τ)dτ ≤
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≤
l∑

k=1

(r + 1)N (r+1)/r

rk2+1/rM 1+1/r

s(k+1)M∫

skM

ϕ∗−(τ)dτ.

Ïî ïîñòðîåíèþ â êàæäîì ñåãìåíòå [skM , s(k+1)M ] èìååòñÿ, ïî êðàéíåé
ìåðå, ïî îäíîìó óçëó, â êîòîðîì ôóíêöèÿ ϕ∗(t) âìåñòå ñ åå ïðîèçâîäíûìè
äî r − 1 ïîðÿäêà îáðàùàåòñÿ â íóëü. Âîçüìåì â êàæäîì ñåãìåíòå ïî
îäíîìó òàêîìó óçëó è îáîçíà÷èì åãî ÷åðåç s∗k, k = 1, 2, . . . , l. Â ñåãìåíòå
[skM , s(k+1)M ] ôóíêöèÿ ϕ∗(t) ìîæåò áûòü ïðåäñòàâëåíà â âèäå

ϕ∗(τ) =
1

(r − 1)!

τ∫

s∗k

(τ − t)r−1ϕ∗(r)(t)dt

è, ñëåäîâàòåëüíî,
∣∣∣∣∣∣

s(k+1)M∫

skM

ϕ∗−(τ)dt

∣∣∣∣∣∣
≤ 1

(r + 1)!(r + 1)

s(k+1)M∫

skM

|ϕ∗(τ)|dτ ≤ (s(k+1)M − skM)r+1

(r + 1)!
.

Ïîýòîìó |I2| = o(N−r). Îòñþäà è èç îöåíêè ñóììû I1, ïîëó÷åííîé âûøå,
ñëåäóåò, ÷òî âåðõíÿÿ ãðàíü îöåíêè ñíèçó íå ìåíüøå âåëè÷èíû, ýêâèâà-
ëåíòíîé ((r + 1)/r)r+1 /4rr!N r.

Ïåðåéäåì ê èññëåäîâàíèþ ïîãðåøíîñòè ê.ô. (1.4). Ýòà ïîãðåøíîñòü
ìîæåò áûòü îöåíåíà íåðàâåíñòâîì

|RN(ϕ)| ≤
∣∣∣∣∣∣

t1∫

t−1

ϕ(τ)dτ

τ
−

r−1∑

k=1

ϕ(k)(0)

k!k
tk1

(
1− (−1)k

)
∣∣∣∣∣∣
+

+2

∣∣∣∣∣∣

N−1∑

k=1

tk+1∫

tk

ϕ(τ)− ϕ̃(τ, [tk, tk+1])dτ

τ

∣∣∣∣∣∣
= I3 + I4. (1.9)

Äëÿ îöåíêè I3 çàìåòèì, ÷òî

I3 =

∣∣∣∣∣∣

t1∫

t−1

1

τ

(
ϕ(τ)−

r−1∑

k=0

ϕ(k)(0)
1

k!
τ k

)
dτ

∣∣∣∣∣∣
=

=
1

(r − 1)!

∣∣∣∣∣∣

t1∫

t−1

1

τ




τ∫

0

(τ − t)r−1ϕ(r)(t)dt


 dτ

∣∣∣∣∣∣
≤
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≤ 2

r!rN r+1 = o(N−r). (1.10)

Îöåíêà I4 ñëåäóåò èç öåïî÷êè íåðàâåíñòâ

I4 = 2

∣∣∣∣∣∣

N−1∑

k=1

tk+1∫

tk

1

τ
(ϕ(τ)− ϕ̃(τ, [tk, tk+1])) dτ

∣∣∣∣∣∣
=

= 2

∣∣∣∣∣∣

N−1∑

k=1

tk+1∫

tk

1

τ

tk+1∫

tk

(
Kr(τ − t)

(r − 1)!
−

r−1∑
j=0

BkjKr−j(tk+1 − t)

(r − 1− j)!

)
ϕ(r)(t)dtdτ

∣∣∣∣∣∣
=

= 2

∣∣∣∣∣∣

N−1∑

k=1

tk+1∫

tk

ϕ(r)(t)

tk+1∫

tk

1

τ

(
Kr(τ − t)

(r − 1)!
−

r−1∑
j=0

BkjKr−j(tk+1 − t)

(r − 1− j)!

)
dτdt

∣∣∣∣∣∣
≤

≤ 2

r!

N−1∑

k=1

1

tk

tk+1∫

tk

|(tk+1 − t)r−

−
r−1∑
j=0

r!Bkj(tk+1 − tk)

(r − 1− j)!
(tk+1 − t)r−j−1

∣∣∣∣∣ dt. (1.11)

Èçâåñòíî (ñì. Ñ.Ì.Íèêîëüñêèé [116, ñ.157]), ÷òî
a+h∫

a−h

|Rrq(a, h, x)|qdx =
2hrq+1[Rrq(1)]q

rq + 1
.

Ïîäñòàâëÿÿ ýòî çíà÷åíèå â (1.11), ïîñëå íåñëîæíûõ ïðåîáðàçîâàíèé
èìååì

I4 ≤ 4Rr1(1)
N−1∑

k=1

1

tk(r + 1)!

(
tk+1 − tk

2

)r+1

≤

≤ (1 + o(1))
(r + 1)r+1

22r−1rr+1r!N r
. (1.12)

Ñîáèðàÿ îöåíêè (1.9), (1.10) è (1.12), âèäèì, ÷òî ïîãðåøíîñòü ê.ô.
(1.4) åñòü âåëè÷èíà, ýêâèâàëåíòíàÿ ((r + 1)/r)r+1/22r−1r!N r.

Òåîðåìà äîêàçàíà.
Äîêàçàòåëüñòâî òåîðåìû 1.3 àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû

1.2. Îòìåòèì ëèøü èçìåíåíèÿ, êîòîðûå íåîáõîäèìî ïðè ýòîì ñäåëàòü.
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Ïðåäïîëîæèì, ÷òî â ê.ô. (1.2) ρ = r − 2 èëè ρ = r − 3 (r =
= 3, 5, 7, . . . ). Êàê è âûøå, çàäà÷à ñâîäèòñÿ ê èññëåäîâàíèþ íåðàâåíñòâà

1∫

0

ϕ∗(τ)dτ

τ
≥

l∑

k=1


 1

s(k+1)M

s(k+1)M∫

skM

ϕ∗(τ)dτ+

+

(
1

skM
− 1

s(k+1)M

) s(k+1)M∫

skM

ϕ∗−(τ)dτ


 = I1

′ + I2
′,

íî çäåñü ïîä ôóíêöèåé ϕ∗(τ) ïîíèìàåòñÿ ôóíêöèÿ, îáðàùàþùàÿñÿ â íóëü
âìåñòå ñ ïðîèçâîäíûìè äî r− 2 ïîðÿäêà â óçëàõ tk ê.ô. (1.2), à â òî÷êàõ
skM (k = 0, 1, . . . , l+1) îáðàùàåòñÿ â íóëü âìåñòå ñ ïðîèçâîäíûìè äî r−1
ïîðÿäêà. Â ñòàòüå Í.Å.Ëóøïàÿ [102] ïîêàçàíî, ÷òî íà ìíîæåñòâå ôóíê-
öèé W r

0,1(1), ïðèíàäëåæàùèõ êëàññó W r(1) è óäîâëåòâîðÿþùèõ óñëîâèÿì
f (i)(0) = f (i)(1) = 0, i = 0, 1, . . . , r−2 è f (r−1)(0) = f (r−1)(1), ïîãðåøíîñòü
íàèëó÷øåé ê.ô., èñïîëüçóþùåé â óçëàõ çíà÷åíèÿ ïðîèçâîäíîé äî r − 2
è r− 3 ïîðÿäêîâ âêëþ÷èòåëüíî, ðàâíà ‖Rr1‖/

(
r!2r+1(m + 2)r

)
. Èç äîêà-

çàòåëüñòâà ýòîãî óòâåðæäåíèÿ ñëåäóåò, ÷òî ïîãðåøíîñòü íàèëó÷øåé ê.ô.
íå çàâèñèò îò âåëè÷èíû f (r−1)(0).

Ïîýòîìó íà îñíîâàíèè ëåììû Ñ.À.Ñìîëÿêà ìîæíî óòâåðæäàòü, ÷òî

sup
f∈W r(1),f (j)(vk)=0

1∫

0

f(τ)dτ ≥ ‖Rr1‖
r!2r+1(m + 2)r

,

ãäå âåðõíÿÿ ãðàíü áåðåòñÿ ïî ìíîæåñòâó ôóíêöèé, îáðàùàþùèõñÿ â íóëü
âìåñòå ñ ïðîèçâîäíûìè äî r − 2 ïîðÿäêà âêëþ÷èòåëüíî â ëþáûõ m óç-
ëàõ, ïðèíàäëåæàùèõ èíòåðâàëó (0,1) è îáðàùàþùèõñÿ â íóëü âìåñòå ñ
ïðîèçâîäíûìè äî r−1 ïîðÿäêà âêëþ÷èòåëüíî íà êîíöàõ èíòåðâàëà. Âîñ-
ïîëüçîâàâøèñü ïîñëåäíèì íåðàâåíñòâîì è ïîâòîðÿÿ, òåïåðü óæå ïî÷òè
äîñëîâíî, âûêëàäêè ïåðâîé ÷àñòè òåîðåìû 1.2, óáåæäàåìñÿ â ñïðàâåäëè-
âîñòè òåîðåìû 1.3.

1.2. Îïòèìàëüíûå ïî ïîðÿäêó ïàññèâíûå àëãîðèòìû

1.2.1. Ôîðìóëèðîâêè òåîðåì
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Òåîðåìà 1.4 [29], [36]. Ïóñòü Ψ = W r(1) (r = 2, 4, . . . ) è èíòåãðàë Jϕ
âû÷èñëÿåòñÿ ïî ê.ô. âèäà (1.1). Òîãäà ζN [Ψ] ≥ (1 + o(1))Kr(r +
+ 1)r+1/2r−1πrrrN r, ãäå Kr− êîíñòàíòà Ôàâàðà.

Îáîçíà÷èì ÷åðåç N1 âåëè÷èíó [N/r] + 1, ÷åðåç ∆k (∆−k) ñåãìåíòû
[sk, sk+1] ([s−k−1, s−k]), k = 0, 1, · · · , N1, s±k = ±(rk/N)(r+1)/r, k =
= 0, 1, · · · , N1−1, s−N1

= −1, sN1
= 1. Îáîçíà÷èì ÷åðåç Tr(t, ∆k) ïîëèíîì

×åáûøåâà ñòåïåíè r, íàèìåíåå îòêëîíÿþùèéñÿ îò íóëÿ â ðàâíîìåðíîé
ìåòðèêå íà ñåãìåíòå ∆k, à ÷åðåç x

(k)
1 , · · · , x

(k)
r åãî êîðíè. ×åðåç Pr(t, ∆k)

îáîçíà÷èì ïîëèíîì, èíòåðïîëèðóþùèé ôóíêöèþ ϕ(t) íà ñåãìåíòå ∆k ïî
óçëàì x

(k)
1 , · · · , x

(k)
r . Èíòåãðàë Jϕ áóäåì âû÷èñëÿòü ïî ê.ô.

1∫

−1

ϕ(τ)

τ
dτ =

N1−1∑

k=1

sk+1∫

sk

Pr(τ, ∆k)

τ
dτ +

s1∫

s−1

P2r(τ, [s−1, s1])

τ
dτ+

+

N1−1∑

k=1

s−k∫

s−k−1

Pk(τ, ∆−k)

τ
dτ + RN(ϕ). (1.13)

Òåîðåìà 1.5 [29], [36]. Ñðåäè âñåâîçìîæíûõ ê.ô. âèäà (1.1) îïòè-
ìàëüíîé ïî ïîðÿäêó íà êëàññå ôóíêöèé W r(1) (r = 1, 2, · · · ) ÿâëÿåòñÿ
ôîðìóëà (1.13) ñ ïîãðåøíîñòüþ RN [W r(1)] = (r + 1)r+1/r!r22r−1N r +
+ o(N−r).

Îáîçíà÷èì ÷åðåç Tr(f ; [a, b], c) ïîëèíîì Tr(f ; [a, b], c) = f(c)+ f ′(c)
1! (x−

−c)+ ...+ f (r−1)(c)
(r−1)! (x−c)r−1, c = (a+b)/2, îïðåäåëåííûé íà ñåãìåíòå [a, b],

è ââåäåì ê.ô.

1∫

−1

ϕ(τ)

τ
dτ =

N1−1∑

k=1




sk+1∫

sk

Tr(ϕ, ∆k, s
′
k)

τ
dτ +

s−k∫

s−k−1

Tr(t, ∆−k, s
′
−k−1)

τ
dτ


 +

+
r−1∑

k=1

ϕ(k)(0)N−(r+1)k/r (1− (−1)k)

k!k
+ RN(ϕ), (1.14)

ãäå s±k = ±(k/N)(r+1)/r, k = 1, 2, · · · , N, s′k = (sk + sk+1)/2, k =
= 0, 1, . . . , N − 1, s′−k = (s−k + s−k+1)/2, k = 1, . . . , N.
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Òåîðåìà 1.6 [29]. Ïóñòü Ψ = W r(1). Kâàäðàòóðíàÿ ôîðìóëà (1.14)
ÿâëÿåòñÿ îïòèìàëüíîé ïî ïîðÿäêó íà êëàññå Ψ ñðåäè âñåâîçìîæíûõ ôîð-
ìóë âèäà (1.1). Åå ïîãðåøíîñòü

RN [Ψ] ≤ (1 + o(1))((r + 1)/r)r+1/2r−1(r + 1)!N r.

Â ðÿäå ñëó÷àåâ ìîæåò îêàçàòüñÿ ïîëåçíîé ê.ô.
1∫

−1

ϕ(τ)

τ
dτ = ϕ(t1)− ϕ(t−1) +

N−1∑

k=1

3

2

[
(ϕ(t′k)− ϕ(t′−k)) ln

k + 1

k

]
+

+RN(ϕ), (1.15)

ãäå t±k = ±(k/N)3/2, t′k = 2(tk+1 − tk)/3 ln((k + 1)/k), t′−k = 2(t−k−1 −
− t−k)/3ln((k + 1)/k), k = 1, 2, · · · , N − 1.

Òåîðåìà 1.7 [29]. Ñðåäè âñåâîçìîæíûõ ê.ô. âèäà (1.1) ôîðìóëà (1.15)
ÿâëÿåòñÿ îïòèìàëüíîé ïî ïîðÿäêó íà êëàññå ôóíêöèé W 2(1) è åå ïîãðåø-
íîñòü RN [W 2(1)] = (3/2)2N−2 + o(N−2).

Îïèøåì íåñêîëüêî ê.ô., êîòîðûå íå ÿâëÿþòñÿ îïòèìàëüíûìè ïî ïî-
ðÿäêó. Ïåðâàÿ èç íèõ ïðåäñòàâëÿåò èíòåðåñ â ñâÿçè ñ òåì, ÷òî ïðè ñâîåé
ðåàëèçàöèè òðåáóåò îäíîãî óìíîæåíèÿ è O(N ln N) ñëîæåíèé.

Òåîðåìà 1.8 [29]. Íà êëàññå Hα(1) (0 < α ≤ 1) ê.ô.

Jϕ =
1

N

M∑

k=−M

′ϕ(t±k) + RN(ϕ), (1.16)

ãäå t±k = ±N−1/αek/N , t′k = (tk+1 + tk)/2, t′−k = (t−k−1 + t−k)/2, k =
= 1, 2, · · · ,M , M = [α−1N ln N ],

∑′ îçíà÷àåò ñóììèðîâàíèå ïî k 6= 0,
èìååò ïîãðåøíîñòü RN [Hα(1)] ≤ 2(α−1N−1eα/N+2−αα−1N−α+α−1N−1−α).

Ïóñòü èçâåñòíû çíà÷åíèÿ ôóíêöèè ϕ(x) â óçëàõ t±k = ±N−1/αek/N ,
k = 1, 2, · · · ,M , M = [(α + 1)N ln N ]. Îáîçíà÷èì ÷åðåç ϕ̄(t) ôóíêöèþ,
ðàâíóþ íóëþ â ñåãìåíòå [t−1, t1], ϕ(t−M) è ϕ(tM) â ñåãìåíòàõ [−1, t−M ]
è [tM , 1] ñîîòâåòñòâåííî è ÿâëÿþùóþñÿ ïîëèãîíîì, ïîñòðîåííûì ïî óç-
ëàì t±k (k = 1, 2, ..., M) ïðè îñòàëüíûõ çíà÷åíèÿõ t. Äëÿ âû÷èñëåíèÿ
èíòåãðàëà Jϕ ìîæíî âîñïîëüçîâàòüñÿ ê.ô.

Jϕ =

1∫

−1

ϕ̄(τ)τ−1dτ + RN(ϕ). (1.17)
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Òåîðåìà 1.9 [29]. Íà êëàññå Ψ = W 1Hα(1) (0 < α ≤ 1) ê.ô. (1.17)
èìååò ïîãðåøíîñòü RN [Ψ] ≤ 2N−1−α(1 + o(N−1))(max |ϕ′(t)|+
+ H(ϕ′, α)(1 + α)−2).

Ïðåäïîëîæèì, ÷òî èçâåñòíû çíà÷åíèÿ ôóíêöèè ϕ(t) è åå ïðîèçâîä-
íûõ äî r-ãî ïîðÿäêà âêëþ÷èòåëüíî, â óçëàõ t±k = ±N−(r+α)ek/N , k =
0, 1, · · · ,M , M = [(r + α)N ln N ]. Ïîñòðîèì àïïðîêñèìèðóþùóþ ôóíê-
öèþ ϕ̃(t). Â êàæäîì ñåãìåíòå ∆k = [tk, tk+1], ∆−k = [t−k−1, t−k], ôóíêöèÿ
ϕ̃(t) ÿâëÿåòñÿ îòðåçêîì ðÿäà Òåéëîðà: T (ϕ, ∆k, tk) = ϕ(tk) +

+ ϕ′(tk)
1! (τ − tk) + · · ·+ ϕ(r)(tk)

r! (τ − tk)
r.

Íà ñåãìåíòå [t−1, t1] ôóíêöèÿ ϕ̃(t) ðàâíà íóëþ. Èíòåãðàë Jϕ áóäåì
âû÷èñëÿòü ïî ê.ô.

Jϕ =

1∫

−1

ϕ̃(τ)τ−1dτ + RN(ϕ). (1.18)

Òåîðåìà 1.10 [29]. Íà êëàññå Ψ = W 1Hα (0 < α ≤ 1) ê.ô. (1.18)
èìååò ïîãðåøíîñòü RN [Ψ] ≤ 2N−r−α(max |ϕ(r)(t)|+
+ H(ϕ(r), α)((r + α)r!)−1)(1 + o(N−1)).

1.2.2. Äîêàçàòåëüñòâà òåîðåì

Äîêàçàòåëüñòâî òåîðåìû 1.4. Ïðè äîêàçàòåëüñòâå òåîðåìû áóäóò
èñïîëüçîâàòüñÿ ñëåäóþùèå îáîçíà÷åíèÿ: s±k = ±(kM/N)(r+1)/r, k =
1, 2, · · · , l, s−l−1 = −1, sl+1 = 1, M = [ln N ], l = [N/M ], ϕ+(t) =
= (ϕ(t) + |ϕ(t)|/2, ϕ−(t) = (ϕ(t)− |ϕ(t)|/2. Ïóñòü ϕ∗(t)− ôóíêöèÿ, ïðè-
íàäëåæàùàÿ êëàññó W r(1), ðàâíà íóëþ â óçëàõ ê.ô. (1.1) , îáðàùàåòñÿ
â íóëü âìåñòå ñ ïðîèçâîäíûìè äî r − 1 ïîðÿäêà â òî÷êàõ s±k

(k = 0, 1, · · · , l + 1) è òîæäåñòâåííî ðàâíàÿ íóëþ íà ñåãìåíòå [s−1, s1].
Íåòðóäíî âèäåòü, ÷òî ïðè íàõîæäåíèè îöåíêè ñíèçó ìîæíî îãðàíè÷èòü-
ñÿ ðàññìîòðåíèåì èíòåãðàëà

1∫
0

ϕ(τ)
τ dτ . Áóäåì ñ÷èòàòü, ÷òî

1∫
0

ϕ∗(τ)
τ dτ ≥ 0. Òîãäà

1∫

0

ϕ∗(τ)

τ
dτ ≥

l∑

k=1

1

sk+1

sk+1∫

sk

ϕ∗(τ)dτ +
l∑

k=1

(s−1
k −s−1

k+1)

sk+1∫

sk

ϕ∗−(τ)dτ = I1+I2.
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Èç òåîðåì 3.18, 3.19 ãëàâû 1 è ñëåäñòâèÿ ëåììû Ñ.À. Ñìîëÿêà âûòå-
êàåò, ÷òî

sk+1∫

sk

ϕ∗(τ)dτ ≥ Kr(sk+1 − sk)
r+1

(2π)r(Nk + 2)r
,

ãäå Nk− ÷èñëî óçëîâ êâàäðàòíîé ôîðìóëû (1.1), ïîïàâøèõ íà ñåãìåíò
[sk, sk+1].

Ïîýòîìó
l∑

k=1

s−1
k+1

sk+1∫

sk

ϕ∗(τ)dτ ≥

≥ (1 + o(1))Kr(2π)−r(M/N)((r+1)2−(r+1))/r((r + 1)/r)r+1
l∑

k=M

(Nk + 2)−r.

Ìèíèìóì ñóììû
l∑

k=M

(Nk + 2)−r ïðè óñëîâèè
l∑

k=M

Nk = N íàõîäèòñÿ
òàê æå, êàê ïðè äîêàçàòåëüñòâå òåîðåìû 1.1. Ïîâòîðÿÿ ïðèâåäåííûå òàì
ðàññóæäåíèÿ, ìîæíî ïîêàçàòü, ÷òî min

l∑
k=M

(Nk + 2)−r ≥
≥ (1 + o(1))(N/M)r+1. Ñëåäîâàòåëüíî,

l∑

k=1

s−1
k+1

sk+1∫

sk

ϕ∗(τ)dτ ≥ (1 + o(1))Kr(2πN)−r((r + 1)/r)r+1.

Îöåíêà ñóììû I1 ïîëó÷åíà. Ïåðåõîäÿ ê îöåíêå ñóììû I2, çàìåòèì, ÷òî
òàê êàê â òî÷êå sk ôóíêöèÿ ϕ∗(τ) îáðàùàåòñÿ â íóëü ñî ñâîèìè ïðîèç-
âîäíûìè äî r − 1 ïîðÿäêà âêëþ÷èòåëüíî, òî

|
sk+1∫

sk

ϕ∗−(τ)dτ | ≤ 1

(r − 1)!

sk+1∫

sk

|
τ∫

sk

(τ − t)r−1ϕ∗(r)(t)dt|dτ ≤ (sk+1 − sk)
r+1

(r + 1)!
.

Îòñþäà

|I2| ≤
l∑

k=1

|s−1
k − s−1

k+1||
sk+1∫

sk

ϕ∗−(τ)dτ | = o((M/N)r+1 ln l) = o(N−r).
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Èç îöåíîê ñóìì I1 è I2 ñëåäóåò, ÷òî âåðõíÿÿ ãðàíü îöåíêè ñíèçó ïî-
ãðåøíîñòè ê.ô. âèäà (1.1) íà êëàññå ôóíêöèé W r(1) íå ìåíüøå âåëè÷èíû,
ýêâèâàëåíòíîé Kr((r + 1)/r)r+1/2r−1πrN r.

Òåîðåìà äîêàçàíà.
Äîêàçàòåëüñòâî òåîðåìû 1.5.Ïîãðåøíîñòü ê.ô. (1.13) ìîæíî ïðåä-

ñòàâèòü íåðàâåíñòâîì

|RN(ϕ)| ≤ |
N1−1∑

k=1

sk+1∫

sk

ψr(τ, ∆k)

τ
dτ |+ |

s1∫

s−1

ψ2r(τ, [s−1, s1])

τ
dτ |+

+|
N1−1∑

k=1

s−k∫

s−k−1

ψr(τ, ∆−k)

τ
dτ | = I1 + I2 + I3, (1.19)

ãäå ψr(τ, ∆k) = ϕ(τ) − Pr(τ, ∆k). Òàê êàê ñóììû I1 è I3 îöåíèâàþòñÿ
îäèíàêîâî, òî îãðàíè÷èìñÿ ðàññìîòðåíèåì ïåðâîé èç íèõ. Èçâåñòíî (ñì.
ïàðàãðàô 3 ãëàâû 1), ÷òî íà êëàññå W r(1) ïîãðåøíîñòü èíòåðïîëÿöèîí-
íîé ôîðìóëû |f(τ)− Pr(τ, [−1, 1])| ≤ 1/(2r−1r!). Ïîýòîìó

|
sk+1∫

sk

(ϕ(τ)− Pr(τ, ∆k))dτ | ≤
(

sk+1 − sk

2

)r+1
1

2r−1r!
. (1.20)

Íåñëîæíûå àðèôìåòè÷åñêèå âûêëàäêè ïîçâîëÿþò ïîëó÷èòü îöåíêó
|I1| ≤ (r + 1)r+1/r!r4rN r + o(N−r).

Íåòðóäíî âèäåòü, ÷òî

|I2| = |
s1∫

s−1

ψ2r(τ, [s−1, s1])− ψ2r(0, [s−1, s1])

τ
dτ | ≤

≤ 2
( r

N

)(r+1)/r

|ψ′2r(θs1, [s−1, s1])| ≤ 42r3
( r

N

)r+1
= o(N−r).

Èç ïîëó÷åííûõ îöåíîê èìååì RN [W r(1)] ≤ (r + 1)r+1/r!r22r−1N r +
+o(N−r). Ñïðàâåäëèâîñòü äîêàçàííîé òåîðåìû ñëåäóåò èç ñîïîñòàâëåíèÿ
ýòîé îöåíêè ñ îöåíêîé ñíèçó, ïðèâåäåííîé â òåîðåìå 1.3.

Äîêàçàòåëüñòâî òåîðåìû 1.6. Ýòî äîêàçàòåëüñòâî ïðèíöèïèàëüíî
íå îòëè÷àåòñÿ îò äîêàçàòåëüñòâà ïðåäûäóùåé òåîðåìû. Îòëè÷èå ñîñòîèò
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ëèøü â çàìåíå â íåðàâåíñòâå (1.19) âûðàæåíèÿ ψ(τ, ∆k) íà âûðàæåíèå
ϕ(τ)− Tr(τ, ∆k) è èñïîëüçîâàíèè âìåñòî íåðàâåíñòâà (1.20) íåðàâåíñòâà

sk+1∫

sk

|ϕ(τ)− Tr(τ, ∆k, s
′
k)|dτ ≤

≤ 1

(r − 1)!

sk+1∫

sk

|
τ∫

(sk+sk+1)/2

(τ − t)r−1ϕ(r)(t)dt|dτ ≤ (sk+1 − sk)
r+1

2r(r + 1)!
.

Äîêàçàòåëüñòâî òåîðåìû 1.7. Ñïðàâåäëèâîñòü òåîðåìû ñëåäóåò èç
ëåãêî ïðîâåðÿåìîãî óòâåðæäåíèÿ, ÷òî ê.ô. (1.15) òî÷íà äëÿ ïîëèíîìîâ
ïåðâîé ñòåïåíè. Â ñàìîì äåëå, ñ òî÷íîñòüþ o(N−r)

|RN(ϕ)| =
N−1∑

k=−N

′|
tk+1∫

tk

ϕ(τ)− ϕ(t′k)
τ

dτ | ≤ 2
N−1∑

k=1

|
tk+1∫

tk

ϕ(τ)− ϕ(t′k)
τ

dτ | =

= 2
N−1∑

k=1

|
tk+1∫

tk

ϕ(τ)− ϕ(t′k)− ϕ′(t′k)(τ − t′k)
τ

dτ | ≤

≤
N−1∑

k=1

|
tk+1∫

tk

ϕ′′(t′k + θ(τ)(τ − t′k))(τ − t′k)
2

τ
dτ | ≤

≤
N−1∑

k=1




tk+1∫

t′k

(τ − t′k)
2

τ
dτ +

t′k∫

tk

(τ − t′k)
2

τ
dτ


 = I1 + I2.

Ïðîâåäÿ íåñëîæíûå, íî äîñòàòî÷íî ãðîìîçäêèå âûêëàäêè, èìååì I1 +
I2 ≤ 2(1 + o(1))32/23N 2 è, ñëåäîâàòåëüíî, RN [W 2(1)] ∼ (3/2N)2.

Òåîðåìà äîêàçàíà.
Äîêàçàòåëüñòâî òåîðåìû 1.8. Ïîãðåøíîñòü ê.ô. (1.16) îöåíèâàåò-

ñÿ íåðàâåíñòâîì

|RN(ϕ)| ≤ |
t1∫

t−1

ϕ(τ)τ−1dτ |+ |
M−1∑

k=1

tk+1∫

tk

(ϕ(τ)− ϕ(t′k))τ
−1dτ |+
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+|
M−1∑

k=1

t−k∫

t−k−1

(ϕ(τ)− ϕ(t′−k))τ
−1dτ |+ |

1∫

tM

ϕ(τ)τ−1dτ +

t−M∫

−1

ϕ(τ)τ−1dτ | =

= I1 + · · ·+ I4.

Îöåíèì êàæäîå èç ñëàãàåìûõ I1 − I4 â îòäåëüíîñòè:

I1 = |
t1∫

t−1

(ϕ(τ)− ϕ(0))τ−1dτ | ≤ 2H(ϕ, α)eα/NN−1,

I2 ≤ 2−αN−1H(ϕ, α)
M−1∑

k=1

(tk+1 − tk)
α ≤ H(ϕ, α)/2ααNα,

I3 ≤ H(ϕ, α)/2ααNα,

I4 = |
1∫

tM

(ϕ(τ)−ϕ(0))τ−1dτ +

t−M∫

−1

(ϕ(τ)−ϕ(0))τ−1dτ | ≤ 2H(ϕ, α)/αN 1+1/α.

Îáúåäèíÿÿ ýòè íåðàâåíñòâà, óáåæäàåìñÿ â ñïðàâåäëèâîñòè òåîðåìû.
Äîêàçàòåëüñòâî òåîðåìû 1.9. Ïîãðåøíîñòü ê.ô. (1.17) îöåíèâàåòñÿ

íåðàâåíñòâîì

|RN(ϕ)| ≤ |
t1∫

t−1

ϕ(τ)

τ
dτ |+

1∫

t1

|ϕ(τ)− ϕ̄(τ)|
τ

dτ +

t−1∫

−1

|ϕ(τ)− ϕ̄(τ)|
|τ | dτ =

= I1 + I2 + I3.

Îöåíèì êàæäîå èç ñëàãàåìûõ I1 − I3 â îòäåëüíîñòè:

I1 = |
t1∫

t−1

(ϕ(τ)− ϕ(0))τ−1dτ | ≤ e1/NN−1−α max |ϕ′(t)|;

I2 ≤
M∑

k=1

tk+1∫

tk

|ϕ(τ)− ϕ̄(τ)|τ−1dτ ≤ 1

N

M∑

k=1

max
tk≤τ≤tk+1

τ∫

tk

(ϕ′(v)− ϕ′(ξk))dv ≤
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≤ (1 + α)−1N−1H(ϕ′, α)
M∑

k=1

(tk+1 − tk)
1+α ≤

≤ (1 + o(N−1−α))(1 + α)−2N−1−αH(ϕ′, α);

I3 ≤ (1 + o(N−1−α))(1 + α)−2N−1−αH(ϕ′, α).

Èç ïîëó÷åííûõ îöåíîê ñëåäóåò ñïðàâåäëèâîñòü òåîðåìû.
Äîêàçàòåëüñòâî òåîðåìû 1.10. Ïîãðåøíîñòü ê.ô. (1.18) îöåíèâà-

åòñÿ íåðàâåíñòâîì

|RN(ϕ)| ≤ |
t1∫

t−1

ϕ(τ)

τ
dτ |+

1∫

t1

|ϕ(τ)− ϕ̃(τ)|
τ

dτ +

t−1∫

−1

|ϕ(τ)− ϕ̃(τ)|
|τ | dτ =

= I1 + I2 + I3.

Îöåíèì êàæäîå èç ýòèõ ñëàãàåìûõ â îòäåëüíîñòè:

I1 = |
t1∫

t−1

(ϕ(τ)− ϕ(0))τ−1dτ | ≤ 2N−r−α max |ϕ′(t)|,

I2 ≤
M∑

k=1

tk+1∫

tk

|ϕ(τ)− ϕ̃(τ)|τ−1dτ ≤ 1

N

M∑

k=1

max
tk≤τ≤tk+1

|ϕ(τ)− ϕ̃(τ)| =

=
1

N(r − 1)!

M∑

k=1

max
tk≤τ≤tk+1

|
τ∫

tk

(τ − t)r−1(ϕ(r)(t)− ϕ(r)(tk))dt| ≤

≤ H(ϕ(r), α)

N(r − 1)!

M∑

k=1

(tk+1 − tk)
α

tk+1∫

tk

(tk+1 − t)r−1dt =

(
1 + o

( 1
N

))
H(ϕ(r), α)

(r + α)r!N r+α
,

I3 ≤ (1 + o(N−1))H(ϕ(r), α)

(r + α)r!N r+α
.

Èç ïîëó÷åííûõ íåðàâåíñòâ ñëåäóåò ñïðàâåäëèâîñòü òåîðåìû.
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1.3. Óñòîé÷èâîñòü ïàññèâíûõ àëãîðèòìîâ

Ïðè âû÷èñëåíèè èíòåãðàëà Jϕ ïî ê.ô. âèäà (1.1) ìîæåò îêàçàòüñÿ, ÷òî
çíà÷åíèÿ ϕ(tk) çàäàíû ñ íåêîòîðîé ïîãðåøíîñòüþ ε. Âîçíèêàåò çàäà÷à
ïîñòðîåíèÿ îïòèìàëüíîé ê.ô. ïðè óñëîâèè, ÷òî âìåñòî òî÷íûõ çíà÷åíèé
ϕv = ϕ(tv) çàäàí âåêòîð

IN = (ϕ̃1, · · · , ϕ̃N),

ãäå |ϕ̃v − ϕv| ≤ ε, v = 1, 2, · · · , N .
Àíàëîãè÷íàÿ çàäà÷à âîçíèêàåò è ïðè èññëåäîâàíèè ê.ô. âèäà (1.2).

Çäåñü íóæíî ïðåäïîëîæèòü, ÷òî ñ ïîãðåøíîñòüþ çàäàíû íå òîëüêî çíà-
÷åíèÿ ôóíêöèé, íî è çíà÷åíèÿ èõ ïðîèçâîäíûõ äî ρ ïîðÿäêà âêëþ÷è-
òåëüíî, ò.å. âìåñòî âåêòîðîâ I

(k)
N = (ϕ

(k)
1 , · · · , ϕ

(k)
N ) çàäàíû âåêòîðû Ĩ

(k)
N =

(ϕ̃
(k)
1 , · · · , ϕ̃

(k)
N ), ãäå |ϕ̃(k)

v − ϕ
(k)
v | ≤ εk. Åùå îäíèì èñòî÷íèêîì ïîãðåøíî-

ñòè ïðè èñïîëüçîâàíèè ê.ô. (1.1) è (1.2) ÿâëÿþòñÿ íåòî÷íîñòè â âû÷èñ-
ëåíèè êîýôôèöèåíòîâ pk è pkl.

1.3.1. Ôîðìóëèðîâêè òåîðåì

Òåîðåìà 1.11 [29]. Âåðõíÿÿ ãðàíü îöåíêè ñíèçó ïîãðåøíîñòè ê.ô.
âèäà (1.1) íà êëàññå Hα(1) ïðè çàäàíèè âåêòîðà IN = (ϕ(t1), · · · , ϕ(tN))
ñ ïîãðåøíîñòüþ 0 < ε < 1 íå ìåíüøå âåëè÷èíû, ýêâèâàëåíòíîé (1−
− ε1/(1+α))1+α21−α(1 + α)α/α1+αNα + 2ε(| ln ε|+ 1)/α.

Òåîðåìà 1.12 [29]. Ïóñòü Ψ = Hα(1). Êâàäðàòóðíàÿ ôîðìóëà (1.3)
ïðè çàäàíèè âåêòîðà IN ñ òî÷íîñòüþ ε èìååò ïîãðåøíîñòü |RN | ≤
≤ (1 + o(1))21−α(1 + α)α/α1+αNα + 2εα−1(1 + α) ln N + O(N−1−α).

Ïðåäïîëîæèì òåïåðü, ÷òî ε = O(N−α). Ýòî òðåáîâàíèå ïðåäñòàâëÿ-
åòñÿ åñòåñòâåííûì, òàê êàê â ïðîòèâíîì ñëó÷àå âåëè÷èíà ïîãðåøíîñòè,
âíåñåííàÿ íåòî÷íîñòüþ çàäàííîé èñõîäíîé èíôîðìàöèè, áîëüøå ïîãðåø-
íîñòè, îáóñëîâëåííîé ê.ô., è óâåëè÷åíèå N íå oêàçûâàåò ñóùåñòâåííîãî
âëèÿíèÿ íà òî÷íîñòü âû÷èñëåíèÿ.

Òåîðåìà 1.13 [29]. Êâàäðàòóðíàÿ ôîðìóëà

Jϕ =
N−1∑

k=−N

∗ϕ(t′k) ln

(
tk+1

tk

)
+ RN(ϕ), (1.21)

ãäå t±k = ±(k/N)(1+α)/α; t′±k = (t±k + t±k+1)/2;
∑∗ îçíà÷àåò ñóììèðî-

âàíèå ïî k∈̄[−k∗, k∗]; k∗ = [Nε1/(1+α)]; [v]− àíòüå v, èìååò ïðè çàäàíèè
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âåêòîðà IN ñ òî÷íîñòüþ ε ïîãðåøíîñòü |RN | ≤ 2ε(| ln ε|+1)/α+21−α(1+
+ α)α(1 + (1 + α)N−1 ln N)/α1+αNα.

Êîýôôèöèåíòû pk ê.ô. (1.3) ìîãóò áûòü âû÷èñëåíû ñ íåêîòîðîé ïî-
ãðåøíîñòüþ ε. Ñëåäóþùèå òåîðåìû óñòàíàâëèâàþò ñâÿçü ïîãðåøíîñòè
ê.ô. (1.3) ñ ïîãðåøíîñòüþ çàäàíèÿ âåñîâ pk.

Òåîðåìà 1.14 [29]. Ïóñòü Ψ = Hα(1). Åñëè êîýôôèöèåíòû pk =
= ln(tk+1/tk) âû÷èñëÿþòñÿ ñ òî÷íîñòüþ ε, òî âåðõíÿÿ ãðàíü ïîãðåøíîñòè
ê.ô. (1.3) ðàâíà áåñêîíå÷íîñòè.

Òåîðåìà 1.15 [29]. Ïóñòü Ψ = Hα(1). Åñëè êîýôôèöèåíòû pk =
= ln(tk+1/tk) âû÷èñëÿþòñÿ ñ òî÷íîñòüþ ε, òî ê.ô.

Jϕ =
N−1∑

k=−N

′′(ϕ(t′k)− ϕ(0)) ln(tk+1/tk) + RN(ϕ), (1.22)

ãäå
∑′′ îçíà÷àåò ñóììèðîâàíèå ïî k 6= −1, 0, èìååò ïîãðåøíîñòü

|RN | ≤ 21−α(1 + α)α/α1+αNα + 2εN/(2 + α).

1.3.2. Äîêàçàòåëüñòâà òåîðåì
Äîêàçàòåëüñòâî òåîðåìû 1.11. Íàéäåì âåðõíþþ ãðàíü îöåíêè ñíè-

çó ïîãðåøíîñòè ê.ô. âèäà (1.1) ïðè óñëîâèè, ÷òî âìåñòî âåêòîðà IN çàäàí
âåêòîð ĨN . Ââåäåì ôóíêöèþ ϕ̃∗(t) = ϕ∗(t)+(sgnt) min(|t|α, ε), ãäå ϕ∗(t)−
ôóíêöèÿ, îïðåäåëåííàÿ ôîðìóëîé

ϕ∗(t) =





0, − v ≤ t ≤ v, v = min
k

vk,

vk ∈ (tk : tk ≥ ε1/α),
min

k
|t− tk|αsgn t, t.

Ïîãðåøíîñòü ê.ô. (1.1) íà âåêòîðàõ ĨN íå ìåíüøå âåëè÷èíû èíòåãðàëà
J ϕ̃∗. Îãðàíè÷èìñÿ îöåíêîé èíòåãðàëà

1∫

0

τ−1ϕ̃∗(τ)dτ =

1∫

0

τ−1ϕ∗(τ)dτ +

1∫

0

τ−1(min(τα, ε))dτ.

Ïåðâîå ñëàãàåìîå, ïî ñóòè äåëà, áûëî îöåíåíî â ðàçäåëå 1.1.2. Ëåãêî
ïîêàçàòü, ÷òî

1∫

0

τ−1ϕ∗(τ)dτ ≥ (1 + o(1))(1− ε1/(1+α))1+α(1 + α)α/2αα1+αNα,
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1∫

0

τ−1(min(τα, ε))dτ = ε(| ln ε|+ 1)/α.

Òàêèì îáðàçîì, âåðõíÿÿ ãðàíü îöåíêè ñíèçó ïîãðåøíîñòè ê.ô. âèäà (1.1)
åñòü âåëè÷èíà, ýêâèâàëåíòíàÿ

(1− ε1/(1+α))1+α(1 + α)α21−α/α1+αNα + 2ε(| ln ε|+ 1)/α.

Òåîðåìà äîêàçàíà.
Äîêàçàòåëüñòâî òåîðåìû 1.12. Îïðåäåëèì ïîãðåøíîñòü ê.ô. (1.3)

â ïðåäïîëîæåíèè, ÷òî âìåñòî âåêòîðà IN çàäàí âåêòîð ĨN . Ïîãðåøíîñòü
ýòîé ôîðìóëû ìîæåò áûòü ïðåäñòàâëåíà âûðàæåíèåì

|RN(ϕ)| ≤ |
t1∫

t−1

τ−1(ϕ(τ)− ϕ(0))dτ |+
N−1∑

k=−N

′′|
tk+1∫

tk

τ−1(ϕ(τ)− ϕ̃(t′k))dτ | ≤

≤ 2tα1
α

+ 2ε| ln t1|+ 21−α
N−1∑

k=−N

′′
(

N

k

)(1+α)/α
(tk+1 − tk)

(1+α)

1 + α
=

= 21−α(1 + α)α (1 + o(1))

α1+αNα
+ 2ε(1 + α)

1

α
ln N + o

(
1

N 1+α

)
.

Òåîðåìà äîêàçàíà.
Äîêàçàòåëüñòâî òåîðåìû 1.13. Ïîãðåøíîñòü ê.ô. (1.21) â ïðåäïî-

ëîæåíèè, ÷òî âìåñòî âåêòîðà IN çàäàí âåêòîð ĨN , ìîæåò áûòü ïðåäñòàâ-
ëåíà â âèäå

|RN(ϕ)| ≤
tk∗∫

t−k∗

ϕ(τ)− ϕ(0)

τ
dτ +

N−1∑

k=−N

∗|
tk+1∫

tk

ϕ(τ)− ϕ̃(t′k)
τ

dτ | = I1 + I2.

Èç îïðåäåëåíèÿ k∗ ñëåäóåò, ÷òî I1 ≤ 2ε/α,

I2 ≤ 2εα−1| ln ε|+ 21−α
N−1∑

k=k∗
(N/k)(1+α)/α(tk+1 − tk)

(1+α)/(1 + α) ≤

≤ 2ε

α
| ln ε|+ 21−α(1 + α)α

(αN)1+α
(N − 1− [Nε1/(1+α)])(1 + (1 + α)N−1 ln N).
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Ïîýòîìó

|RN(ϕ)| ≤ 2ε(| ln ε|+1)α−1+(1+α)α21−α(1+(1+α)N−1 ln N)/N1+αα1+α.

Òåîðåìà äîêàçàíà.

Äîêàçàòåëüñòâî òåîðåìû 1.14. Êîýôôèöèåíò pk =
tk+1∫
tk

τ−1dτ . Ïî-

ýòîìó, åñëè âìåñòî pk çàäàíî çíà÷åíèå p̃k, óäîâëåòâîðÿþùåå ðàâåíñòâó
|pk − p̃k| = ε, òî ýòî ìîæíî òðàêòîâàòü êàê ðàâåíñòâî p̃k =

=
t̃k+1∫
t̃k

τ−1dτ , ãäå t̃k+1 è t̃k ïîäáèðàåòñÿ òàêèì îáðàçîì, ÷òî |pk − p̃k| = ε.

Ïðåäïîëîæèì òåïåðü, ÷òî ôóíêöèÿ ϕ(t) ≥ M > 0 íà ñåãìåíòå [−1, 1], à
âåñà p̃k òàêîâû, ÷òî p̃k < pk ïðè âñåõ çíà÷åíèÿõ k. Òîãäà

|RN(ϕ)| =
∣∣∣∣∣∣

1∫

−1

τ−1ϕ(τ)dτ −
N−1∑

k=−N

′′ϕ(t′k) ln(tk+1/tk)

∣∣∣∣∣∣
+

+

∣∣∣∣∣∣∣

N−1∑

k=−N

′′ϕ(t′k)(

tk+1∫

tk

τ−1dτ −
t̃k+1∫

t̃k

τ−1dτ)

∣∣∣∣∣∣∣
= I1 + I2.

Mîäóëü âûðàæåíèÿ I1 îöåíèâàëñÿ ïðè äîêàçàòåëüñòâå òåîðåìû 1.1,
ãäå áûëî ïîêàçàíî, ÷òî |I1| ≤ (1+ o(1))21−α(1+α)α/α1+αNα. Èç óñëîâèÿ
p̃k < pk è î÷åâèäíûõ íåðàâåíñòâ pk > 0 ïðè k ≥ 1 è pk < 0 ïðè k ≤ −2
ñëåäóåò, ÷òî I2 ≥ MNε. Òàê êàê âåëè÷èíà M ìîæåò áûòü âûáðàíà êàê
óãîäíî áîëüøîé, òî íà êëàññå Ψ = Hα(1) âåðõíÿÿ ãðàíü ïîãðåøíîñòè
ê.ô. (1.3) ðàâíà áåñêîíå÷íîñòè. Òåîðåìà äîêàçàíà.

Äîêàçàòåëüñòâî òåîðåìû 1.15. Ïîãðåøíîñòü ê.ô. (1.22) ìîæíî
îöåíèòü íåðàâåíñòâîì

|RN(ϕ)| ≤ |
1∫

−1

1

τ
ϕ(τ)dτ −

N−1∑

k=−N

′′ϕ(t′k) ln

(
tk+1

tk

)
|+

+|
N−1∑

k=−N

′′(ϕ(t′k)− ϕ(0))(pk − p̃k)| = I1 + I2.
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Âûðàæåíèå I1 áûëî îöåíåíî ïðè äîêàçàòåëüñòâå òåîðåìû 1.1. Ïåðåé-
äåì ê ðàññìîòðåíèþ ñóììû I2:

I2 ≤
N−1∑

k=−N

′′|t′k|αε ≤ 2ε
N∑

k=1

tαk ≤
2εN

2 + α
.

Èç îöåíîê äëÿ I1 è I2 ñëåäóåò ñïðàâåäëèâîñòü òåîðåìû.

1.4. Ìàòåìàòè÷åñêîå îæèäàíèå âåëè÷èíû ïîãðåøíîñòè
êâàäðàòóðíûõ ôîðìóë

Ïðè âû÷èñëåíèè èíòåãðàëîâ â ñìûñëå Ðèìàíà íàøëè øèðîêîå ïðèìå-
íåíèå íåäåòåðìèíèðîâàííûå ìåòîäû [12], [13]. Ïðåäñòàâëÿåò èíòåðåñ èõ
ðàñïðîñòðàíåíèå íà ñèíãóëÿðíûå èíòåãðàëû. Ïðè ýòîì îêàçûâàåòñÿ ïî-
ëåçíûì ñëåäóþùèé ðåçóëüòàò Í.Ñ. Áàõâàëîâà [12]. Â óïîìÿíóòîé âûøå
ñòàòüå Í.Ñ. Áàõâàëîâà èññëåäîâàíà çàäà÷à:

ïóñòü äàí êëàññ ôóíêöèé fj(n) (n = 1, 2, · · · , 2N), ïðèíèìàþùèõ çíà-
÷åíèå ±1, è òðåáóåòñÿ âû÷èñëèòü ñðåäíåå àðèôìåòè÷åñêîå êàêîé-ëèáî
ôóíêöèè èç ðàññìàòðèâàåìîãî êëàññà: sj = (2N)−1

2N∑
n=1

fj(n).
Ëåììà Í.Ñ. Áàõâàëîâà. Ïðè ëþáîì íåäåòåðìèíèðîâàííîì ñïîñîáå

âû÷èñëåíèÿ ñðåäíåàðèôìåòè÷åñêîãî, êîãäà èñïîëüçóåòñÿ èíôîðìàöèÿ î
çíà÷åíèÿõ ôóíêöèè íå áîëåå ÷åì â N òî÷êàõ, äëÿ íåêîòîðîé ôóíêöèè
ðàññìàòðèâàåìîãî êëàññà ñðåäíåå çíà÷åíèå ìîäóëÿ îøèáêè íå ìåíåå ÷åì
c0N

−1/2, ãäå c0− àáñîëþòíàÿ êîíñòàíòà.
Òåîðåìà 1.16 [29]. Ïóñòü Ψ = W rHα(1), r = 1, 2, · · · , 0 < α ≤ 1.

Åñëè ïðè âû÷èñëåíèè èíòåãðàëà Jϕ èñïîëüçóåòñÿ íå áîëåå N çíà÷åíèé
ïîäûíòåãðàëüíîé ôóíêöèè â êàæäîì èç ñåãìåíòîâ [−1, 0], [0, 1], òî äëÿ
ëþáîãî íåäåòåðìèíèðîâàííîãî ñïîñîáà âû÷èñëåíèé ñðåäíåå çíà÷åíèå ìî-
äóëÿ ïîãðåøíîñòè âû÷èñëåíèé äëÿ íåêîòîðîé ôóíêöèè f ∈ Ψ íå ìåíüøå
O(N−r−α−1/2).

Äîêàçàòåëüñòâî òåîðåìû 1.16. Ðàçîáüåì ñåãìåíò [−1, 1] íà ÷àñòè
òî÷êàìè s±k = ±(k/2N)(r+1+α)/(r+α), k = 0, 1, · · · , 2N . ×åðåç ∆k, ∆−k

(k = 0, 1, · · · , 2N − 1) îáîçíà÷èì ñåãìåíòû [sk, sk+1], [s−k−1, s−k]. Â êàæ-
äîì ñåãìåíòå ∆k ïîñòðîèì ôóíêöèþ ϕk(τ) = A(sk+1 − sk)

−r−α[(τ −
− sk)(sk+1 − τ)]r+α, ãäå êîíñòàíòà A ïîäáèðàåòñÿ èç òðåáîâàíèÿ, ÷òîáû
ϕk(τ) ∈ W rHα(1). Íåòðóäíî âèäåòü, ÷òî òàêàÿ êîíñòàíòà ñóùåñòâóåò è
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ìîæåò áûòü âûáðàíà íåçàâèñèìî îò äëèíû ñåãìåíòà ∆k. Íàéäåì çíà÷åíèå

δ = min
k

sk+1∫

sk

1

τ
ϕk(τ)dτ ≥

≥ A

[
r + 1 + α

r + α

]r+1+α
1

N r+1+α(r + 1 + α)22r+1+2α+1/(r+α) = A∗.

Ïîñòðîèì òåïåðü íà êàæäîì ñåãìåíòå ∆k ôóíêöèþ ψ∗k(τ) ∈ W rHα(1),
òàêóþ, ÷òî

sk+1∫
sk

τ−1ψ∗k(τ)dτ = A∗. Ýòî íåòðóäíî ñäåëàòü, ïîëàãàÿ ψ∗k(τ) =

= 0 ïðè sk ≤ τ ≤ vk, ψ∗k(τ) = A(sk+1 − vk)
−r−α[(τ − vk)(sk+1 − τ)]r+α

ïðè vk ≤ τ ≤ sk+1 è ïîäáèðàÿ ñîîòâåòñòâóþùèì îáðàçîì vk. Ââåäåì
ôóíêöèþ fj(τ) òàêèì îáðàçîì, ÷òîáû íà êàæäîì ñåãìåíòå ∆k fj(τ) =
±τ−1ψ∗k(τ). Òîãäà

∫
∆k

fj(τ)dτ = ±A∗. Îáîçíà÷èì ÷åðåç A∗
j(n) ôóíêöèþ,

ïðèíèìàþùóþ çíà÷åíèÿ ±A∗. Èìååì
1∫
−1

fj(τ)dτ =
2N−1∑

k=−2N

A∗(k) = 4N [(
2N−1∑

k=−2N

A∗(k))/4N ] = 4Nsj(4N),

ãäå sj(4N) = (
2N−1∑

k=−2N

A∗(k))/4N .

Èç ëåììû Í.Ñ. Áàõâàëîâà ñëåäóåò, ÷òî äëÿ íåêîòîðîé ôóíêöèè fj(τ)
ñðåäíåå çíà÷åíèå ìîäóëÿ îøèáêè íå ìåíåå âåëè÷èíû O(N−(r+α+1/2)). Òåî-
ðåìà äîêàçàíà.

2. Àëãîðèòìû âû÷èñëåíèÿ íà êëàññàõ Wr
p

2.1. Îïòèìàëüíûå ïàññèâíûå àëãîðèòìû

2.1.1. Ôîðìóëèðîâêè òåîðåì

Ñèíãóëÿðíûé èíòåãðàë Jϕ =
1∫
−1

ϕ(τ)τ−1dτ áóäåì âû÷èñëÿòü ïî ê.ô.

Jϕ =
N∑

k=−N

′pkϕ(tk) + RN(tk, pk, ϕ), (2.1)

ãäå −1 ≤ t−N < · · · < t−1 ≤ 0 ≤ t1 < · · · < tN ≤ 1,
∑′ îçíà÷àåò

ñóììèðîâàíèå ïî k 6= 0.
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Êâàäðàòóðíóþ ôîðìóëó (2.1) áóäåì ðàññìàòðèâàòü íà êëàññå W 1(1)
ïðè äâóõ ïðåäïîëîæåíèÿõ: à) t−N = −1, tN = 1, ò.å. (2.1)− ôîðìóëà
òèïà Ìàðêîâà; á) t−N ≥ −1, tN ≤ 1.

Òåîðåìà 2.1 [29]. Ñðåäè âñåâîçìîæíûõ ê.ô. òèïà Ìàðêîâà, èìåþùèõ
âèä (2.1), îïòèìàëüíîé íà êëàññå W 1(1), ÿâëÿåòñÿ ôîðìóëà

1∫

−1

ϕ(τ)τ−1dτ =
N−1∑

k=1

2 ln
k + 1

k

[
ϕ

(
k(k + 1)

N(N + 1)

)
− ϕ

(
− k(k + 1)

N(N + 1)

)]
+

+ ln
N + 1

N
[ϕ(1)− ϕ(−1)] + RN(ϕ), (2.2)

ïîãðåøíîñòü êîòîðîé ðàâíà

RN [W 1(1)] =
2

N + 1
+

(4 + ln N)

N(N + 1)
.

Òåîðåìà 2.2 [29]. Ñðåäè âñåâîçìîæíûõ ê.ô. âèäà (2.1) ñ óçëàìè, óäî-
âëåòâîðÿþùèìè óñëîâèþ −1 ≤ t−N < · · · < t−1 ≤ 0 ≤ t1 < · · · <
< tN ≤ 1, îïòèìàëüíîé íà êëàññå W 1(1) ÿâëÿåòñÿ ê.ô.

1∫

−1

ϕ(τ)τ−1dτ =
N∑

k=1

2 ln
k + 1

k

[
ϕ

(
k(k + 1)

(N + 1)2

)
− ϕ

(
− k(k + 1)

(N + 1)2

)]
+

+RN(ϕ), (2.3)

ïîãðåøíîñòü êîòîðîé ðàâíà

RN [W 1(1)] =
2

N + 1
+

(2 + ln N)

(N + 1)2 .

2.1.2. Äîêàçàòåëüñòâà òåîðåì

Ñäåëàåì íåñêîëüêî çàìå÷àíèé, îòíîñÿùèõñÿ ê äîêàçàòåëüñòâó îáåèõ
òåîðåì. Ïðåæäå âñåãî ïðåäïîëîæèì, ÷òî ê.ô. (2.1), â ñëó÷àå åå ïðèìåíå-
íèÿ ê ôóíêöèÿì êëàññà W r(1), òî÷íà äëÿ ïîëèíîìîâ ñòåïåíè r − 1.

Ðàçëîæèì ôóíêöèþ ϕ(t) ïî ôîðìóëå Òåéëîðà ñ îñòàòî÷íûì ÷ëåíîì
â èíòåãðàëüíîé ôîðìå:

ϕ(t) =
r−1∑

k=0

ϕ(k)(0)

k!
tk +

1

(r − 1)!

1∫

0

Kr(t− s)ϕ(r)(s)ds
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ïðè t ≥ 0,

ϕ(t) =
r−1∑

k=0

ϕ(k)(0)

k!
tk +

1

(r − 1)!

−1∫

0

K̄r(t− s)ϕ(r)(s)ds

ïðè t ≤ 0,
ãäå

Kr(u) = ur−1 u ≥ 0, 0 u < 0,

K̄r(u) = ur−1 u ≤ 0, 0 u > 0.

Òàê êàê ê.ô. (2.1) òî÷íà äëÿ ìíîãî÷ëåíîâ ñòåïåíè íå âûøå r − 1, òî
1∫

−1

ϕ(τ)τ−1dτ −
N∑

k=−N

′pkϕ(tk) =

=
1

(r − 1)!

1∫

−1

τ−1[

τ∫

0

(τ − t)r−1ϕ(r)(t)dt]dτ−

−
N∑

k=−N

′pk
1

(r − 1)!

tk∫

0

(tk − t)r−1ϕ(r)(t)dt =

=
1

(r − 1)!

1∫

0

ϕ(r)(t)[

1∫

0

Kr(τ − t)τ−1dτ −
N∑

k=1

pkKr(tk − t)]dt]+

+
1

(r − 1)!

0∫

−1

ϕ(r)(t)[

−1∫

0

K̄r(τ − t)τ−1dτ −
−1∑

k=−N

pkK̄r(tk − t)]dt.

Òàêèì îáðàçîì, ïîãðåøíîñòü ê.ô. (2.1) äëÿ ôóíêöèè ϕ ∈ W r(1) îöå-
íèâàåòñÿ íåðàâåíñòâîì

|RN(ϕ)| ≤ 2

(r − 1)!
|

1∫

0

ϕ(r)(t)[

1∫

0

Kr(τ − t)τ−1dτ −
N∑

k=1

pkKr(tk − t)]dt|.
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Äîêàçàòåëüñòâî òåîðåìû 2.1. Èç óñëîâèé òåîðåìû ñëåäóåò, ÷òî
r = 1, t−N = −1, tN = 1. Â ýòîì ñëó÷àå

|RN(ϕ)| ≤ 2|
1∫

0

ϕ′(t)[

1∫

0

K1(τ − t)τ−1dτ −
N∑

k=1

pkK1(tk − t)]dt| ≤

≤ 2|
1∫

0

|
1∫

0

K1(τ − t)τ−1dτ −
N∑

k=1

pkK1(tk − t)|dt| =

= 2

1∫

0

| − ln t−
N∑

k=1

pkK1(tk − t)|dt. (2.4)

Íàéäåì óçëû tk è âåñà pk èç óñëîâèÿ ìèíèìàëüíîñòè èíòåãðàëà, ïîëà-
ãàÿ t0 = 0:

AN =

1∫

0

|−ln t−
N∑

k=1

pkK1(tk−t)|dt =

t1∫

0

|−ln t−M1|dt+

t2∫

t1

|−ln t−M2|dt+

+ · · ·+
1∫

tN−1

| − ln t−MN |dt =

t′1∫

0

(− ln t−M1)dt +

t1∫

t′1

(ln t + M1)dt+

+ · · ·+
t′N∫

tN−1

(− ln t−MN)dt +

1∫

t′N

(ln t + MN)dt.

Ïðîäèôôåðåíöèðóåì âûðàæåíèå AN ïî ïåðåìåííûì ti, t′i, Mi è ïðè-
ðàâíÿåì ïîëó÷åííûå âûðàæåíèÿ íóëþ. Â ðåçóëüòàòå ïîëó÷àåì ñèñòåìó
óðàâíåíèé




∂AN

∂ti
= Mi + 2 ln ti + Mi+1 = 0, i = 1, 2, · · · , N − 1;

∂AN

∂t′i
= −2Mi − 2 ln t′i = 0, i = 1, 2, · · · , N − 1, N ;

∂AN

∂Mi
= −2t′i + ti + ti−1 = 0, i = 1, 2, · · · , N − 1, N.

(2.5)

Ïðåîáðàçóåì óðàâíåíèÿ ïðåäûäóùåé ñèñòåìû ê ñëåäóþùåìó âèäó:




ln ti = −(Mi + Mi+1)/2 , i = 1, 2, · · · , N − 1;
Mi = − ln t′i , i = 1, 2, · · · , N − 1, N ;

t′i = (ti + ti−1)/2 , i = 1, 2, · · · , N − 1, N.

(2.6)
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Îòñþäà ln ti = (ln t′i + ln t′i+1)/2 , i = 1, 2, · · · , N − 1; t′i = (ti +
+ ti−1)/2 , i = 1, 2, · · · , N − 1, N è, ñëåäîâàòåëüíî,
t2i = t′it

′
i+1, t2i = ti+ti−1

2
ti+1+ti

2 , 4t2i = (ti + ti−1)(ti+1 + ti), i = 1, 2, · · · , N − 1.
Âûðàçèì ti (i = 1, 2, · · · , N) ÷åðåç t1, ó÷èòûâàÿ, ÷òî t0 = 0. Èç

ïðåäûäóùåé ôîðìóëû ñëåäóåò ñïðàâåäëèâîñòü ðåêóððåíòíîãî âûðàæå-
íèÿ ti+1 = (3t2i − titi−1)/(ti + ti−1), i = 1, 2, · · · , N −1, ïîëüçóÿñü êîòîðûì
áåç òðóäà ïîëó÷àåì t2 = 3t1 = (1 + 2)t1, t3 = 6t1, t4 = 10t1.

Ìåòîäîì ìàòåìàòè÷åñêîé èíäóêöèè ìîæíî äîêàçàòü, ÷òî tn = n(n +
+ 1)t1/2. Â ñàìîì äåëå, ýòà ôîðìóëà ñïðàâåäëèâà ïðè n = 2, 3, 4. Ïóñòü
îíà ñïðàâåäëèâà ïðè çíà÷åíèè n. Ïîêàæåì, ÷òî îíà áóäåò ñïðàâåäëè-
âà è ïðè n + 1. Òîãäà tn+1 = (3t2n − tntn−1)/(tn + tn−1) = (n + 2)(n +
1)t1/2 è ôîðìóëà äîêàçàíà. Òåïåðü èç òðåáîâàíèÿ tN = 1 íàõîäèì, ÷òî
t1 = 2/N(N + 1). Çíàÿ âåëè÷èíû t′i = i2t1/2, áåç òðóäà ïîëó÷àåì Mi =
− ln(i2t1/2) = − ln(i2/N(N +1)), i = 1, 2, · · · , N . Ïî êîíñòàíòàì Mi ìîæ-
íî ëåãêî îïðåäåëèòü êîýôôèöèåíòû pi îïòèìàëüíîé ê.ô. Â ñàìîì äåëå,
pN = MN , pN−1 = MN−1 −MN , pN−2 = MN−2 −MN−1,..., p1 = M1 −M2.
Îòñþäà pN = − ln(N/(N +1)), pk = −2 ln(k/(k +1)), k = 1, 2, · · · , N −1.
Çàïèøåì ïîëó÷åííóþ ê.ô. â ÿâíîì âèäå

1∫

−1

ϕ(τ)τ−1dτ =
N−1∑

k=1

2 ln
k + 1

k
[ϕ(

k(k + 1)

N(N + 1)
)− ϕ(− k(k + 1)

N(N + 1)
)]+

+ ln
N + 1

N
[ϕ(1)− ϕ(−1)] + RN(ϕ).

Íåòðóäíî îöåíèòü âåëè÷èíó åå ïîãðåøíîñòè

|RN(ϕ)| ≤ 2
N−1∑

k=1

|
tk+1∫

tk

(ϕ(τ)− ϕ(t′k+1))τ
−1dτ |+ |

t1∫

t−1

ϕ(τ)τ−1dτ | ≤

≤ N(N + 1)
N−1∑

k=1

[
1

k(k + 1)
+

1

(k + 1)2 ](
tk+1 − tk

2
)2 + |

t1∫

t−1

ϕ(τ)− ϕ(0)

τ
dτ | ≤

≤ [N(N + 1)]−1
N−1∑

k=1

(1 +
k + 1

k
) +

4

N(N + 1)
≤ 2

N + 1
+

4 + ln N

N(N + 1)
.
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Äëÿ äîêàçàòåëüñòâà îïòèìàëüíîñòè ïîñòðîåííîé ê.ô. íåîáõîäèìî óêà-
çàòü ôóíêöèþ ϕ(t), äëÿ êîòîðîé

|RN(ϕ)| = 2

1∫

0

| − ln t−
N∑

k=1

pkK1(tk − t)|dt.

Â êà÷åñòâå òàêîé ôóíêöèè ìîæíî âçÿòü ôóíêöèþ ϕ∗(t), îïðåäåëÿåìóþ
ïî ôîðìóëå ϕ∗(t) = mink |t− tk|, k = 0, 1, · · · , N − 1, N .

Òåîðåìà äîêàçàíà.
Äîêàçàòåëüñòâî òåîðåìû 2.2. Ýòî äîêàçàòåëüñòâî ïðèíöèïèàëü-

íî íå îòëè÷àåòñÿ îò äîêàçàòåëüñòâà òåîðåìû 2.1. Êàê è â äîêàçàòåëüñòâå
ïðåäûäóùåé òåîðåìû, ïîãðåøíîñòü ê.ô. îöåíèâàåòñÿ íåðàâåíñòâîì (2.4).
Òàê êàê â äàííîì ñëó÷àå tN íå îáÿçàòåëüíî ðàâíî 1, òî AN íóæíî ïðåä-
ñòàâèòü â âèäå

AN =

t1∫

0

| − ln t−M1|dt +

t2∫

t1

| − ln t−M2|dt + · · ·+
tN∫

tN−1

| − ln t−MN |dt+

+

1∫

tN

|| ln t|dt =

t′1∫

0

(− ln t−M1)dt+

+

t1∫

t′1

(ln t + M1)dt + · · ·+
t′N∫

tN−1

(− ln t−MN)dt+

+

tN∫

t′N

(ln t + MN)dt +

1∫

tN

− ln tdt.

Ìèíèìèçèðóÿ AN ïî tk, t′k è Mk, ïðèõîäèì ê ñèñòåìå óðàâíåíèé
∂AN

∂ti
= Mi + 2 ln ti + Mi+1 = 0, i = 1, 2, · · · , N − 1;

∂AN

∂tN
= MN + 2 ln tN = 0,

∂AN

∂t′i
= −2Mi − 2 ln t′i = 0, i = 1, 2, · · · , N − 1, N ;
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∂AN

∂Mi
= −2t′i + ti + ti−1 = 0, i = 1, 2, · · · , N − 1, N,

îòëè÷àþùåéñÿ îò ñèñòåìû óðàâíåíèé (2.5) òîëüêî äîáàâëåíèåì óðàâíå-
íèÿ ∂AN

∂tN
= MN + 2 ln tN = 0. Ðåøåíèå ýòîé ñèñòåìû íè÷åì íå îòëè÷àåòñÿ

îò ðåøåíèÿ ñèñòåìû óðàâíåíèé (2.5), ïîýòîìó îïóñêàÿ ïðîìåæóòî÷íûå
âûêëàäêè, ïðèâåäåì îêîí÷àòåëüíûé ðåçóëüòàò: tk = k(k +
+ 1)/(N + 1)2, t′k = k2/(N + 1)2, Mk = −2 ln(k/(N + 1)), k = 1, 2, · · · , N .
Îòñþäà ñëåäóåò, ÷òî îïòèìàëüíàÿ ê.ô. èìååò âèä (2.3). Ïîãðåøíîñòü ýòîé
ê.ô., êàê ëåãêî âèäåòü, ðàâíà 2/(N + 1) + (2 + ln N)/(N + 1)2.

2.2. Àñèìïòîòè÷åñêè îïòèìàëüíûå ïàññèâíûå àëãîðèòìû

2.2.1. Îñíîâíûå ðåçóëüòàòû

Ïðè âû÷èñëåíèè èíòåãðàëà

Jϕ =

1∫

−1

ϕ(τ)τ−1dτ

íà êëàññå ôóíêöèé W r (r > 1) ìîæíî âîñïîëüçîâàòüñÿ ê.ô. âèäà

Jϕ =
N∑

k=−N

′
ρ∑

l=0

pklϕ
(l)(tk) + RN(ϕ), (2.7)

ãäå −1 ≤ t−N < · · · < t−1 ≤ 0 ≤ t1 < · · · < tN ≤ 1, ρ ≤ r−1,
∑′ îçíà÷àåò

ñóììèðîâàíèå ïî k 6= 0.
Òåîðåìà 2.3 [29]. Ïóñòü Ψ = W r

p (21/p) (1 ≤ p < ∞) è èíòåãðàë Jϕ
âû÷èñëÿåòñÿ ïî ê.ô. âèäà (2.7) ïðè ρ = r − 1 (r = 1, 2, · · · ). Òîãäà

ζN [Ψ] ≥ (
rq + 1

rq + 1− q
)r+1/q Rrq(1)

2r−1r! q
√

rq + 1N r
+ o(N−r).

Tåîðåìà 2.4 [29]. Ïóñòü Ψ = W r
p (21/p) (1 < p < ∞) è èíòåãðàë Jϕ

âû÷èñëÿåòñÿ ïî ê.ô. âèäà (2.7) ïðè ρ = r − 2 è ρ = r − 3 (r = 3, 5, · · · ).
Òîãäà

ζN [Ψ] ≥ (
rq + 1

rq + 1− q
)r+1/q ||Rrq||Lq

2r−1/pr!N r
+ o(N−r).
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Òåîðåìà 2.5 [29]. Ñðåäè âñåâîçìîæíûõ ê.ô. âèäà (2.7) ïðè ρ = r −
− 1 (r = 1, 2, · · · ) àñèìïòîòè÷åñêè îïòèìàëüíîé íà êëàññå
Ψ = W r

p (1, 1;−1, 1) (1 ≤ p ≤ ∞) ÿâëÿåòñÿ ôîðìóëà

1∫

−1

ϕ(τ)τ−1dτ =
N−1∑

k=1




tk+1∫

tk

ϕ̃(τ, ∆k)τ
−1dτ +

t−k∫

t−k−1

ϕ̃(τ, ∆−k)τ
−1dτ


 +

+
r−1∑

k=1

ϕ(k)(0)

k!k
tk1(1− (−1)k) + RN(ϕ), (2.8)

ãäå t±k = ±(k/N)(rq+1)/q(r−1)+1, k = 1, 2, · · · , N, ∆k = [tk, tk+1], ∆−k =
= [t−k−1, t−k], k = 0, 1, . . . , N − 1; àïïðîêñèìèðóþùèå ïîëèíîìû
ϕ̃(τ, ∆±k) ââåäåíû â �1. Ïîãðåøíîñòü ýòîé ê.ô. îöåíèâàåòñÿ íåðàâåíñòâîì

RN [Ψ] ≤ (
rq + 1

rq + 1− q
)r+1/q Rrq(1)

2r−1r!(rq + 1)1/q
N−r + o(N−r).

Ââåäåì îáîçíà÷åíèÿ M = [ln1/2r N ], L = [N/M ]. Ðàññìîòðèì ê.ô.

Jϕ =
r−1∑

k=1

Πn,r,p[ϕ
(k)(0)]

[1− (−1)k]

k!k
t∗1+

+
L−1∑

k=1




t∗k+1∫

t∗k

Πn,r,p

[
Tr−1

[
ϕ; [t∗k, t

∗
k+1], t

∗
k

]] [
1

τ
− 1

t∗k+1

]
dτ+

+

t∗−k∫

t∗−k−1

Πn,r,p

[
Tr−1

[
ϕ; [t∗−k−1, t

∗
−k], t

∗
−k

]] [
1

τ
− 1

t∗−k−1

]
dτ


 +

+
L−1∑

k=1

[
lM,r,p

[
ϕ; [t∗k, t

∗
k+1]

]
t∗−1
k+1 + lM,r,p

[
ϕ; [t∗−k−1, t

∗
−k]

]
t∗−1
−k−1

]
+ RN(ϕ), (2.9)

ãäå t∗±k = (±k/L)v, k = 0, 1, . . . , L, v = (rq +1)/(rq +1− q), 1/p+1/q =
= 1.

Òåîðåìà 2.6 [29]. Ïóñòü Ψ = W r
p (1, 1; [−1, 1]), 1 < p ≤ ∞, r =

= 1, 2, . . . . Ñðåäè âñåâîçìîæíûõ ê.ô. âèäà (2.7) ïðè ρ = 0 àñèìïòîòè÷å-
ñêè îïòèìàëüíîé íà êëàññå Ψ ÿâëÿåòñÿ ôîðìóëà (2.9). Åå ïîãðåøíîñòü
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ðàâíà

RN [Ψ] = (1 + o(1))
2

N r

[
rq + 1

rq + 1− q)

]r+1/q

inf
c
‖Br(·)− c‖Lq[0,1].

2.2.2 Äîêàçàòåëüñòâà òåîðåì

Äîêàçàòåëüñòâî òåîðåìû 2.3. Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ: s±k =
±(kM/N)(rq+1)/(rq+1−q), k = 0, 1, · · · , l, s−l−1 = −1, sl+1 = 1, M = [ln N ],
l = [N/M ]. Ïóñòü ϕ∗(t) ∈ Ψ− ôóíêöèÿ, îáðàùàþùàÿñÿ â íóëü âìå-
ñòå ñî ñâîèìè ïðîèçâîäíûìè äî r − 1 ïîðÿäêà âêëþ÷èòåëüíî â óçëàõ tk
ê.ô. (2.7), â òî÷êàõ s±k, (k = 1, 2, · · · , l + 1), è, êðîìå òîãî, ðàâíàÿ íó-
ëþ íà ñåãìåíòå [s−1, s1]. Íå îãðàíè÷èâàÿ îáùíîñòè, ìîæíî ñ÷èòàòü, ÷òî
1∫
0

ϕ∗(τ)τ−1dτ ≥ 0,
0∫
−1

ϕ∗(τ)τ−1dτ ≥ 0.
Òîãäà

1∫

0

ϕ∗(τ)
1

τ
dτ ≥

l∑

k=1

[
1

sk+1

sk+1∫

sk

ϕ∗(τ)dτ + (
1

sk
− 1

sk+1
)

sk+1∫

sk

ϕ∗−(τ)dτ ] =

= I1 + I2.

Âîñïîëüçóåìñÿ óòâåðæäåíèÿìè, ñîñòàâëÿþùèìè ëåììó Ñ.À. Ñìîëÿêà
è åå ñëåäñòâèå, ñîãëàñíî êîòîðûì

sup
ϕ∈W r

p (1) ; ϕ(l)(tk)=0 ; k=1,··· ,N ; l=0,1,··· ,r−1

1∫

0

ϕ(τ)dτ =

= inf
λkl

sup
ϕ∈W r

p (1)
|

1∫

0

ϕ(τ)dτ −
N∑

k=1

r−1∑

l=0

λklϕ
(l)(tk)|.

Âîñïîëüçîâàâøèñü ýòèì ðàâåíñòâîì è òåîðåìàìè 3.18 è 3.19 èç ïåðâîé
ãëàâû, èìååì

sup
ϕ∈W r

p (Mk,[sk,sk+1]) ; ϕ(l)(tj)=0 ; k=1,··· ,Nk ; l=0,1,··· ,r−1
|

sk+1∫

sk

ϕ(τ)dτ | =
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= inf
pjl

sup
ϕ∈W r

p (Mk;[sk,sk+1])
|

sk+1∫

sk

ϕ(τ)dτ −
Nk∑
j=1

r−1∑

l=0

pjlϕ
(l)(tj)| ≥

≥ |
sk+1∫

sk

ϕ∗(τ)dτ −
Nk∑
j=1

r−1∑

l=0

p∗jlϕ
(l)
∗ (tj)| =

= (sk+1 − sk)
r+1−1/pMk inf

pjl

sup
ϕ∈W r

p (1;[0,1])
|

1∫

0

ϕ(τ)dτ −
Nk∑

j=1

r−1∑

l=0

pjlϕ
(l)(tj)| ≥

≥ (sk+1 − sk)
r+1−1/pMkRrq(1)/2rr! q

√
rq + 1(Nk + 1 + [Rrq(1)]1/r)r.

Çäåñü p∗jl− íàáîð êîíñòàíò, ñóùåñòâîâàíèå êîòîðûõ ñëåäóåò èç ëåììû
Ñ. À. Ñìîëÿêà, à ϕ∗(t)− ôóíêöèÿ, î êîòîðîé èäåò ðå÷ü â òåîðåìå 3.18.

Ïîýòîìó

I1 =
l∑

k=1

1

sk+1

sk+1∫

sk

ϕ∗(τ)dτ ≥

≥ Rrq(1)

2rr! q
√

rq + 1

l∑

k=1

(sk+1 − sk)
r+1−1/p

sk+1

Mk

(Nk + 1 + [Rrq(1)]1/r)r
.

Âåëè÷èíàìè Mk ìû ìîæåì ðàñïîðÿæàòüñÿ ïî ñâîåìó óñìîòðåíèþ, âû-
ïîëíèâ òîëüêî åäèíñòâåííîå óñëîâèå

l∑
k=−l

M p
k = 2. Ïîëîæèâ âñå çíà÷åíèÿ

Mk ðàâíûìè (1/l)1/p, èìååì

I1 ≥ Rrq(1)

2rr!(rq + 1)1/ql1/p

l∑

k=1

(sk+1 − sk)
r+1−1/p

sk+1

1

(Nk + 1 + [Rrq(1)]1/r)r
≥

≥ Rrq(1)

2rr!(rq + 1)1/qN r
(

rq + 1

rq + 1− q
)r+1/q + o(N−r). (2.10)

Òàê êàê ñóììà I2 íåïîëîæèòåëüíà, òî äëÿ óñèëåíèÿ íåðàâåíñòâà (2.9)
íóæíî îöåíèòü ñâåðõó |I2|:

|I2| ≤
l∑

k=1

| 1
sk
− 1

sk+1
||

sk+1∫

sk

ϕ∗−(τ)dτ | ≤
l∑

k=1

sk+1 − sk

sk+1sk

sk+1∫

sk

|ϕ∗(τ)|dτ ≤
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≤
l∑

k=1

sk+1 − sk

sk+1sk

sk+1∫

sk

1

(r − 1)!

∣∣∣∣∣∣

τ∫

sk

(τ − t)r−1ϕ∗(r)(t)dt

∣∣∣∣∣∣
dτ =

= o((M/N)r+1/q ln l) = o(N−r). (2.11)

Èç îöåíîê (2.10)− (2.11) ñëåäóåò ñïðàâåäëèâîñòü òåîðåìû.
Äîêàçàòåëüñòâî òåîðåìû 2.4 àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû

2.3. Óêàæåì ëèøü èçìåíåíèÿ, êîòîðûå íåîáõîäèìî ïðè ýòîì ñäåëàòü.
Ïðåäïîëîæèì, ÷òî ρ = r − 2 èëè ρ = r − 3 (r = 3, 5, · · · ). Êàê è ïðè
äîêàçàòåëüñòâå òåîðåìû 2.3, âîñïîëüçóåìñÿ íåðàâåíñòâîì

1∫

0

ϕ∗(τ)τ−1dτ ≥
l∑

k=1

[
1

sk+1

sk+1∫

sk

ϕ∗(τ)dτ +(
1

sk
− 1

sk+1
)

sk+1∫

sk

ϕ∗−(τ)dτ ] = I ′1+I ′2,

íî òåïåðü ïîä ϕ∗(τ) ïîíèìàåòñÿ ôóíêöèÿ, îáðàùàþùàÿñÿ â íóëü âìåñòå
ñ ïðîèçâîäíûìè äî r−2 ïîðÿäêà â óçëàõ tk ê.ô. (2.7) è îáðàùàþùàÿñÿ â
íóëü âìåñòå ñ ïðîèçâîäíûìè äî r−1 ïîðÿäêà â òî÷êàõ sk (k = 0, 1, · · · , l+
1). Ïîâòîðÿÿ äîêàçàòåëüñòâî òåîðåìû 2.3 è âîñïîëüçîâàâøèñü îöåíêîé
ïîãðåøíîñòè , ïîëó÷åííîé Í.Å. Ëóøïàåì [102] äëÿ ê.ô. âèäà (2.7) íà
êëàññå W r

0,1(1), ñîñòîÿùåì èç ôóíêöèé, ïðèíàäëåæàùèõ êëàññó W r(1)

è óäîâëåòâîðÿþùèõ äîïîëíèòåëüíîìó óñëîâèþ f(0) = f (1)(0) = · · · =
f (r−1)(0) = f(1) = f (1)(1) = · · · = f (r−1)(1) = 0, èìååì I ′1 ≥ ((qr+1)/(qr+
1−q))r+1/q||Rrq||Lq[−1,1]/r!2

r+1/qN r+o(N−r). Îöåíêà ñóììû I ′2 ïðîâîäèòñÿ
òàê æå, êàê è ïðè äîêàçàòåëüñòâå òåîðåìû 2.3. Òåîðåìà äîêàçàíà.

Äîêàçàòåëüñòâî òåîðåìû 2.5. Ïîãðåøíîñòü ê.ô. (2.8) îöåíèâàåòñÿ
íåðàâåíñòâîì

|RN(ϕ)| ≤ |
t1∫

t−1

ϕ(τ)
dτ

τ
−

r−1∑

k=1

ϕ(k)(0)

k!k
tk1(1− (−1)k)|+

+2
N−1∑

k=1

|
tk+1∫

tk

(ϕ(τ)− ϕ̃(τ, ∆k)
dτ

τ
| = I3 + I4.

Äëÿ îöåíêè I3 çàìåòèì, ÷òî

I3 = |
t1∫

t−1

τ−1[ϕ(τ)−
r−1∑

k=1

ϕ(k)(0)

k!k
τ k]dτ | =
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= |
t1∫

t−1

1

τ(r − 1)!
[

τ∫

0

(τ − t)r−1ϕ(r)(t)dt]dτ | ≤

≤ 2

(r − 1)!

t1∫

0

τ−1[

τ∫

0

|ϕ(r)(t)|pdt]1/p[

τ∫

0

(τ − t)(r−1)qdt]1/qdτ ≤ AN−r−1/q =

= o(N−r).

Ñóììà I4 îöåíèâàåòñÿ ñëîæíåå

I4 ≤ 2

r!

N−1∑

k=1

1

tk

tk+1∫

tk

|ϕ(r)(t)||(tk+1 − t)r −
r−1∑

j=0

Bkj(tk+1 − tk)r!

(r − 1− j)!(tk+1 − t)r−1−j
|dt ≤

≤ 2

r!

N−1∑

k=1

1

tk




tk+1∫

tk

|ϕ(r)(t)|pdt




1/p

×

×



tk+1∫

tk

∣∣∣∣∣(tk+1 − t)r −
r−1∑
j=0

Bkj(tk+1 − tk)r!

(r − 1− j)!
(tk+1 − t)r−1−j

∣∣∣∣∣

q

dt




1/q

=

=
21+1/qRrq(1)

(rq + 1)1/qr!

N−1∑

k=1




tk+1∫

tk

|ϕ(r)(t)|pdt




1/p (
tk+1 − tk

2

)r+1/q

≤

≤ Rrq(1)

(rq + 1)1/q2r−1r!

(
rq + 1

rq + 1− q

)r+1/q
(1 + o(1))

N r
.

Èç îöåíîê I3 è I4 ñëåäóåò ñïðàâåäëèâîñòü òåîðåìû.
Äîêàçàòåëüñòâî òåîðåìû 2.6. Âíà÷àëå îöåíèì ñíèçó âåëè÷èíó ζN [Ψ].

Ââåäåì òî÷êè ζ±k = ±(k/L)v, k = 0, 1, . . . , L, v = (rq +
+1)/(rq+1−q). Îáîçíà÷èì ÷åðåç {wk} îáúåäèíåíèå óçëîâ {ti} ê.ô. (2.7)
è òî÷åê {ζj}. Îáîçíà÷èì ÷åðåç ϕ∗(t) ôóíêöèþ, ïðèíàäëåæàùóþ ìíîæå-
ñòâó W r

p (1, 1; [−1, 1]), ðàâíóþ íóëþ â óçëàõ tk ê.ô. (2.7), îáðàùàþùóþñÿ
â íóëü âìåñòå ñ ïðîèçâîäíûìè äî r − 1 ïîðÿäêà â òî÷êàõ ζj è ðàâíóþ
íóëþ íà ñåãìåíòå [ζ−1, ζ1]. Ïîêàæåì, ÷òî òàêàÿ ôóíêöèÿ ñóùåñòâóåò. Â
�3 ãëàâû 1 ïðèâåäåíà íàèëó÷øàÿ ê.ô. òèïà Ýéëîðà�Ìàêëîðåíà, êîòîðàÿ
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íà êëàññå ôóíêöèé W r
p (1) èìååò ïîãðåøíîñòü N−r inf

c
‖∗r(t)− c‖Lq[0,1]. Èñ-

ïîëüçóÿ ýòó ôîðìóëó, ëåììó Ñ.À. Ñìîëÿêà è òåîðåìû 3.18 è 3.24 ãëàâû 1
ñëåäóåò, ÷òî íà ñåãìåíòå [ζk, ζk+1] ñóùåñòâóåò ôóíêöèÿ ϕ∗k(t), ðàâíàÿ íó-
ëþ â óçëàõ {tl}, ðàñïîëîæåííûõ â [ζk, ζk+1], îáðàùàþùàÿñÿ â íóëü âìåñòå
ñ ïðîèçâîäíûìè ïîðÿäêà r − 1 íà êîíöàõ ñåãìåíòà è òàêàÿ, ÷òî

ζk+1∫

ζk

ϕ∗kdt ≥ [ζk+1 − ζk]
r+1/q Mk

(Nk + 1)r
inf
c
‖B∗

r (t)− c‖Lq[0,1].

Çäåñü Mk =

[
ζk+1∫
ζk

|ϕ∗(t)|pdt

]1/p

, Nk� ÷èñëî óçëîâ ê.ô. (2.7), ïîïàâøèõ

íà ñåãìåíò [ζk, ζk+1].
Ââåäåì ôóíêöèþ ϕ∗(t) = ϕ∗k(t)sgnt ïðè t ∈ [ζk, ζk+1], k 6= −1, 0 è

ϕ∗(t) = 0 ïðè t ∈ [ζ−1, ζ1].

Îöåíèì èíòåãðàë
∣∣∣∣

1∫
−1

ϕ∗(t)
t dt

∣∣∣∣ . Ïðè ýòîì îãðàíè÷èìñÿ îöåíêîé èíòåãðà-

ëà
1∫
0

ϕ∗(t)
t dt.

Íåòðóäíî âèäåòü, ÷òî
1∫

0

ϕ∗(t)
t

dt ≥
L∑

k=1

ζk+1∫

ζk

ϕ∗(t)
t

dt ≥

≥
L∑

k=1


 1

ζk+1

ζk+1∫

ζk

ϕ∗(t)dt +
ζk+1 − ζk

ζkζk+1

ζk+1∫

ζk

ϕ−(t)dt


 = I1 + I2,

ãäå ϕ+(t) = [ϕ(t) + |ϕ(t)|]/2, ϕ−(t) = [ϕ(t)− |ϕ(t)|]/2.
Îöåíèì

I1 =
L∑

k=1

1

ζk+1

ζk+1∫

ζk

ϕ∗(t)dt ≥
L∑

k=1

(ζk+1 − ζk)
r+1/q

ζk+1(Nk + 1)r
Mk inf

c
‖B∗

r (t)− c‖Lq[0,1] ≥

≥
[

rq + 1

rq + 1− q

]r+1/q

inf
c
‖B∗

r (t)− c‖Lq[0,1]N
−r. (2.12)
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Â ýòèõ âûêëàäêàõ âåëè÷èíû Mk áûëè ïîëîæåíû ðàâíûìè (1/L)1/p.

Îöåíèì òåïåðü I2. Èç ïîñòðîåíèÿ ôóíêöèè ϕ∗(t) ñëåäóåò, ÷òî ýòà ôóíê-
öèÿ îáðàùàåòñÿ â íóëü âìåñòå ñ ïðîèçâîäíûìè äî (r − 1)-ãî ïîðÿäêà â
òî÷êàõ ζk. Îáîçíà÷èâ |ζk+1 − ζk| ÷åðåç hk, èìååì

sup
t∈[ζk,ζk+1]

|ϕ∗(t)| ≤ Mkh
r−1/p
k

(r − 1)!
.

Ñëåäîâàòåëüíî,

|I2| =

∣∣∣∣∣∣∣

L∑

k=1

ζk+1 − ζk

ζkζk+1

ζk+1∫

ζk

ϕ−(t)

∣∣∣∣∣∣∣
≤ o(N−r). (2.13)

Èç îöåíîê (2.12) � (2.13) èìååì

ζN

[
W rLp(1)

]
≥ 2 + o(1)

N r

[
rq + 1

rq + 1− q

]r+1/q

inf
c
‖B∗

r (t)− c‖Lq[0,1].

Îöåíèì ïîãðåøíîñòü ê.ô. (2.9). Íåòðóäíî âèäåòü, ÷òî

|RN(ϕ)| ≤

∣∣∣∣∣∣∣

t∗1∫

t∗−1

ϕ(τ)

τ
dτ −

r−1∑

k=1

ϕk(0)
(1− (−1)k)

k!k
t∗k1

∣∣∣∣∣∣∣
+

+

∣∣∣∣∣
r−1∑

k=1

[
ϕk(0)− Πn,r,p

[
ϕk(0)

]](1− (−1)k)

k!k
t∗k1

∣∣∣∣∣ +

+
L∑

k=1

∣∣∣∣∣∣∣

t∗k+1∫

t∗k

[
ϕ(τ)−

r−1∑

l=0

ϕ(l)(t∗k)
(τ − t∗k)

l

l!

] [
1

τ
− 1

t∗k

]
∣∣∣∣∣∣∣
dτ+

+
L∑

k=1

∣∣∣∣∣
r−1∑

l=0

[
ϕl(t∗k)− Πn,r,p

[
ϕ(l)(t∗k)

]]
ln

t∗k+1

t∗k

∣∣∣∣∣ +

+
L∑

k=1

1

t∗k

∣∣∣∣∣∣∣

t∗k+1∫

t∗k

ϕ(τ)dτ − lM,r,p

[
ϕ; [t∗k, t

∗
k+1]

]
∣∣∣∣∣∣∣
+
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+
L∑

k=1

t∗−k∫

t∗−k−1

[
ϕ(τ)−

r−1∑

l=0

ϕ(l)(t∗−k)
(τ − t∗−k)

l!

] [
1

τ
− 1

t∗−k

]
dτ+

+
L∑

k=1

∣∣∣∣∣
r−1∑

l=0

[
ϕl(t∗−k)− Πn,r,p

[
ϕ(l)(t∗−k)

]]
ln

t∗−k

t∗−k−1

∣∣∣∣∣ +

+
L∑

k=1

1

t∗−k

∣∣∣∣∣∣∣

t∗−k∫

t∗−k−1

ϕ(τ)dτ − lM,r,p

[
ϕ; [t∗−k−1, t

∗
−k]

]
∣∣∣∣∣∣∣
≤

≤ 2 + o(1)

N r
inf
c
‖B∗

r (t)− c‖Lq[0,1]

[
rq + 1

rq + 1− q

]r+1/q

.

Òåîðåìà äîêàçàíà.

2.3. Îïòèìàëüíûå ïî ïîðÿäêó ïàññèâíûå àëãîðèòìû
Ýòîò ðàçäåë íà÷íåì ñ àíàëèçà êâàäðàòóðíûõ ôîðìóë âèäà (2.1) íà

êëàññàõ ôóíêöèé W r
p .

2.3.1. Ôîðìóëèðîâêè òåîðåì
Òåîðåìà 2.7 [29]. Ïóñòü Ψ = W r

1 (1, 1; [−1, 1]) (r = 2, 4, · · · ) è èíòå-
ãðàë Jϕ âû÷èñëÿåòñÿ ïî ê.ô. âèäà (2.1). Òîãäà
ζN [Ψ] ≥ Kr−1r

r/πr−12r(r − 1)rN r + o(N−r).
Òåîðåìà 2.8 [29]. Ïóñòü Ψ = W r

p (1, 1; [−1, 1]), (1 < p < ∞), (r =
= 1, 2, 4, · · · ) è èíòåãðàë Jϕ âû÷èñëÿåòñÿ ïî ê.ô. âèäà (2.1). Òîãäà
ζN [Ψ] ≥ 2

Nr (
rq+1

rq+1−q)
r+1/q infc ||B∗

r (t)− c||q.
Ðàçäåëèì ñåãìåíò [−1, 1] íà ñåãìåíòû ∆k = [tk, tk+1], k = −N, · · · ,−1,

0, 1, · · · , N−1, t0 = 0, tk = (k/N)(rq+1)/(rq+1−q), t−k = −(k/N)(rq+1)/(rq+1−q),

k = 1, 2, · · · , N. Â êàæäîì ñåãìåíòå ∆k (ïðè k 6= −1, 0) àïïðîêñèìèðóåì
ôóíêöèþ ϕ(τ) îòðåçêîì ðÿäà Òåéëîðà

Tr(ϕ; [tk, tk+1], t
′
k) = ϕ(t′k) +

ϕ′(t′k)
1!

+ · · ·+ ϕ(r−1)(t′k)
(r − 1)!

(τ − t′k)
r−1,

ãäå t′k = (tk + tk+1)/2. Èíòåãðàë Jϕ áóäåì âû÷èñëÿòü ïî ê.ô.

Jϕ =

t1∫

t−1

τ−1Tr(ϕ; [t−1, t1], 0)dτ +
N−1∑

k=1

[

tk+1∫

tk

τ−1Tr(ϕ; [tk, tk+1], t
′
k)dτ+
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+

t−k∫

t−k−1

τ−1Tr(ϕ; [tk, tk+1], t
′
−k−1)dτ ] + RN(ϕ). (2.14)

Òåîðåìà 2.9 [29]. Ñðåäè âñåâîçìîæíûõ êâàäðàòóðíûõ ôîðìóë âèäà
(2.7) ïðè ρ = r − 1 ôîðìóëà (2.14) ÿâëÿåòñÿ îïòèìàëüíîé ïî ïîðÿäêó
íà êëàññå ôóíêöèé Ψ = W r

p (1, 1; [−1, 1]), (1 ≤ p < ∞) è åå ïîãðåøíîñòü
ðàâíà

RN [Ψ] =

(
rq + 1

rq + 1− q

)r+1/q
1

2r−2+1/q(r − 1)! q
√

rq + 1− q(r + 1/q)N r
+

+o(N−r).

2.3.2. Äîêàçàòåëüñòâà òåîðåì

Äîêàçàòåëüñòâî òåîðåìû 2.7. Äîêàçàòåëüñòâî ïðîâîäèòñÿ ïî òîé
æå ñõåìå, ÷òî è äîêàçàòåëüñòâo òåîðåìû 1.4. Îòëè÷èå ñîñòîèò â òîì,
÷òî â êà÷åñòâå óçëîâ sk ñëåäóåò âçÿòü s0 = 0, s±k = ±(kM/N)r/(r−1),
(k = 1, · · · , l), s±(l+1) = ±1. Ïîýòîìó ìîæíî ñðàçó âîñïîëüçîâàòüñÿ íåðà-
âåíñòâîì

1∫

0

ϕ∗(τ)
dτ

τ
≥

l∑

k=1

1

sk+1

sk+1∫

sk

ϕ∗(τ)dτ+

+
l∑

k=1

(
1

sk
− 1

sk+1

) sk+1∫

sk

ϕ−∗(τ)dτ = I1 + I2.

Èç òåîðåìû 3.17 ãëàâû 1 è ëåììû Ñ.À. Ñìîëÿêà ñëåäóåò, ÷òî ñïðàâåä-
ëèâî íåðàâåíñòâî

sup

sk+1∫

sk

ϕ(τ)dτ ≥ Kr−1(sk+1 − sk)
rMk

2r+1πr−1N r
k

.

Çäåñü ÷åðåç Mk îáîçíà÷åíà âåëè÷èíà
sk+1∫
sk

|ϕ(r)(τ)|dτ , Nk− ÷èñëî òî-

÷åê, â êîòîðûõ ôóíêöèÿ ϕ(t) îáðàùàåòñÿ â íóëü íà ñåãìåíòå [sk, sk+1],
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âêëþ÷àÿ ñþäà êîíöû ñåãìåíòà, supremum áåðåòñÿ ïî ìíîæåñòâó ôóíê-
öèé ñ ñóììèðóåìîé r-é ïðîèçâîäíîé, îáðàùàþùèõñÿ â íóëü â óçëàõ tk ∈
[sk, sk+1] è â òî÷êàõ sk, sk+1. Ïîýòîìó ñïðàâåäëèâî íåðàâåíñòâî

I1 =
l∑

k=1

1

sk+1

sk+1∫

sk

ϕ∗(τ)dτ ≥

≥ Kr−1

2r+1πr−1

(
r

r − 1

)r (
M

N

)r l∑

k=1

(
k − θk

k

)r/(r−1)
Mk

(Nk + 2)r
− o(N−r).

Âåëè÷èíû Mk åùå íå áûëè îïðåäåëåíû. Âîçüìåì èõ ðàâíûìè
Mk = 1/l, k = 1, 2, · · · , l. Òîãäà

I1 ≥ Kr−1

2r+1πr−1

(
r

r − 1

)r (
M

N

)r
1

l

l∑

k=1

(
k − θk

k

)r/(r−1)
1

(Nk + 2)r
−o(N−r) ≥

≥ Kr−1

2r+1πr−1

(
r

r − 1

)r
1

N r
+ o(N−r).

Ïðèñòóïàÿ ê îöåíêå I2, çàìåòèì, ÷òî òàê êàê â òî÷êå sk ôóíêöèÿ
ϕ∗(τ) ïî ïîñòðîåíèþ îáðàùàåòñÿ â íóëü âìåñòå ñî ñâîèìè ïðîèçâîäíûìè
äî r − 1 ïîðÿäêà âêëþ÷èòåëüíî, òî íà ñåãìåíòå [sk, sk+1]

ϕ∗(τ) = 1
(r−1)!

τ∫
sk

(τ − t)r−1ϕ∗(r)(t)dt è, ñëåäîâàòåëüíî,

|ϕ∗(τ)| ≤ (τ−sk)r−1

(r−1)!

τ∫
sk

|ϕ∗(r)(t)|dt.

Ïîýòîìó

|I2| = |
l∑

k=1

(
1

sk
− 1

sk+1

) sk+1∫

sk

ϕ−∗(τ)dτ | ≤

≤
l∑

k=1

(sk+1 − sk)
r+1

r!lsksk+1
= o(N−r−1 lnr+2 N) = o(N−r).

Èç îöåíîê I1 è I2 ñëåäóåò ñïðàâåäëèâîñòü òåîðåìû.
Äîêàçàòåëüñòâî òåîðåìû 2.8. Áóäåì ïðèäåðæèâàòüñÿ îáîçíà÷å-

íèé, ââåäåííûõ ïðè äîêàçàòåëüñòâå òåîðåìû 2.7 ñ òîé ëèøü ðàçíèöåé,
÷òî ïîä sk ïîíèìàåòñÿ ÷èñëî (kM/N)(rq+1)/(rq+1−q). Êàê è âûøå, îãðàíè-

÷èìñÿ ðàññìîòðåíèåì èíòåãðàëà
1∫
0

ϕ(τ)
τ dτ. Ðàçîáúåì ñåãìåíò [0, 1] íà áîëåå
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ìåëêèå ñåãìåíòû ∆k = [sk, sk+1], k = 0, 1, · · · , l, ïðè÷åì sl+1 = 1. Îïðå-
äåëèì ôóíêöèþ ϕ∗(τ) òàê, ÷òî â êàæäîì ñåãìåíòå ∆k (k = 1, 2, · · · , l)
ϕ∗(τ) ∈ W r

p (Mk, ∆k) è îáðàùàåòñÿ â íóëü â óçëàõ tk ê.ô. (2.1), ðàñïîëî-
æåííûõ íà ñåãìåíòå ∆k. Íà êîíöàõ ñåãìåíòà ∆k ôóíêöèÿ ϕ∗(τ) îáðàùà-
åòñÿ â íóëü âìåñòå ñî ñâîèìè ïðîèçâîäíûìè äî 2[r/2]− 1 ïîðÿäêà âêëþ-
÷èòåëüíî. Âåëè÷èíû Mk áóäóò îïðåäåëåíû íèæå. Íà ñåãìåíòå [s−1, s1]
ϕ∗(τ) ≡ 0.

Òåïåðü, ïîëàãàÿ, ÷òî
1∫
0

ϕ∗(τ)τ−1dτ > 0, îöåíèì ñíèçó èíòåãðàë

1∫

0

ϕ∗(τ)
dτ

τ
≥

l∑

k=1

sk+1∫

sk

ϕ∗(τ)
dτ

τ
≥

≥
l∑

k=1

[
1

sk+1

sk+1∫

sk

ϕ∗(τ)dτ +
sk+1 − sk

sk+1sk

sk+1∫

sk

ϕ−(τ)dτ ] = I3 + I4.

Îöåíèì âíà÷àëå ñóììó I3. Èçâåñòíî (ñì. òåîðåìó 3.22 â ãëàâå 1), ÷òî

íàèëó÷øàÿ ê.ô. âèäà
1∫
0

ϕ(σ)dσ −
N∑

k=1
pkϕ(tk) íà êëàññå ôóíêöèé W r

p (1)

èìååò ïîãðåøíîñòü, ðàâíóþ N−r inf
c
||B∗

r (t)− c||q. Èç ýòîãî óòâåðæäåíèÿ
è ñëåäñòâèÿ ëåììû Ñ.À. Ñìîëÿêà ñëåäóåò, ÷òî

sup
ϕ∈W r

p (Mk,∆k) , ϕ(tk)=0 , tk∈∆k

|
sk+1∫

sk

ϕ(τ)dτ | ≥

≥ (sk+1 − sk)
r+1/q Mk

(Nk + 1)r
inf
c
||B∗

r (t)− c||q.

Ïîäñòàâëÿÿ ýòî çíà÷åíèå â âûðàæåíèå äëÿ I3, èìååì

I3 =
l∑

k=1

1

sk+1

sk+1∫

sk

ϕ∗(τ)dτ ≥
l∑

k=1

(sk+1 − sk)
r+1/qMk

sk+1(Nk + 1)r
inf
c
||Br(t)− c||q =

=

(
M

N

)r+1/q (
rq + 1

rq + 1− q

)r+1/q l∑

k=1

(
k + θk

k + 1

)(rq+1)/(rq+1−q)
Mk

(Nk + 1)r
×
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× inf
c
||B∗

r (t)− c||q = A
l∑

k=1

(
k + θk

k + 1

)(rq+1)/(rq+1−q)
1

(Nk + 1)r
≥

≥ A

l∑

k=M

(
k + θk

k + 1

)(rq+1)/(rq+1−q)
1

(Nk + 1)r
≥

≥ A

l∑

k=M

1

(Nk + 1)r
+ o(N−r) =

= A
l

M r
+ o(N−r) =

(
rq + 1

rq + 1− q

)r+1/q

inf
c
||B∗

r (t)− c||qN−r.

Â ýòèõ âûêëàäêàõ ÷åðåç A îáîçíà÷åíà âåëè÷èíà

A =

(
M

N

)r+1/q

l−1/p

(
rq + 1

rq + 1− q

)r+1/q

inf
c
||Br(t)− c||q,

à âåëè÷èíû Mk = [
sk+1∫
sk

|ϕ∗(r)|pdτ ]1/p áûëè ïîëîæåíû ðàâíûìè (1/l)1/p.

Îáîçíà÷èì (sk+1−sk) ÷åðåç Hk (k = 1, 2, · · · , l). Èç ïîñòðîåíèÿ ôóíêöèè
ϕ∗(τ) ñëåäóåò, ÷òî íà ñåãìåíòå ∆k |ϕ∗(τ)| ≤ MkH

r−1/p
k . Ïîýòîìó îáîçíà-

÷àÿ ÷åðåç B íåñóùåñòâåííûå äëÿ äàëüíåéùåãî êîíñòàíòû, èìååì

|I4| = |
l∑

k=1

sk+1 − sk

sk+1sk

sk+1∫

sk

ϕ∗−(τ)dτ | ≤ B

l∑

k=1

(sk+1 − sk)
r+1+1/q

sk+1sk
=

= B

(
M

N

)r+1/q

l−1/p
l∑

k=1

(k + θk)
(rq+q+1)/(rq−q+1)

(k(k + 1))(rq+1)/(rq−q+1) ≤

≤ B

(
M

N

)r+1/q

l−1/p
l∑

k=1

kq/(rq−q+1)

(k − 1)(rq+1)/(rq−q+1) = o(N−r).

Èç îöåíîê ñóìì I3 è I4 ñëåäóåò, ÷òî
1∫

0

ϕ∗(τ)

τ
dτ ≥

(
rq + 1

rq + 1− q

)r+1/q

inf
c
||B∗

r (t)− c||qN−r + o(N−r)
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è, îêîí÷àòåëüíî

sup
ϕ∈W r

p (1,1;[−1,1])

1∫

−1

ϕ(τ)

τ
dτ =

2

N r

(
rq + 1

rq + 1− q

)r+1/q

inf
c
||B∗

r (t)−c||q +o(N−r),

ãäå supremum áåðåòñÿ ïî âñåì ôóíêöèÿì ϕ ∈ W r
p (1, 1; [−1, 1]) îáðàùàþ-

ùèìñÿ â íóëü â óçëàõ ê.ô. (2.1).
Òåîðåìà äîêàçàíà.
Äîêàçàòåëüñòâî òåîðåìû 2.9. Ïîãðåøíîñòü RN(ϕ) îïðåäåëÿåòñÿ

íåðàâåíñòâîì

|RN(ϕ)| ≤ |
t1∫

t−1

(ϕ(τ)− Tr(ϕ; [t−1, t1], t0))

τ
dτ |+

+
N−1∑

k=1

|
tk+1∫

tk

(ϕ(τ)− Tr(ϕ; [tk, tk+1], t
′
k))

τ
dτ |+

+
N−1∑

k=1

|
t−k∫

t−k−1

(ϕ(τ)− Tr(ϕ; [t−k−1, t−k], t
′
−k−1))

τ
dτ | = I5 + I6 + I7.

Èíòåãðàë I5 îöåíèâàëñÿ âûøå â ðàçä. 1. Èç ôîðìóëû (1.10), ïðèìåíÿÿ
íåðàâåíñòâî Êîøè-Áóíÿêîâñêîãî, ëåãêî çàêëþ÷èòü, ÷òî

I5 ≤ 2

(r − 1)!
√

rq − q + 1(r − 1/p)N r+1/p
.

Îöåíêà ñóììû I6 ñëåäóåò èç öåïî÷êè íåðàâåíñòâ

I6 ≤ 1

(r − 1)!

N−1∑

k=1

|
tk+1∫

tk

1

τ
[

τ∫

ck

(τ − t)r−1ϕ(r)(t)dt]dτ | ≤

≤ 2

(r − 1)!

N−1∑

k=1

1

tk

tk+1∫

ck

(τ − ck)
r−1+1/q

q
√

rq + 1− q
dτ ||ϕ(r)||Lp(tk,tk+1) =

=
2

(r − 1)! q
√

rq + 1− q(r + 1/q)

N−1∑

k=1

(
tk+1 − tk

2

)r+1/q

‖ϕ(r)‖Lp(∆k)
1

tk
=
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=
1

2r−1+1/q(r − 1)! q
√

rq + 1− q(r + 1/q)

N−1∑

k=1

(
tk+1 − tk

2

)r+1/q ||ϕ(r)||Lp(∆k)

tk
≤

≤ 1

2r−1+1/q(r − 1)! q
√

rq + 1− q(r + 1/q)

[
N−1∑

k=1

(tk+1 − tk)
rq+1

tqk

]1/q

=

=

(
rq + 1

rq − q + 1

)r+1/q
(

N−1∑

k=1

(
k + 1

k

)q(rq+1)/(q(r−1)+1)
)1/q

×

× 1

2r−1+1/q(r − 1)! q
√

rq + 1− q(r + 1/q)N r+1/q
=

=

(
rq + 1

rq − q + 1

)r+1/q
1

2r−1+1/q(r − 1)! q
√

rq + 1− q(r + 1/q)N r
+o

(
1

N−r

)
.

Çäåñü ck = (tk+1 + tk)/2. Ñóììà I7 îöåíèâàåòñÿ òàê æå, êàê è ñóììà I6.
Òåîðåìà äîêàçàíà.

3. Àñèìïòîòè÷åñêè îïòèìàëüíûå êâàäðàòóðíûå ôîðìóëû c
ïîãðàíè÷íûì ñëîåì íà êëàññå WrLp

Â ýòîì ïàðàãðàôå èññëåäóþòñÿ ìåòîäû âû÷èñëåíèÿ ñèíãóëÿðíûõ èí-
òåãðàëîâ âèäà

Jϕ =

1∫

−1

ϕ(τ)

τ
dτ

íà êëàññàõ ôóíêöèé W rLp. Â êà÷åñòâå ìåòîäîâ âû÷èñëåíèÿ èñïîëüçóåòñÿ
ê.ô.

Jϕ =
N∑

k=−N

′pkϕ(tk) + RN(ϕ), (3.1)

ãäå −1 ≤ t−N < · · · < t−1 ≤ 0 ≤ t1 < · · · < tN ≤ 1,
∑ ′ îçíà÷àåò

ñóììèðîâàíèå ïî k 6= 0.
Ââåäåì îáîçíà÷åíèÿ M = [ln1/2r N ], L = [N/M ]. Ðàññìîòðèì ê.ô.

Jϕ =
r−1∑

k=1

Πn,r,p[ϕ
(k)(0)]

[1− (−1)k]

k!k
t∗1+
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+
L−1∑

k=1




t∗k+1∫

t∗k

Πn,r,p

[
Tr−1

[
ϕ; [t∗k, t

∗
k+1], t

∗
k

]] [
1

τ
− 1

t∗k+1

]
dτ+

+

t∗−k∫

t∗−k−1

Πn,r,p

[
Tr−1

[
ϕ; [t∗−k−1, t

∗
−k], t

∗
−k

]] [
1

τ
− 1

t∗−k−1

]
dτ


 +

+
L−1∑

k=1

[
lM,r,p

[
ϕ; [t∗k, t

∗
k+1]

]
t∗k+1 + lM,r,p

[
ϕ; [t∗−k−1, t

∗
−k]

]
t∗−k−1

]
+ RN(ϕ), (3.2)

ãäå t∗± = ±(k/L)v, k = 0, 1, . . . , L, v = (rq+1)/(rq+1−q), 1/p+1/q = 1.
Òåîðåìà 3.1 [29]. Ïóñòü Ψ = W r

p (1, 1; [−1, 1]), 1 < p ≤ ∞, r =
= 1, 2, . . . . Ñðåäè âñåâîçìîæíûõ ê.ô. âèäà (3.1) àñèìïòîòè÷åñêè îïòè-
ìàëüíîé íà êëàññå Ψ ÿâëÿåòñÿ ôîðìóëà (3.2). Åå ïîãðåøíîñòü ðàâíà

RN [Ψ] = [1 + o(1)]
2

N r

[
rq + 1

rq + 1− q)

]r+1/q

inf
c
‖B∗

r (·)− c‖Lq[0,1].

Äîêàçàòåëüñòâî. Îöåíèì ñíèçó âåëè÷èíó ζN [Ψ]. Ââåäåì òî÷êè ζ±k =
±(k/L)v, k = 0, 1, . . . , L, v = (rq+1)/(rq+1−q). Îáîçíà÷èì ÷åðåç {wk}
îáúåäèíåíèå óçëîâ {ti} ê.ô. (3.1) è òî÷åê {ζj}. Îáîçíà÷èì ÷åðåç ϕ∗(t)
ôóíêöèþ, ïðèíàäëåæàùóþ ìíîæåñòâó W r

p (1, 1; [−1, 1]), ðàâíóþ íóëþ â
óçëàõ tk ê.ô. (3.24), îáðàùàþùóþñÿ â íóëü âìåñòå ñ ïðîèçâîäíûìè ïî-
ðÿäêà äî r− 1 â òî÷êàõ ζj è ðàâíóþ íóëþ íà ñåãìåíòå [ζ−1, ζ1]. Ïîêàæåì,
÷òî òàêàÿ ôóíêöèÿ ñóùåñòâóåò. Â òåîðåìå 3.24 ãëàâû 1 îòìå÷åíî, ÷òî íàè-
ëó÷øàÿ ê.ô. òèïà Ýéëîðà�Ìàêëîðåíà íà êëàññå ôóíêöèé W r

p (1) èìååò
ïîãðåøíîñòü N−r inf

c
‖B∗

r (t)−c‖Lq[0,1]. Ýòà îöåíêà ñïðàâåäëèâà è äëÿ ìíî-
æåñòâà ôóíêöèé, ïðèíàäëåæàùèõ êëàññó W r

p (1) è îáðàùàþùèõñÿ â íóëü
âìåñòå ñ ïðîèçâîäíûìè (r − 1)-ãî ïîðÿäêà íà êîíöàõ ñåãìåíòà. Èç ýòîãî
óòâåðæäåíèÿ è ëåììû Ñ.À. Ñìîëÿêà ñëåäóåò, ÷òî íà ñåãìåíòå [ζk, ζk+1]
ñóùåñòâóåò ôóíêöèÿ ϕ∗k(t), ðàâíàÿ íóëþ â óçëàõ {tl}, ðàñïîëîæåííûõ â
[ζk, ζk+1], îáðàùàþùàÿñÿ â íóëü âìåñòå ñ ïðîèçâîäíûìè ïîðÿäêà r− 1 íà
êîíöàõ ñåãìåíòà è òàêàÿ, ÷òî

ζk+1∫

ζk

ϕ∗kdt ≥ [ζk+1 − ζk]
r+1/q Mk

(Nk + 1)r
inf
c
‖B∗

r (t)− c‖Lq[0,1].
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Çäåñü Mk =

[
ζk+1∫
ζk

|ϕ∗(t)|pdt

]1/p

; Nk� ÷èñëî óçëîâ ê.ô. (3.1), ïîïàâøèõ

íà ñåãìåíò [ζk, ζk+1].
Ââåäåì ôóíêöèþ

ϕ∗(t) =

{
0 t ∈ [ζ−1, ζ1]

ϕ∗k(t)sgn t t ∈ [ζ−1, ζ1], k 6= −1, 0.

Îöåíèì èíòåãðàë
∣∣∣∣

1∫
−1

ϕ∗(t)
t dt

∣∣∣∣ . Ïðè ýòîì îãðàíè÷èìñÿ îöåíêîé èíòåãðà-

ëà
1∫
0

ϕ∗(t)
t dt.

Íåòðóäíî âèäåòü, ÷òî
1∫

0

ϕ∗(t)
t

dt ≥
L∑

k=1

ζk+1∫

ζk

ϕ∗(t)
t

dt ≥

≥
L∑

k=1


 1

ζk+1

ζk+1∫

ζk

ϕ∗(t)dt +
ζk+1 − ζk

ζkζk+1

ζk+1∫

ζk

ϕ∗−(t)dt


 = I1 + I2,

ãäå ϕ+(t) = [ϕ(t) + |ϕ(t)|]/2, ϕ−(t) = [ϕ(t)− |ϕ(t)|]/2.
Ïðîâåäåì îöåíêó

I1 =
L∑

k=1

1

ζk+1

ζk+1∫

ζk

ϕ∗(t)dt ≥
L∑

k=1

(ζk+1 − ζk)
r+1/q

ζk+1(Nk + 1)r
Mk inf

c
‖B∗

r (t)− c‖Lq[0,1] ≥

≥
[

rq + 1

rq + 1− q

]r+1/q

inf
c
‖B∗

r (t)− c‖Lq[0,1]
1

N r
+ o

(
1

N r

)
. (3.3)

Â ýòèõ âûêëàäêàõ âåëè÷èíû Mk áûëè ïîëîæåíû ðàâíûìè (1/L)1/p.

Îöåíèì òåïåðü I2. Èç ïîñòðîåíèÿ ôóíêöèè ϕ∗(t) ñëåäóåò, ÷òî ýòà ôóíê-
öèÿ îáðàùàåòñÿ â íóëü âìåñòå ñ ïðîèçâîäíûìè äî (r − 1)-ãî ïîðÿäêà â
òî÷êàõ ζk. Îáîçíà÷èâ |ζk+1 − ζk| ÷åðåç hk, èìååì

sup
t∈[ζk,ζk+1]

|ϕ∗(t)| ≤ Mkh
r−1/p
k

(r − 1)!
.
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Ñëåäîâàòåëüíî,

|I2| =

∣∣∣∣∣∣∣

L∑

k=1

ζk+1 − ζk

ζkζk+1

ζk+1∫

ζk

ϕ∗−(t)

∣∣∣∣∣∣∣
≤ o(N−r). (3.4)

Èç îöåíîê (3.3)�(3.4) èìååì

ζN

[
W rLp(1)

]
≥ 2 + o(1)

N r

[
rq + 1

rq + 1− q

]r+1/q

inf
c
‖B∗

r (t)− c‖Lq[0,1].

Îöåíèì ïîãðåøíîñòü ê.ô. (3.2). Íåòðóäíî âèäåòü, ÷òî

RN(ϕ) ≤

∣∣∣∣∣∣∣

t∗1∫

t∗−1

ϕ(τ)

τ
dτ −

r−1∑

k=1

ϕ(k)(0)
(1− (−1)k)

k!k
t∗k1

∣∣∣∣∣∣∣
+

+

∣∣∣∣∣
r−1∑

k=1

[
ϕ(k)(0)− Πn,r,p

[
ϕk(0)

]](1− (−1)k)

k!k
t∗k1

∣∣∣∣∣ +

+
L∑

k=1

∣∣∣∣∣∣∣

t∗k+1∫

t∗k

[
ϕ(τ)−

r−1∑

l=0

ϕ(l)(t∗k)
(τ − t∗k)

l

l!

] [
1

τ
− 1

t∗k

]
∣∣∣∣∣∣∣
dτ+

+
L∑

k=1

∣∣∣∣∣
r−1∑

l=0

[
ϕ(l)(t∗k)− Πn,r,p

[
ϕ(l)(t∗k)

]]
ln

t∗k+1

t∗k

∣∣∣∣∣ +

+
L∑

k=1

1

t∗k

∣∣∣∣∣∣∣

t∗k+1∫

t∗k

ϕ(τ)dτ − lM,r,p

[
ϕ; [t∗k, t

∗
k+1]

]
∣∣∣∣∣∣∣
+

+
L∑

k=1

t∗−k∫

t∗−k−1

[
ϕ(τ)−

r−1∑

l=0

ϕ(l)(t∗−k)
(τ − t∗−k)

l!

] [
1

τ
− 1

t∗−k

]
dτ+

+
L∑

k=1

∣∣∣∣∣
r−1∑

l=0

[
ϕ(l)(t∗−k)− Πn,r,p

[
ϕ(l)(t∗−k)

]]
ln

t∗−k

t∗−k−1

∣∣∣∣∣ +
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+
L∑

k=1

1

t∗−k

∣∣∣∣∣∣∣

t∗−k∫

t∗−k−1

ϕ(τ)dτ − lM,r,p

[
ϕ; [t∗−k−1, t

∗
−k]

]
∣∣∣∣∣∣∣
≤

≤ 2 + o(1)

N r
inf
c
‖B∗

r (t)− c‖Lq[0,1]

[
rq + 1

rq + 1− q

]r+1/q

.

Òåîðåìà äîêàçàíà.

4. Ãàóññîâñêèå êâàäðàòóðíûå ôîðìóëû

Ðàññìîòðèì ñèíãóëÿðíûé èíòåãðàë âèäà

Jϕ =

1∫

−1

ϕ(τ)

τ
dτ, (4.1)

ãäå ôóíêöèÿ ϕ(τ) ∈ W r(1), τ ∈ Ω = [−1, 1]. Â êà÷åñòâå ìåòîäà âû÷èñëå-
íèÿ èñïîëüçóþòñÿ êâàäðàòóðíûå ôîðìóëû âèäà

Jϕ =
N∑

k=−N

′
ρ∑

l=0

pklϕ
(l)(tk) + RN(pkl, tk, ϕ), (4.2)

ãäå −1 ≤ t−N < · · · < t−1 < 0 < t1 < · · · < tN ≤ 1,
∑′− îçíà÷àåò

ñóììèðîâàíèå ïî k 6= 0.
Äëÿ âû÷èñëåíèÿ ñèíãóëÿðíîãî èíòåãðàëà âèäà (4.1) íà êëàññå W r(1),

ïîñòðîèì êâàäðàòóðíóþ ôîðìóëó, êîòîðàÿ áóäó÷è îïòèìàëüíîé ïî ïî-
ðÿäêó çíà÷èòåëüíî ïðîùå ðåàëèçóåòñÿ, ÷åì êâàäðàòóðíûå ôîðìóëû, ïðè-
âåäåííûå â ïðåäûäóùèõ ïàðàãðàôàõ.

Ðàçîáüåì ñåãìåíò [−1, 1] íà 2N ÷àñòåé òî÷êàìè

t±k = ±
(

k

N

)v

, k = 1, . . . , N, v =
r + 1

r
.

Ïóñòü ξ1, . . . , ξr (ξ1, . . . , ξr ∈ [−1, 1]) � óçëû ïîëèíîìà Ëåæàíäðà ñòå-
ïåíè r. Ïðè îòîáðàæåíèè ñåãìåíòà [−1, 1] íà ñåãìåíò [tk, tk+1] óçëû ξ1, . . . , ξr

îòîáðàçÿòñÿ â óçëû ξk
1 , . . . , ξ

k
r . ×åðåç Pr(ϕ, [tk, tk+1]) îáîçíà÷èì èíòåðïî-

ëÿöèîííûé ïîëèíîì, ïîñòðîåííûé ïî óçëàì ξk
1 , . . . , ξ

k
r . Òàê êàê èç êîíòåê-

ñòà ÿñíî, êàêîìó ñåãìåíòó [tk, tk+1] áóäóò ïðèíàäëåæàòü óçëû ξk
1 , . . . , ξ

k
r ,

òî äîïîëíèòåëüíûå èíäåêñû, óêàçûâàþùèå ñåãìåíò, íèæå îïóñêàþòñÿ.
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Òåîðåìà 4.1 [44], [45]. Ñðåäè âñåâîçìîæíûõ êâàäðàòóðíûõ ôîðìóë
âèäà (4.2) îïòèìàëüíîé ïî ïîðÿäêó íà êëàññå W r(1) ÿâëÿåòñÿ ôîðìóëà

Jϕ =
N−1∑

k=1




t−k∫

t−k−1

Pr

(
ϕ(τ)

τ
, [t−k−1, t−k]

)
dτ +

tk+1∫

tk

Pr

(
ϕ(τ)

τ
, [tk, tk+1]

)
dτ


 +

+

t1∫

t−1

Pr

(
ϕ(τ)− ϕ(0)

τ

)
dτ + RN(ϕ). (4.3)

Åå ïîãðåøíîñòü

RN [Ψ] = (1 + o(1))
22r+1r!(r + 1)r+1

(2r)!rr+1N r
. (4.4)

Çàìå÷àíèå. Èç ñîïîñòàâëåíèÿ óòâåðæäåíèé òåîðåìû 4.1 è òåîðåìû 1.2
ñëåäóåò, ÷òî êâàäðàòóðíàÿ ôîðìóëà (4.3) àñèìòîòè÷åñêè îïòèìàëüíà ïðè
r = 1.

Äîêàçàòåëüñòâî òåîðåìû 4.1. Îöåíèì ïîãðåøíîñòü êâàäðàòóðíîé
ôîðìóëû (4.3). Ýòà ïîãðåøíîñòü ìîæåò áûòü îöåíåíà íåðàâåíñòâîì

|RN(ϕ)| ≤
∣∣∣∣∣∣

N−1∑

k=1

t−k∫

t−k−1

(
ϕ(τ)− ϕ(0)

τ
− Pr

(
ϕ(τ)− ϕ(0)

τ
, [t−k−1, t−k]

))
dτ +

+
N−1∑

k=1

tk+1∫

tk

(
ϕ(τ)− ϕ(0)

τ
− Pr

(
ϕ(τ)− ϕ(0)

τ
, [tk, tk+1]

))
dτ

∣∣∣∣∣∣
+

+

∣∣∣∣∣∣

t1∫

t−1

ϕ(τ)− ϕ(0)

τ
dτ −

t1∫

t−1

Pr

(
ϕ(τ)− ϕ(0)

τ

)
dτ

∣∣∣∣∣∣
≤

≤
∣∣∣∣∣∣

N−1∑

k=1

t−k∫

t−k−1

(
ϕ(τ)− Tr−1(ϕ, τ)

τ
− Pr

(
ϕ(τ)− Tr−1(ϕ, τ)

τ
, [t−k−1, t−k]

))
dτ

∣∣∣∣∣∣
+

+

∣∣∣∣∣∣

N−1∑

k=1

tk+1∫

tk

(
ϕ(τ)− Tr−1(ϕ, τ)

τ
− Pr

(
ϕ(τ)− Tr−1(ϕ, τ)

τ
, [tk, tk+1]

))
dτ

∣∣∣∣∣∣
+
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+

∣∣∣∣∣∣

t1∫

t−1

ϕ(τ)− Tr−1(ϕ, τ)

τ
dτ −

t1∫

t−1

Pr

(
ϕ(τ)− Tr−1(ϕ, τ)

τ
, [t−1, t1]

)
dτ

∣∣∣∣∣∣
=

= r1 + r2 + r3,

ãäå Tr−1(ϕ, τ) = ϕ(0)− ϕ′(0)
1! τ − · · · − ϕ(r−1)(0)

(r − 1)!
τ r−1.

Îöåíèì êàæäîå ñëàãàåìîå â îòäåëüíîñòè.
Îöåíèì r2 (r1 îöåíèâàåòñÿ àíàëîãè÷íî):

r2 =

∣∣∣∣∣∣

N−1∑

k=1

tk+1∫

tk

Rr

(
ϕ(τ)− Tr−1(ϕ, τ)

τ

)
dτ

∣∣∣∣∣∣
=

=

∣∣∣∣∣∣∣∣

N−1∑

k=1

tk+1∫

tk

Rr




1
(r−1)!

τ∫
0

ϕ(r)(v)(τ − v)r−1dv

τ


 dτ

∣∣∣∣∣∣∣∣
, (4.5)

ãäå Rr = E − Pr, E−òîæäåñòâåííûé îïåðàòîð.
Èç ëåììû 3.3. ãëàâû 1 ñëåäóåò, ÷òî

|f(x)− Pr(f, [−1, 1])| ≤ 1

(2r)!
max
−1<ζ<1

|f (r)(ζ)|.

Íåòðóäíî âèäåòü, ÷òî ïðè k 6= 0

max
τ∈[tk,tk+1]

∣∣∣∣∣∣∣


1

τ

τ∫

0

ϕ(r)(v)(τ − v)r−1dv




(r)
∣∣∣∣∣∣∣
≤ 1

|tk|
r−1∑
i=0

C i
r(r − 1)!.

Ïîýòîìó

r2 ≤

∣∣∣∣∣∣∣∣

N−1∑

k=1

tk+1∫

tk

Rr




1
(r−1)!

τ∫
0

ϕ(r)(v)(τ − v)r−1dv

τ


 dτ

∣∣∣∣∣∣∣∣
≤

≤ 1

(r − 1)!

N−1∑

k=1

2rr!(tk+1 − tk)
r+1

(2r)!
max

tk≤τ≤tk+1

∣∣∣∣∣∣∣


1

τ

τ∫

0

ϕ(r)(v)(τ − v)r−1dv




(r)
∣∣∣∣∣∣∣
≤
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≤ 2rr!

(r − 1)!(2r)!

r−1∑
i=0

C i
r(r − 1)!

N−1∑

k=1

(tk+1 − tk)
r+1

tk
=

=
2rr!

(2r)!

r−1∑
i=0

C i
r

N−1∑

k=1

(
((k + 1)/N)(r+1)/r − (k/N)(r+1)/r

)r+1

(k/N)(r+1)/r
=

=
2rr!(r + 1)r+1

(2r)!rr+1

r−1∑
i=0

Ci
rN

−r. (4.6)

Àíàëîãè÷íî

r1 =
2rr!(r + 1)r+1

(2r)!rr+1

r−1∑
i=0

C i
rN

−r. (4.7)

Îöåíèì ñëàãàåìîå r3 :

r3 =

∣∣∣∣∣∣

t1∫

t−1

Rr

(
ϕ(τ)− Tr−1(ϕ, τ)

τ

)
dτ

∣∣∣∣∣∣
≤

≤ 1

(r − 1)!

∣∣∣∣∣∣

t1∫

t−1

Rr


1

τ

τ∫

0

ϕ(r)(v)(τ − v)r−1dv


 dτ

∣∣∣∣∣∣
= v1.

Îöåíèì r − 1 ïðîèçâîäíóþ îò ôóíêöèè ψ(τ) =
1

τ

τ∫

0

ϕ(r)(v)(τ −

− v)r−1dv. Î÷åâèäíî, ïðè τ 6= 0
∣∣∣∣∣∣∣


1

τ

τ∫

0

ϕ(r)(v)(τ − v)r−1dv




(r−1)
∣∣∣∣∣∣∣
≤

r−1∑

i=0

C i
r−1

(r − 1)!

(r − i)
.

Ïðè τ = 0 ïîëîæèì ψ(0) = lim
t→0

ψ(t) = 0. Ïîñëåäîâàòåëüíûì äèô-
ôåðåíöèðîâàíèåì ìîæíî ïîêàçàòü, ÷òî ψ′(0) = · · · = ψ(r−2)(0) = 0,

ψ(r−1)(0) =
r−1∑
i=0

C i
r−1

(r−1)!
(r−i) .

Òîãäà

r3 ≤ 1

(r − 1)!(2r)!

r−1∑
i=0

C i
r−1

(r − 1)!

(r − i)
(t1 − t−1)

r =
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=
1

(2r)!

r−1∑
i=0

C i
r−1

(r − i)

((
1

N

)(r+1)/r

−
(−1

N

)(r+1)/r
)r

=

=
2rr!

(2r)!

r−1∑
i=0

C i
r−1

(r − i)
(1− (−1)(r+1)/r)rN−(r+1) = o(N−r). (4.8)

Ñîáèðàÿ îöåíêè (4.6)�(4.8), ïîëó÷àåì

RN [Ψ] = (1 + o(1))
2(r + 1)r+1

(2r)!rr+1

r−1∑
i=0

C i
rN

−r =

= (1 + o(1))
2r(r + 1)r+1

(2r)!rr+1N r
.

Òåîðåìà äîêàçàíà.
Cëåäñòâèåì òåîðåìû 4.1 ÿâëÿåòñÿ ñëåäóþùåå óòâåðæäåíèå, êîòîðîå

ïðèâîäèì áåç äîêàçàòåëüñòâà.
Òåîðåìà 4.2 [44], [45]. Êâàäðàòóðíàÿ ôîðìóëà

Jϕ =
N−1∑

k=1




t−k∫

t−k−1

Pr

(
ϕ(τ)− ϕ(0)

τ
, [t−k−1, t−k]

)
dτ+

+

tk+1∫

tk

Pr

(
ϕ(τ)− ϕ(0)

τ
, [tk, tk+1]

)
dτ


 +

+

t1∫

t−1

Pr

(
ϕ(τ)− ϕ(0)

τ
, [t−1, t1]

)
dτ + RN(ϕ)

òî÷íà äëÿ ïîëèíîìîâ 2r − 2− é ñòåïåíè. Ïîãðåøíîñòü ýòîé ôîðìóëû
îïðåäåëÿåòñÿ ðàâåíñòâîì (4.4).

5. Îïòèìàëüíûå ìåòîäû âû÷èñëåíèÿ ñèíãóëÿðíûõ èíòåãðàëîâ
íà áåñêîíå÷íîé ïðÿìîé

Â ýòîì ïàðàãðàôå èññëåäóþòñÿ ìåòîäû âû÷èñëåíèÿ ñèíãóëÿðíûõ èí-
òåãðàëîâ âèäà

Jϕ =

∞∫

−∞

ϕ(τ)

τ
dτ (5.1)
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íà êëàññàõ ôóíêöèé Hα,ρ è W r
ρ (1). Äëÿ îïðåäåëåííîñòè ïîëîæèì

ρ(t1, t2) = ρ1(t1, t2) = (ρ0(t1, t2))
λ ïðè îïðåäåëåíèè êëàññà Hα,ρ è ρ(t) =

= ρ1(t) = (ρ0(t))
λ ïðè îïðåäåëåíèè êëàññà W r

ρ (1). Îïèñàíèå âåñîâûõ
ôóíêöèé ρ0(t1, t2) è (ρ0(t)) ïðèâåäåíî âî âòîðîì ïàðàãðàôå ãëàâû 1.

Ïðè âû÷èñëåíèè èíòåãðàëîâ íà êëàññå Hα,ρ èñïîëüçóåòñÿ êâàäðàòóð-
íàÿ ôîðìóëà

Jϕ =
N∑

k=−N

′pkϕ(tk) + RN(tk, pk, ϕ), (5.2)

ãäå −∞ ≤ t−N < · · · < t−1 ≤ 0 ≤ t1 < · · · < tN ≤ ∞,
∑′ îçíà÷àåò

ñóììèðîâàíèå ïî k 6= 0.
Ââåäåì êâàäðàòóðíóþ ôîðìóëó

Jϕ =

N1−1∑

k=−N1

′′ϕ(t′k) ln(tk+1/tk)− 1

λ

M1−1∑

k=M0

ϕ(v′k)
(
(vk)

−λ − (vk+1)
−λ

)−

−1

λ

M1−1∑

k=M0

ϕ(v′−k)
(
(v−k−1)

−λ − (v−k)
−λ

)
+

1

λAλ
(ϕ(A)− ϕ(−A))+

+RN(ϕ), (5.3)

ãäå

t±k = ±(k/N1)
(1+α)/α, t′±k = (t±k + t±k±1)/2, k = 1, 2, . . . , N1,

v±k = ±(M1/k)(1+α)/(λ−α), k = M0,M0+1, . . . , M1; N2−2 ≤ M1−M0 ≤ N2,

M0 =
[
N2/(A

(λ−α)/(1+α) − 1)
]
,M1 =

[
A(λ−α)/(1+α)N2/(A

(λ−α)/(1+α) − 1)
]
,

v′±k = (v±k + v±k±1)/2, k = M0,M0 + 1, . . . , M1 − 1,

N1 =

[
N

(λ− α)A(λ−α)/(1+α)

λA(λ−α)/(1+α) − α

]
, N2 =

[
N

(A(λ−α)/(1+α) − 1)α

λA(λ−α)/(1+α) − α

]
,

N − 2 = N1 + N2 ≤ N,
∑′′ îçíà÷àåò ñóììèðîâàíèå ïî k 6= 0,−1,

[α]− öåëàÿ ÷àñòü ÷èñëà α.
Òåîðåìà 5.1 [42]. Ïóñòü Ψ = Hα,ρ(1). Ñðåäè âñåâîçìîæíûõ êâàäðà-

òóðíûõ ôîðìóë âèäà (5.2) àñèìïòîòè÷åñêè îïòèìàëüíîé ÿâëÿåòñÿ ôîìó-
ëà (5.3), èìåþùàÿ ïîãðåøíîñòü

RN [Ψ] = L(N),
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ãäå

L(N) = 2(1 + o(1))

[
(λA(λ−α)/(1+α) − α)α

Nα

(
C1(λ− α)−α

Aα(λ−α)/(1+α)+

+
C2α

−α

(A(λ−α)/(1+α) − 1)α

)
+

B(α + 1, λ− α)

Aλ−α

]
,

C1 =
(1 + α)α

2αα1+α
, C2 =

(
1 + α

λ− α

)1+α
(A(λ−α)/(1+α) − 1)1+α

Aλ−α2α(1 + α)
.

A =

(
2Nα(λ− α)(α+1)/α

λ(1 + α)
(B(α + 1, λ− α))1/α +

α

λ

)(1+α)/(λ−α)

,

B(α, λ)− áåòà-ôóíêöèÿ.
Äîêàçàòåëüñòâî òåîðåìû 5.1. Âíà÷àëå îñòàíîâèìñÿ íà îöåíêå ñíè-

çó âåëè÷èíû ζN [Ψ]. Ó÷èòûâàÿ ñèììåòðè÷íîñòü êâàäðàòóðíîé ôîðìóëû
(5.2), äîñòàòî÷íî îãðàíè÷èòüñÿ ðàññìîòðåíèåì ïðîìåæóòêà [0,∞). Ïðåä-
ïîëîæèì, ÷òî óçëû êâàäðàòóðíîé ôîðìóëû (5.2) ðàñïîëîæåíû íà ñåã-
ìåíòå [−A,A], è ðàçîáüåì ïðîìåæóòîê [0,∞) íà òðè ÷àñòè: [0, 1], [1, A],
[A,∞). Ïóñòü N1 � ÷èñëî óçëîâ tk êâàäðàòóðíîé ôîðìóëû (5.2), ðàñïî-
ëîæåííûõ íà ñåãìåíòå [0, 1], N2 � ÷èñëî óçëîâ tk êâàäðàòóðíîé ôîðìóëû
(5.2), ðàñïîëîæåííûõ íà ñåãìåíòå [1, A]. Äëÿ îïðåäåëåííîñòè áóäåì ñ÷è-
òàòü, ÷òî N1 + N2 = N.

Ïîâòîðÿÿ ðàññóæäåíèÿ, ïðîâåäåííûå â �1, óáåæäàåìñÿ â òîì, ÷òî ïðè
ïðîèçâîëüíûõ óçëàõ tk, 1 ≤ k ≤ N1, 0 ≤ tk ≤ 1,

sup

1∫

0

ϕ(τ)

τ
≥ (1 + o(1))(1 + α)α/2αα1+αNα

1 , (5.4)

ãäå supremum áåðåòñÿ ïî âñåâîçìîæíûì ôóíêöèÿì ϕ(τ), ïðèíàäëåæà-
ùèì êëàññó Hα(1) íà ñåãìåíòå [0, 1] è îáðàùàþùèìñÿ â íóëü â òî÷êàõ
0, tk, 1 ≤ k ≤ N1.

Ðàññìîòðèì èíòåãðàë
A∫

1

f(τ)

τ
dτ.
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Âîñïîëüçîâàâøèñü óòâåðæäåíèÿìè òåîðåìû 3.26, ïðèâåäåííîé â ãëàâå
1, èìååì

sup

A∫

1

ϕ(τ)

τλ+1 dτ ≥

≥ (1 + o(1))

(
1 + α

λ− α

)1+α
(A(λ−α)/(1+α) − 1)1+α

Aλ−α2α(1 + α)Nα
2

, (5.5)

ãäå supremum áåðåòñÿ ïî âñåâîçìîæíûì ôóíêöèÿì ϕ(t) ∈ Hα(1), îáðà-
ùàþùèìñÿ â íóëü â òî÷êàõ 1, A è óçëàõ tk, ðàñïîëîæåííûõ íà ñåãìåíòå
[1, A].

Âîñïîëüçîâàâøèñü ôîðìóëîé (24) íà c.298 ìîíîãðàôèè [126], ïðèõî-
äèì ê íåðàâåíñòâó

sup

∞∫

A

ϕ(τ)

τλ+1 dτ ≥
∞∫

A

(τ − A)α

τλ+1 dτ =

=

∞∫

0

τα

(τ + A)λ+1dτ = Aα−λB(α + 1, λ− α), (5.6)

ãäå B(α, β) =
Γ(α)Γ(β)

Γ(α + β)
�áåòà-ôóíêöèÿ, Γ(α)� ãàììà-ôóíêöèÿ, à

supremum áåðåòñÿ ïî âñåâîçìîæíûì ôóíêöèÿì ϕ(τ) ∈ Hα(1) è îáðàùà-
þùèìñÿ â íóëü â óçëàõ tk, 1 ≤ k ≤ N è â òî÷êå A.

Íàéäåì íàèëó÷øåå ðàñïðåäåëåíèå óçëîâ N1 è N2 íà ñåãìåíòàõ [0, 1] è
[1, A]. Äëÿ ýòîãî íóæíî íàéòè ìèíèìóì ôóíêöèè

V (N1, N2) = C1N
−α
1 + C2N

−α
2 + Aα−λB(α + 1, λ− α)

ïðè äîïîëíèòåëüíîì óñëîâèè N1 + N2 = N. Çäåñü

C1 =
(1 + α)α

2αα1+α
, C2 =

(
1 + α

λ− α

)1+α
1

Aλ−α
(A(λ−α)/(1+α) − 1)1+α 1

2α(1 + α)
.

Ðåøàÿ çàäà÷ó íà óñëîâíûé ýêñòðåìóì, èìååì:

N1 =

[
N

(λ− α)A(λ−α)/(1+α)

λA(λ−α)/(1+α) − α

]
, N2 =

[
N

(A(λ−α)/(1+α) − 1)α

λA(λ−α)/(1+α) − α

]
,
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A =

(
2Nα(λ− α)(α+1)/α

λ(1 + α)
(B(α + 1, λ− α))1/α +

α

λ

)(1+α)/(λ−α)

. (5.7)

Òàêèì îáðàçîì, ζN [Ψ] = L(N). Îöåíêà ñíèçó ïîëó÷åíà.
Îöåíèì ïîãðåøíîñòü êâàäðàòóðíîé ôîðìóëû (5.3). Íåòðóäíî âèäåòü,

÷òî

|RN(ϕ)| ≤
∣∣∣∣∣∣

t1∫

t−1

ϕ(τ)

τ
dτ −

t1∫

t−1

ϕ(0)

τ
dτ

∣∣∣∣∣∣
+ 2

N1−1∑

k=1

∣∣∣∣∣∣

tk+1∫

tk

ϕ(τ)− ϕ(t′k)
τ

dτ

∣∣∣∣∣∣
+

+2

M1−1∑

k=M0

∣∣∣∣∣∣

vk∫

vk+1

ϕ(τ)− ϕ(v′k)
τ 1+λ

dτ

∣∣∣∣∣∣
+ 2

∣∣∣∣∣∣

∞∫

A

(τ − A)α

τ 1+λ
dτ

∣∣∣∣∣∣
=

= r1 + r2 + r3 + r4. (5.8)

Îöåíèì êàæäîå ñëàãàåìîå r1, r2, r3, r4 â îòäåëüíîñòè. Ñëàãàåìûå r1 è
r2 áûëè îöåíåíû â ðàçä. 1:

r1 = 2N
−(1+α)
1 α−1 = o(N−α

1 ), (5.9)

r2 = (1 + o(1))21−α(1 + α)α/α1+αNα
1 . (5.10)

Î÷åâèäíî,

r3 ≤ 2

M1−1∑

k=M0

1

v1+λ
k+1

(
vk − vk+1

2

)1+α
2

1 + α
=

= (1 + o(1))
21−α

1 + α

(
1 + α

λ− α

)1+α
1

Nα
2

(A(λ−α)/(1+α) − 1)1+α

Aλ−α
; (5.11)

r4 = 2

∞∫

A

(τ − A)α

τ 1+λ
dτ =

2B(α + 1, λ− α)

Aλ−α
. (5.12)

Èç ïîëó÷åííûõ îöåíîê (5.9)�(5.12) èìååì RN [Ψ] ≤ L(N).
Ñîïîñòàâëÿÿ ýòó îöåíêó ñ îöåíêîé ñíèçó, óáåæäàåìñÿ â ñïðàâåäëèâî-

ñòè òåîðåìû .
Èíòåãðàë (5.1) íà êëàññå ôóíêöèé W r

ρ (1) áóäåì âû÷èñëÿòü ïî êâàä-
ðàòóðíîé ôîðìóëå

Jϕ =
N∑

k=−N

β∑

l=0

pklϕ
(l)(tk) + RN(ϕ), (5.13)

105



ãäå −A ≤ t−N < · · · < t−1 < t0 < t1 < · · · < tN ≤ A, 0 ≤ β ≤ r.
Â ïàðàãðàôå 1 (ñì. ðàçä. 1.1) îïèñàíî ïîñòðîåíèå ïîëèíîìà

f̃(σ, [vk, vk+1]), àïïðîêñèìèðóþùåãî ôóíêöèþ f(σ) íà ñåãìåíòå [vk, vk+1].
Teoðeìà 5.2 [42]. Ñðåäè âñåâîçìîæíûõ êâàäðàòóðíûõ ôîðìóë âèäà

(5.13) íà êëàññå W r
ρ (1) ïðè β = r − 1 (r = 1, 2, . . . ) àñèìïòîòè÷åñêè

îïòèìàëüíîé ÿâëÿåòñÿ êâàäðàòóðíàÿ ôîðìóëà

Jϕ =
M−1∑

k=1




tk+1∫

tk

f̃(τ, [tk, tk+1])

τ
dτ +

t−k∫

t−k−1

f̃(τ, [t−k−1, t−k])

τ
dτ


 +

+
r−1∑

k=1

f (k)(0)

k!k
M−k(r+1)/r

(
1− (−1)k

)
+

+

M1−1∑

k=M0




vk∫

vk+1

f̃(τ, [vk+1, vk])

τ
dτ +

v−k−1∫

v−k

f̃(τ, [v−k, v−k−1])

τ
dτ


 +

+
r−1∑

k=0

ϕ(k)(A)− (−1)kϕ(k)(−A)

k!
· D(k, λ)

(λ− k)Aλ−k
+ RN(ϕ), (5.14)

ãäå

t±k = ±
(

k

M

)(r+1)/r

, k = 0, 1, . . . , M,

v±k = ±
(

M1

k

)(r+1)/(λ−r)

, k = M0,M0 + 1, . . . , M1,

M0 =

[
n

A(λ−r)/(r+1) − 1

]
, M1 =

[
nA(λ−r)/(r+1)

A(λ−r)/(r+1) − 1

]
,

n =

[
r
(
A(λ−r)/(r+1) − 1

)

λA(λ−r)/(r+1) − r
N

]
, M =

[
A(λ−r)/(r+1)(λ− r)

λA(λ−r)/(r+1) − r
N

]
,

D(r, λ) =
r∑

k=0

r!(−1)k(λ− r)

k!(r − k)!(λ− r + k)
.

Ïîãðåøíîñòü êâàäðàòóðíîé ôîðìóëû (5.14) ðàâíà

RN [Ψ] = (1 + o(1))
(r + 1)r+1

22r−1rrr!(λ− r)r

(
C1(r + 1)

C2r
+

λr

λ− r

)
1

N r
,
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ãäå
C1 =

D(r, λ)

(λ− r)r!
, C2 =

(r + 1)r+1

(λ− r)r+14rrrr!
.

Äîêàçàòåëüñòâî òåîðåìû 5.2. Âíà÷àëå îñòàíîâèìñÿ íà îöåíêå ñíè-
çó. Ó÷èòûâàÿ ñèììåòðè÷íîñòü ôîðìóëû (5.13), äîñòàòî÷íî îãðàíè÷èòü-
ñÿ ðàññìîòðåíèåì ïðîìåæóòêà [0,∞) ïðè óñëîâèè f(0) = 0. Ïóñòü óçëû
êâàäðàòóðíîé ôîðìóëû (5.13) ðàñïîëîæåíû íà ñåãìåíòå [0, A] è ïðîìå-
æóòîê [0,∞) ðàçáèò íà òðè ÷àñòè: [0, 1], [1, A], [A,∞). Îáîçíà÷èì ÷åðåç
M ÷èñëî óçëîâ tk êâàäðàòóðíîé ôîðìóëû (5.13), ðàñïîëîæåííûõ íà ñåã-
ìåíòå [0, 1], n1 = M1 − M0 + 1− ÷èñëî óçëîâ vk, ðàñïîëîæåííûõ íà
ñåãìåíòå [1, A]. Î÷åâèäíî, M + n1 = N, n1 = n èëè n1 = n + 1.

Â ðàçä. 1 áûëî ïîêàçàíî, ÷òî ïðè âû÷èñëåíèè èíòåãðàëà
1∫
0

f(τ)
τ dτ íà

êëàññå ôóíêöèé W r(1) ñïðàâåäëèâà îöåíêà

ζM(W r(1)) ≥ (1 + o(1))((r + 1)/r)r+1/4rr! M r. (5.15)

Ðàññìîòðèì èíòåãðàë
A∫

1

f(τ)

τ
dτ.

Ââåäåì îáîçíà÷åíèÿ:

v∗k =

(
M1

M0 + k[ ln n]

)(r+1)/(λ−r)

, k = 0, 1, . . . , s,

v∗s+1 = 1, s = [(M1 −M0)/[ln n]];

Nk− ÷èñëî óçëîâ êâàäðàòóðíîé ôîðìóëû â ñåãìåíòå ∆k = [v∗k, v
∗
k+1]; k =

0, 1, . . . , s, f+(t) = (f(t) + |f(t)|)/2, f−(t) = (f(t) − |f(t)|)/2; {wk}−
îáúåäèíåíèå óçëîâ {v∗k} è óçëîâ {tk}, ïðèíàäëåæàùèõ [1, A].

Ïðè ïîëó÷åíèè îöåíêè ñíèçó íà ñåãìåíòå [1, A] ïîñòðîèì ôóíêöèþ
ϕ∗(t), ïðèíàäëåæàùóþ êëàññó W r

ρ (1), îáðàùàþùóþñÿ â íóëü âìåñòå ñî
ñâîèìè ïðîèçâîäíûìè äî r − 1 ïîðÿäêà âêëþ÷èòåëüíî â óçëàõ wk, k =
= 1, . . . , M1 −M0 + s + 1 è óäîâëåòâîðÿþùóþ íåðàâåíñòâó

v∗k∫

v∗k+1

ϕ∗(τ)dτ ≥ 0.
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Tîãäà
A∫

1

ϕ∗(τ)

τ
dτ =

s∑

k=0

v∗k∫

v∗k+1

ϕ∗(τ)

τλ+1 dτ ≥

≥
s∑

k=0

1

(v∗k)λ+1

v∗k∫

v∗k+1

ϕ∗(τ)dτ +
s∑

k=0

(v∗k)
λ+1 − (v∗k+1)

λ+1

(v∗k v∗k+1)
λ+1

v∗k∫

v∗k+1

ϕ∗−(τ)dτ =

= I3 + I4.

Èñïîëüçóÿ òåîðåìó 3.19 ãëàâû 1 è ëåììó Ñ.À. Ñìîëÿêà, ïîëó÷àåì îöåíêó

sup
ϕ∗∈W r(1);ϕ(j)(vi)=0

v∗k∫

v∗k+1

ϕ∗(τ)dτ ≥
(
v∗k − v∗k+1

)r+1

r!
[
4(Nk + 1) + 2 r

√
r + 1

]r .

Òîãäà

I3 =
s∑

k=0

1

(v∗k)λ+1

v∗k∫

v∗k+1

ϕ∗(τ)dτ ≥

≥ [ ln n]r+1(A(λ−r)/(r+1) − 1)r+1

nr+1Aλ−rr!

(
r + 1

λ− r

)r+1

×

×
s∑

k=0

1

[4(Nk + 1) + 2 r
√

r + 1 ]r
.

Îñòàëîñü íàéòè ðàñïðåäåëåíèå óçëîâ Nk, ìèíèìèçèðóþùèõ ñóììó

V =
s∑

k=0

1

[4(Nk + 1) + 2 r
√

r + 1 ]r

ïðè óñëîâèè
s∑

k=0

Nk = n.

Ñòàíäàðòíûå ìåòîäû ìàòåìàòè÷åñêîãî àíàëèçà äàþò âîçìîæíîñòü îá-
íàðóæèòü, ÷òî òî÷êà

N0 = · · · = Ns = [ ln n]
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äîñòàâëÿåò ìèíèìóì ñóììå V ïðè óñëîâèè öåëî÷èñëåííîñòè çíà÷åíèé
Nk, k = 0, 1, . . . , s. Ñëåäîâàòåëüíî,

I3 ≥ (A(λ−r)/(r+1) − 1)r+1

nrAλ−rr!4r

(
r + 1

λ− r

)r+1

(1 + o(1)).

Îöåíèì I4:

I4 =
s∑

k=0

(v∗k)
λ+1 − (v∗k+1)

λ+1

(v∗k v∗k+1)
λ+1

v∗k∫

v∗k+1

ϕ∗−(τ)dτ ≤

≤
s∑

k=0

[ ln n](r+1)(λ+1)/(λ−r)k(2r+2rλ−λ2−1)/(λ−r)

M
(r+1)(λ+1)/(λ−r)
1

v∗k∫

v∗k+1

ϕ∗−(τ)dτ.

Ïî ïîñòðîåíèþ â êàæäîì ñåãìåíòå [v∗k+1, v
∗
k] èìååòñÿ, ïî êðàéíåé ìåðå,

ïî îäíîìó óçëó, â êîòîðîì ôóíêöèÿ ϕ∗(t) âìåñòå ñ åå ïðîèçâîäíûìè äî
r − 1 ïîðÿäêà îáðàùàåòñÿ â íóëü.

Âîçüìåì â êàæäîì ñåãìåíòå ïî îäíîìó òàêîìó óçëó è îáîçíà÷èì åãî
÷åðåç v∗∗k (k = 0, 1, . . . , s). Â ñåãìåíòå [v∗k+1, v

∗
k] ôóíêöèÿ ϕ∗(t) ìîæåò áûòü

ïðåäñòàâëåíà â âèäå

ϕ∗(τ) =
1

(r − 1)!

τ∫

v∗∗k

(τ − t)r−1ϕ∗(r)(t)dt

è, ñëåäîâàòåëüíî,
∣∣∣∣∣∣∣

v∗k∫

v∗k+1

ϕ∗−(τ)dτ

∣∣∣∣∣∣∣
≤

v∗k∫

v∗k+1

|ϕ∗(τ)|dτ ≤ 1

(r + 1)!
(v∗k − v∗k+1)

r+1.

Ïîýòîìó |I4| = o(n−r).
Îòñþäà è èç îöåíêè I3 ñëåäóåò, ÷òî âåðõíÿÿ ãðàíü îöåíêè ñíèçó âû-

÷èñëåíèÿ èíòåãðàëà íà ñåãìåíòå [1, A] ïî ðàçëè÷íûì êâàäðàòóðíûì ôîð-
ìóëàì, èñïîëüçóþùèì M1 −M0 + 1 óçëîâ, íå ìåíüøå âåëè÷èíû

(1 + o(1))
(A(λ−r)/(r+1) − 1)r+1

nrAλ−rr! 4r

(
r + 1

λ− r

)r+1

. (5.16)
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Ðàññìîòðèì èíòåãðàë
∞∫

A

f(τ)

τ
dτ .

Èñïîëüçóÿ ôîðìóëó (24) íà ñ.298 êíèãè [126], ïðèõîäèì ê íåðàâåíñòâó:

sup
ϕ∈W r

ρ (1)

∞∫

A

ϕ(τ)

τλ+1 dτ ≥ 1

r!

∞∫

A

(τ − A)r

τλ+1 dτ =
D(r, λ)

r! (λ− r)Aλ−r
, (5.17)

ãäe

D(r, λ) =
r∑

k=0

r!(−1)k(λ− r)

k!(r − k)!(λ− r + k)

êîíñòàíòà, êîòîðàÿ çàâèñèò îò r è λ.
Íàéäåì íàèëó÷øåå ðàñïðåäåëåíèå óçëîâ M è n ìåæäó ñåãìåíòàìè

[0, 1] è [1, A]. Äëÿ ýòîãî íóæíî íàéòè ìèíèìóì ôóíêöèè

F (n,M) =
(r + 1)r+1

4rr! rr+1M r
+

+
(A(λ−r)/(r+1) − 1)r+1(r + 1)r+1

4rr! nrAλ−r(λ− r)r+1 +
D(r, λ)

r!(λ− r)Aλ−r

ïðè óñëîâèè n + M = N. Ìèíèìóì äîñòèãàåòñÿ ïðè

n =

[
(A(λ−r)/(r+1) − 1)r

A(λ−r)/(r+1)λ− r
N

]
, M =

[
A(λ−r)/(r+1)(λ− r)

A(λ−r)/(r+1)λ− r
N

]
.

A =

(
4Nr(λ− r)

λ(r + 1)(r+1)/r
(D(r, λ))1/r +

r

λ

)(r+1)/(λ−r)

. (5.18)

Èç ñîîòíîøåíèé (5.15)�(5.18) ñëåäóåò îöåíêà ñíèçó

ζN [Ψ] ≥ (1 + o(1))(r + 1)r+1

22r−1rrr! (λ− r)r

(
C1(r + 1)

C2r
+

λr

λ− r

)
1

N r
.

Îöåíèì ïîãðåøíîñòü êâàäðàòóðíîé ôîðìóëû (5.14)

|RN(ϕ)| ≤ 2

∣∣∣∣∣∣

M−1∑

k=1

tk+1∫

tk

ϕ(τ)− ϕ̃(τ, [tk, tk+1])

τ
dτ

∣∣∣∣∣∣
+
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+

∣∣∣∣∣∣

t1∫

t−1

ϕ(τ)

τ
dτ −

r−1∑

k=1

ϕ(k)(0)

k! k
M−k(r+1)/r(1− (−1)k)

∣∣∣∣∣∣
+

+2

∣∣∣∣∣∣

M1−1∑

k=M0

vk∫

vk+1

ϕ(τ)− ϕ̃(τ, [vk+1, vk])

τλ+1 dτ

∣∣∣∣∣∣
+

+2

∣∣∣∣∣∣
1

r!

∞∫

A

ϕ(τ)− Tr(ϕ, [A,∞), A)

τλ+1 dτ

∣∣∣∣∣∣
=

= r1 + r2 + r3 + r4 .

Â ðàçä. 1 áûëè ïîëó÷åíû îöåíêè

r1 ≤ (1 + o(1))
(r + 1)r+1

22r−1rr+1r! M r
, (5.19)

r2 =

∣∣∣∣∣∣

t1∫

t−1

1

τ

(
f(τ)−

r−1∑

k=0

f (k)(0)τ k

k!

)
dτ

∣∣∣∣∣∣
= o(M−r), (5.20)

r3 ≤ 2

∣∣∣∣∣∣

M1∑

k=M0

vk∫

vk+1

ϕ(τ)− ϕ̃(τ, [vk+1, vk])

τλ+1 dτ

∣∣∣∣∣∣
=

= 2

∣∣∣∣∣∣

M1∑

k=M0

vk∫

vk+1

1

τλ+1


 1

(r − 1)!

vk∫

vk+1

Kr(τ − v)ϕ(r)(v)dv−

−
r−1∑

l=0

Bkl

(r − l − 1)!

vk∫

vk+1

Kr−l(vk − v)ϕ(r)(v)dv


 dτ

∣∣∣∣∣∣
≤

≤ 2

r!

M1∑

k=M0

1

vλ+1
k+1

vk∫

vk+1

∣∣∣∣∣(vk − v)r −
r−1∑

l=0

r!Bkl(vk − vk+1)(vk − v)r−l−1

(r − l − 1)!

∣∣∣∣∣ dv.

Òîãäà

r3 ≤ 2

r!

M1∑

k=M0

1

vλ+1
k+1

2((vk − vk+1)/2)r+1Rr1(1)

r + 1
=
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=
2

r!4r

M1∑

k=M0

(vk − vk+1)
r+1

vλ+1
k+1

=

=
2(A(λ−r)/(r+1) − 1)r+1

r!4rnrAλ−r

(
r + 1

λ− r

)r+1

=

=
(A(λ−r)/(r+1) − 1)(A(λ−r)/(r+1)λ− r)r(r + 1)r+1

22r−1r! Aλ−rrr(λ− r)r+1N r
. (5.21)

Â êà÷åñòâå ôóíêöèè ϕ(t) ∈ W r
ρ (1), äîñòàâëÿþùåé ìàêñèìóì èíòåãðà-

ëó
∞∫

A

ϕ(τ)− Tr(ϕ, [0,∞), A)

τ 1+λ
dτ,

åñòåñòâåííî âçÿòü ϕ(τ) = 1
r!(τ − A)r. Â ðåçóëüòàòå èìååì

r4 =
2

r!

∞∫

A

(τ − A)r

τλ+1 dτ =
2D(r, λ)

r!(λ− r)Aλ−r
. (5.22)

Èç îöåíîê (5.19) � (5.22) ìû ïîëó÷àåì

RN [Ψ] ≤ (1 + o(1))
(r + 1)r+1

22r−1rrr!(λ− r)r

(
C1(r + 1)

C2r
+

λr

λ− r

)
1

N r
.

Ñîïîñòàâëÿÿ ýòó îöåíêó ñ îöåíêîé ñíèçó, óáåæäàåìñÿ â ñïðàâåäëèâî-
ñòè òåîðåìû.
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ÃËÀÂÀ 3

ÑÈÍÃÓËßÐÍÛÅ ÈÍÒÅÃÐÀËÛ Ñ ßÄÐÀÌÈ ÊÎØÈ È
ÃÈËÜÁÅÐÒÀ

1. Êëàññ W rHα

1.1. Àñèìïòîòè÷åñêè îïòèìàëüíûå ïàññèâíûå àëãîðèòìû íà
êëàññå Hα(1)

Ðàññìîòðèì ñèíãóëÿðíûé èíòåãðàë ñ ÿäðîì Ãèëüáåðòà âèäà

Fϕ =
1

2π

2π∫

0

ϕ(σ)ctg
σ − s

2
dσ,

êîòîðûé áóäåì âû÷èñëÿòü ïî ê.ô. âèäà

Fϕ =
N∑

k=1

ϕ(sk)pk(s) + RN(s, sk, pk(s), ϕ) (1.1)

ñ óçëàìè 0 ≤ sk ≤ 2π è âåñàìè pk(s), k = 1, 2, · · · , N , è ñèíãóëÿðíûé
èíòåãðàë ñ ÿäðîì Êîøè âèäà

Tϕ =

1∫

−1

ϕ(τ)dτ

τ − t
(t ∈ (−1, 1)),

êîòîðûé áóäåì âû÷èñëÿòü ïî ê.ô. âèäà

Tϕ =
N∑

k=−N

ϕ(tk)pk(t) + RN(t, tk, pk(t), ϕ), (1.2)

ãäå −1 ≤ t−N < · · · < t−1 < t0 < t1 < · · · < tN ≤ 1.

1.1.1. Ôîðìóëèðîâêè òåîðåì
Òåîðåìà 1.1 [29], [36]. Ïóñòü Ψ = Hα(1) (0 < α ≤ 1). Òîãäà ñðå-

äè âñåâîçìîæíûõ ê.ô. âèäà (1.1) àñèìïòîòè÷åñêè îïòèìàëüíîé ÿâëÿåòñÿ
ôîðìóëà

Fϕ =
1

2π

N∑

k=1

′
tk∫

tk−1

ϕ(t′k−1)ctg
σ − s

2
dσ +

1

2π

tv+1∫

tv−2

ϕ(t′v−1)ctg
σ − s

2
dσ+
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+RN(s, ϕ), (1.3)

ãäå tk = 2kπ/N , t′k = (2k + 1)π/N , k = 0, 1, · · · , N ,
∑′ îçíà÷àåò, ÷òî

ñóììèðîâàíèå âåäåòñÿ ïî âñåì k 6= v, v ± 1, s ∈ [tv−1, tv). Ïîãðåøíîñòü
ê.ô. (1.3) ðàâíà RN [Ψ] = 2 ln N/π1−α(1 + α)Nα + O(N−α).

Òåîðåìà 1.2 [29], [36]. Ïóñòü Ψ = Hω, ãäå ω(σ) ∈ Φ. Òîãäà ñðåäè âñå-
âîçìîæíûõ ê.ô., èñïîëüçóþùèõ N çíà÷åíèé ïîäûíòåãðàëüíîé ôóíêöèè,
àñèìïòîòè÷åñêè îïòèìàëüíîé ÿâëÿåòñÿ ôîðìóëà (1.3). Ïîãðåøíîñòü ýòîé
ôîðìóëû ðàâíà

RN [Ψ] =
2N(ln N + o(1))

π2

π/N∫

0

ω(σ)dσ.

Òåîðåìà 1.3 [29], [36]. Ïóñòü Ψ = Hα(1) (0 < α ≤ 1). Òîãäà ñðåäè
âñåâîçìîæíûõ ê.ô. âèäà (1.2) ôîðìóëà

Tϕ = ϕ(t0)

t0∫

−1

dτ

τ − t
+ ϕ(t2N)

1∫

t2N

dτ

τ − t
+ ϕ(t′j)

tj+2∫

tj−1

dτ

τ − t
+

+
2N−1∑

k=0

′ϕ(t′k)

tk+1∫

tk

dτ

τ − t
+ RN(ϕ), (1.4)

ãäå tk = −1 + (2k + 1)/(2N + 1), t′k = tk + 1/(2N + 1), k = 0, 1, · · · , 2N ,
t ∈ [tj, tj+1), j = 1, 2, · · · , 2N − 1,

∑′ îçíà÷àåò ñóììèðîâàíèå ïî
k 6= j − 1, j, j + 1, ÿâëÿåòñÿ àñèìïòîòè÷åñêè îïòèìàëüíîé ïðè
−1+3/(2N +1) ≤ t ≤ 1−3/(2N +1). Â ýòîì ñëó÷àå ïîãðåøíîñòü RN [Ψ]
ðàâíà RN [Ψ] = (1 + o(1))21−α ln N/(1 + α)Nα.

Çàìå÷àíèå. Òåîðåìà ñïðàâåäëèâà è ïðè ÷åòíîì ÷èñëå óçëîâ.
Òåîðåìà 1.4 [29], [36]. Ïóñòü Ψ = Hω, ãäå ω ∈ Φ è, êðîìå òîãî,

ÿâëÿåòñÿ âûïóêëîé ââåðõ ôóíêöèåé íà ñåãìåíòå [−1, 1]. Òîãäà ñðåäè âñå-
âîçìîæíûõ ê.ô. âèäà (1.2) ôîðìóëà

Tϕ = ϕ(t0)

t0∫

−1

dτ

τ − t
+ ϕ(t2N)

1∫

t2N

dτ

τ − t
+

2N−1∑

k=0

′ϕ(t′k)

tk+1∫

tk

dτ

τ − t
+

+ϕ(t′j−1)

t−d∫

tj−1

dτ

τ − t
+ ϕ(t′j+1)

tj+2∫

t+d

dτ

τ − t
+ RN(ϕ), (1.5)
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ãäå tk = −1 + (2k + 1)/(2N + 1), t′k = tk + 1/(2N + 1), k = 0, 1, · · · , 2N ,
t ∈ [tj, tj+1), j = 1, 2, · · · , 2N − 1, d = 1/(2N + 1),

∑′ îçíà÷àåò ñóì-
ìèðîâàíèå ïî k 6= j − 1, j, j + 1, ÿâëÿåòñÿ àñèìïòîòè÷åñêè îïòèìàëüíîé
ïðè −1 + 3/(2N + 1) ≤ t ≤ 1 − 3/(2N + 1). Åå ïîãðåøíîñòü ðàâíà

RN [Ψ] = (1 + o(1))2(2N + 1) ln N
1/(2N+1)∫

0
ω(t)dt.

Çàìå÷àíèå. Òåîðåìà ñïðàâåäëèâà è ïðè ÷åòíîì ÷èñëå óçëîâ.
Ïîñòðîèì àñèìïòîòè÷åñêè îïòèìàëüíûå êâàäðàòóðíûå ôîðìóëû âû-

÷èñëåíèÿ èíòåãðàëîâ Tϕ ïðè −1 < t < 1. Ðàññìîòðèì ñèíãóëÿðíûé
èíòåãðàë Tϕ íà êëàññå ôóíêöèé Hα, 0 < α ≤ 1. Ðàçîáüåì ñåãìåíò [−1, 1]
íà 2N ÷àñòåé òî÷êàìè tk = −1 + k/N, k = 0, 1, . . . , 2N è îáîçíà÷èì ÷å-
ðåç ∆k ñåãìåíòû ∆k = [tk, tk+1], k = 0, 1, . . . , 2N. Ââåäåì êâàäðàòóðíóþ
ôîðìóëó

Tϕ = RN(ϕ)+

+





2N−1∑
k=0

′ϕ(t′k)
tk+1∫
tk

dτ
τ−t + ϕ(t′j)

tj+2∫
tj−1

dτ
τ−t ïðè t1 < t < t2N−1;

ϕ(t0)
t2∫
t0

dτ
τ−t +

2N−1∑
k=2

ϕ(t′k)
tk+1∫
tk

dτ
τ−t ïðè t0 < t ≤ t1;

2N−3∑
k=0

ϕ(t′k)
tk+1∫
tk

dτ
τ−t + ϕ(t2N)

t2N∫
t2N−2

dτ
τ−t ïðè t2N−1 ≤ t < t2N ,

(1.6)

ãäå t ∈ [tj, tj+1). Çíàê
∑′ îçíà÷àåò ñóììèðîâàíèå ïî k 6= j − 1, j, j + 1,

t′k = (tk + tk+1)/2.
Òåîðåìà 1.5 [36]. Ïóñòü Ψ = Hα(1), (0 < α ≤ 1), −1 < t < 1. Òîãäà

ñðåäè âñåâîçìîæíûõ ê.ô. âèäà (1.2) ôîðìóëà (1.6) ÿâëÿåòñÿ àñèìïòîòè-
÷åñêè îïòèìàëüíîé. Ïîãðåøíîñòü RN [Ψ] ðàâíà

RN [Ψ] = (1 + o(1))21−α ln N/(1 + α)Nα. (1.7)

Òåîðåìà 1.6 [36]. Ïóñòü Ψ = Hw, (w ∈ Φ). Òîãäà ñðåäè âñåâîçìîæíûõ
ê.ô. âèäà (1.2) ôîðìóëà (1.6) ÿâëÿåòñÿ àñèìïòîòè÷åñêè îïòèìàëüíîé. Åå
ïîãðåøíîñòü ðàâíà

RN [Ψ] = (1 + o(1))2(2N + 1)

1/(2N+1)∫

0

w(t)dt ln N.
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Òåîðåìà 1.7 [29]. Ïóñòü Ψ = Hα(1), 0 < α < 1. Òîãäà ñðåäè âñåâîç-
ìîæíûõ ê.ô. âèäà (1.1) àñèìïòîòè÷åñêè îïòèìàëüíîé ÿâëÿåòñÿ ôîðìóëà

Fϕ =
1

2π

N∑

k=1

tk∫

tk−1

ϕ(t′k−1)ctg
σ − t′j

2
dσ + RN(ϕ), (1.8)

ãäå tk = 2kπ/N, t′k = (2k+1)π/N, k = 0, 1, . . . , N, s ∈ [tj, tj+1). Ïîãðåø-
íîñòü ýòîé ôîðìóëû ðàâíà RN [Ψ] = 2 ln N/π1−α(1 + α)Nα + o(N−α).

Òåîðåìà 1.8. Ïóñòü Ψ = Hα(1), 0 < α < 1. Ñðåäè âñåâîçìîæíûõ
ê.ô. âèäà (1.2) àñèìïòîòè÷åñêè îïòèìàëüíîé ÿâëÿåòñÿ ôîðìóëà

Tϕ =
N−1∑

k=0

ϕ(t′k)

tk+1∫

tk

dτ

τ − t′j
+ RN(ϕ),

ãäå tk = −1 + 2k/N, t′k = (tk + tk+1)/2, t ∈ [−1 + σ, 1 − σ], t ∈ [tj, tj+1),
σ = const > 0. Ïîãðåøíîñòü ýòîé ôîðìóëû ðàâíà

RN(Ψ) =
(1 + o(1))2 ln N

(1 + α)Nα
.

1.1.2. Äîêàçàòåëüñòâà òåîðåì

Äîêàçàòåëüñòâî òåîðåìû 1.1. Âíà÷àëå íàéäåì îöåíêó ñíèçó âåðõ-
íåé ãðàíè ïîãðåøíîñòè ê.ô. òèïà (1.1) íà êëàññå ôóíêöèé Hα(1) è íà
ïðîèçâîëüíîì âåêòîðå (S, P ) óçëîâ è âåñîâ. Ïóñòü âåêòîð óçëîâ èìååò
âèä S = (s1, · · · , sN). Îòìåòèì, ÷òî ñåãìåíò [0, 2π] ñ÷èòàåì çàêîëüöîâàí-
íûì, ò.å. òî÷êè 0 è 2π îòîæäåñòâëÿþòñÿ.

Ââåäåì îáîçíà÷åíèå xk = (sk+1 − sk)/2 (k = 1, 2, . . . , N − 1, xN =
= (2π+s1−sN)/2. Âîçìîæíû äâà ñëó÷àÿ: 1) õîòÿ áû îäíî èç çíà÷åíèé xv

(v = 1, 2, · · · , N) íå ìåíüøå 2πN−1(ln N)1/α; 2) êàæäîå èç ýòèõ çíà÷åíèé
â îòäåëüíîñòè ìåíüøå 2πN−1(ln N)1/α.

Â ïåðâîì ñëó÷àå, ïîëàãàÿ áåç îãðàíè÷åíèÿ îáùíîñòè, ÷òî
2πN−1(ln N)1/α ≤ x1 ≤ π/2, èìååì

max
0≤s≤2π

1

2π

2π∫

0

ϕ∗1(σ)ctg
σ − s

2
dσ ≥ 1

2π

2π∫

0

ϕ∗1(σ)ctg
σ − s1

2
dσ ≥
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≥ πα−1N−α ln N

(
2α

α
+ 2α ln 2

)
≥ 2πα−1 ln N

(1 + α)Nα
,

ãäå
ϕ∗1(σ) =

{
min((σ − s1)

α, (s2 − σ)α), s1 ≤ σ ≤ s2,

0 .

Ïåðåéäåì êî âòîðîìó ñëó÷àþ. Ðàçîáúåì ñåãìåíò [0, 2π] íà
M = [(2N−1(ln N)1/α)−1] + 1 ([α]− α) ðàâíûõ ÷àñòåé òî÷êàìè
vk = 2kπ/M . Òîãäà â êàæäîì ñåãìåíòå [vk, vk+1] èìååòñÿ, ïî êðàéíåé
ìåðå, ïî îäíîìó óçëó ê.ô. (1.1). Âûáåðåì â êàæäîì ñåãìåíòå [vk, vk+1]
òî÷íî ïî îäíîìó óçëó, êîòîðûé îáîçíà÷èì ÷åðåç s∗k (k = 1, 2, · · · ,M).

Êàæäîìó óçëó s∗j ïîñòàâèì â ñîîòâåòñòâèå ôóíêöèþ

ϕ∗j(σ) =





0 σ ∈ [vj−1, vj+1] ∪ [vj∗−1, vj∗+1],

mink(|σ − sk|αsgnctg
σ−s∗j

2
σ

ïðè α = 1 è

ϕ∗j(σ) =





0 σ ∈ [vj−q, vj+q] ∪ [vj∗−q, vj∗+q],

min
k
|σ − sk|αsgnctg

σ−s∗j
2

σ,

ïðè 0 < α < 1.
Çäåñü q = [21/α−2]+1, [vj∗, vj∗+1] − ñåãìåíò, â êîòîðûé ïîïàäàåò òî÷êà

s∗j + π.

Çàôèêñèðóåì ïðîèçâîëüíîå çíà÷åíèå 1 ≤ j ≤ M è îöåíèì èíòåãðàë

(Fϕ∗j)(s
∗
j) =

1

2π

2π∫

0

ϕ∗j(σ)ctg
σ − s∗j

2
dσ ≥

≥ 1

2π

[M/2]−1∑

k=0




s∗j+2(k+1)π/M∫

s∗j+2kπ/M

ϕ∗j(σ)ctg
σ − s∗j

2
dσ+

+

s∗j−2kπ/M∫

s∗j−2(k+1)π/M

ϕ∗j(σ)ctg
σ − s∗j

2
dσ


 ≥
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≥ 1

2π

[M/2]−1∑

k=0

M

(k + 1)π




vj+k+1∫

vj+k

|ϕ∗j(σ)|dσ +

vj−k∫

vj−k−1

|ϕ∗j(σ)|dσ


 .

Óñðåäíèâ çíà÷åíèÿ (Fϕ∗j)(s
∗
j), èìååì

max
(s,j)

(Fϕ∗j)(s) ≥

≥ 1

M

M∑
j=1

M

2π2

[M/2]−1∑

k=0

1

k + 1




vj+k+1∫

vj+k

|ϕ∗j(σ)|dσ +

vj−k∫

vj−k−1

|ϕ∗j(σ)|dσ


 =

=
1

2π2

[M/2]−1∑

k=0

1

k + 1

M∑
j=1




vj+k∫

vj+k+1

|ϕ∗j(σ)|dσ +

vj−k∫

vj−k−1

|ϕ∗j(σ)|dσ


 =

=
1

π2

2π∫

0

ϕ∗(σ)dσ

[M/2]−1∑

k=0

1

(k + 1)
= (1 + o(1))

ln N

π2

2π∫

0

ϕ∗(σ)dσ.

Çäåñü ϕ∗(σ) = min
k
|σ−sk|α. Òàêèì îáðàçîì, çàäà÷à ñâåëàñü ê íàõîæäåíèþ

íèæíåé ãðàíè çíà÷åíèé
2π∫
0

ϕ∗(σ)dσ ïðè âàðüèðîâàíèè óçëàìè sk (k =

1, 2, · · · , N). Âû÷èñëèì ýòîò èíòåãðàë ïðè ïðîèçâîëüíîì âåêòîðå óçëîâ
2π∫

0

ϕ∗(σ)dσ =
2

1 + α

N∑

k=0

x1+α
k ,

ïîëàãàÿ x0 = s1, xk = (sk+1 − sk)/2, k = 1, 2, . . . , N − 1, xN = 2π − sN .
Íàéäåì ìèíèìóì ôóíêöèè

φ(x0, · · · , xN) =
2

1 + α

N∑

k=0

x1+α
k

ïðè îãðàíè÷åíèè
N∑

k=0
xk = 2π.

Âîñïîëüçîâàâøèñü ñòàíäàðòíûìè ïðèåìàìè òåîðèè ôóíêöèé ìíîãèõ
ïåðåìåííûõ, ìîæíî ïîêàçàòü, ÷òî φ(x0, · · · , xN) ≥ 2π1+α/(1 +
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+α)Nα. Ñëåäîâàòåëüíî, max(s,j)(Fϕ∗j)(s) ≥ 2πα−1 ln N/(1+α)Nα. Îöåíêà
ñíèçó ïîëó÷åíà.

Îïèøåì åùå îäèí ìåòîä ïîëó÷åíèÿ îöåíîê ñíèçó, êîòîðûì áóäåì íåîä-
íîêðàòíî ïîëüçîâàòüñÿ íèæå. Ïóñòü L = [ln N ], M = [N/L]. Ââåäåì
óçëû vk = 2kπ/M, k = 0, 1, . . . , M. Îáîçíà÷èì ÷åðåç {ζk} ìíîæåñòâî óç-
ëîâ, îáúåäèíÿþùåå ìíîæåñòâî óçëîâ {vk}, k = 0, 1, . . . , M, è ìíîæåñòâî
óçëîâ {sk}, k = 1, 2, . . . , N, êâàäðàòóðíîé ôîðìóëû (1.1). Äëÿ îïðåäå-
ëåííîñòè áóäåì ñ÷èòàòü, ÷òî óçëû {vk} è {sk} íå ïåðåñåêàþòñÿ. Òîãäà
ìíîæåñòâî {ζk} ñîñòîèò èç N1 = N + M óçëîâ. Ââåäåì ôóíêöèþ ϕ∗(s)
ôîðìóëîé ϕ∗(s) = min

k
|s−ζk|α. Ïðè ýòîì ñåãìåíò [0, 2π] ñ÷èòàåì çàêîëü-

öîâàííûì, ò.å. òî÷êè 0 è 2π îòîæäåñòâëÿåì. Ïîñòàâèì êàæäîìó óçëó vj

j = 0, 1, . . . , M − 1 â ñîîòâåòñòâèå ôóíêöèþ

ϕj(s) =

{
ϕ∗(s)sgnctg

s−vj

2 , s 6∈ [vj̄, vj̄+1],
0, s ∈ [vj̄, vj̄+1]

ïðè α = 1 è ôóíêöèþ

ϕj(s) =

{
ϕ∗(s)sgnctg

s−vj

2 , s 6∈ [vj−q, vj+q] ∪ [vj̄−q, vj̄+q],
0, s ∈ [vj−q, vj+q] ∪ [vj̄−q, vj̄+q]

ïðè 0 < α < 1.
Çäåñü ÷åðåç [vj̄, vj̄+1] îáîçíà÷åí ñåãìåíò, â êîòîðûé ïîïàäàåò òî÷êà

vj + π, q = [21/α−2] + 1.
Çàôèêñèðóåì ïðîèçâîëüíûé óçåë vj, j = 0, 1, . . . , M−1 è îöåíèì ñíèçó

èíòåãðàë

(Fϕj)(vj) =
1

2π

2π∫

0

ϕj(σ)ctg
σ − vj

2
dσ ≥

≥ 1

2π

[(M−1)/2]−1∑

k=q

|ctgvk+1

2
|

vj+k+1∫

vj+k

ϕ∗(σ)dσ+

+
1

2π

[(M−1)/2]+1∑

k=q

|ctgvk+1

2
|

vj−k∫

vj−k−1

ϕ∗(σ)dσ =

=
1 + o(1)

2π

[(M−1)/2]−1∑

k=q

M

πk

vj+k+1∫

vj+k

ϕ∗(σ)dσ+
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+
1 + o(1)

2π

[(M−1)/2]−1∑

k=q

M

πk

vj−k∫

vj−k−1

ϕ∗(σ)dσ.

Îñðåäíèì ïðåäûäóùåå íåðàâåíñòâî ïî ïàðàìåòðó j, 0 ≤ j ≤ M − 1. Â
ðåçóëüòàòå èìååì

sup
ϕ∈Hα(1)

max
t

(Fϕ)(t) ≥ 1

M

M−1∑

l=0

Fϕl(vl) ≥

≥ 1 + o(1)

2π

M−1∑

l=0


 M

2π2

[(M−1)/2]−1∑

k=q

1

k

vl+k+1∫

vl+k

ϕ∗(σ)dσ+

+
M

2π2

[(M−1)/2]−1∑

k=q

1

k

vl−k∫

vl−k−1

ϕ∗(σ)dσ


 =

=
1 + o(1)

π2

[(M−1)/2]−1∑

k=q

1

k

2π∫

0

ϕ∗(σ)dσ =
1 + o(1)

π2 ln
M − 1

2

2π∫

0

ϕ∗(σ)dσ =

=
1 + o(1)

π2 ln N

2π∫

0

ϕ∗(σ)dσ.

Ïîãðåøíîñòü ê.ô. (1.3) èññëåäîâàíà â ñòàòüå Â.Â. Èâàíîâà [82]. Ïî-
âòîðèì ïðîäåëàííûå òàì âûêëàäêè. Ìîäóëü |RN(ϕ)| ïðåäñòàâèì â âèäå

|RN(ϕ)| ≤ 1

2π

N∑

k=1

′

∣∣∣∣∣∣

tk∫

tk−1

(ϕ(σ)− ϕ(t′k−1))ctg
σ − s

2
dσ

∣∣∣∣∣∣
+

+
1

2π

∣∣∣∣∣∣

tv+1∫

tv−2

(ϕ(σ)− ϕ(t′v−1))ctg
σ − s

2
dσ

∣∣∣∣∣∣
= I1 + I2.

Íå îãðàíè÷èâàÿ îáùíîñòè, ìîæíî ïîëîæèòü s = 0. Òîãäà

I1 ≤ 1

π

[N/2]+1∑

k=2

tk∫

tk−1

|ϕ(σ)− ϕ(t′k−1)|ctg
σ

2
dσ| ≤ 1

π

N

1 + α

(π

N

)1+α
[N/2]+1∑

k=2

1

πk
=
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=
2 ln N

π1−α(1 + α)Nα
+ O(N−α);

I2 =
1

2π

∣∣∣∣∣∣

t1∫

t−2

(ϕ(σ)− ϕ(0) + ϕ(0)− ϕ(t′−1))ctg
σ

2
dσ

∣∣∣∣∣∣
≤

≤ 1

2π

∣∣∣∣∣∣

t1∫

t−2

(ϕ(σ)− ϕ(0))ctg
σ

2
dσ

∣∣∣∣∣∣
+

+
1

2π

∣∣∣∣∣∣

t−1∫

t−2

(ϕ(0)− ϕ(t′−1))ctg
σ

2
dσ

∣∣∣∣∣∣
≤

(
21+2α

α
+ ln 2

)
1

π1−αNα
.

Èç îöåíîê I1 è I2 ñëåäóåò âòîðàÿ ÷àñòü òåîðåìû. Òåîðåìà äîêàçàíà.
Äîêàçàòåëüñòâî òåîðåìû 1.2. Â îïðåäåëåíèè 2.5 ãëàâû 1 ïðèâåäå-

íû îñíîâíûå ñâîéñòâà êëàññà Φ, èç êîòîðûõ íèæå ïîíàäîáÿòñÿ ñëåäóþ-
ùèå: 1) åñëè ϕ(t) ∈ Φ, òî ϕ(t)/t ïî÷òè âñåãäà óáûâàåò; 2) åñëè ϕ(t) ∈ Φ,
òî ñóùåñòâóþò 0 < α, β < 1, òàêèå, ÷òî ϕ(t)/tα ïî÷òè âñåãäà âîçðîñòàåò,
à ϕ(t)/tβ ïî÷òè âñåãäà óáûâàåò; 3) åñëè ϕ(t) ∈ Φ, òî è (t/ϕ(t)) ∈ Φ.

Âíà÷àëå íàéäåì îöåíêó cíèçó âåðõíåé ãðàíè ïîãðåøíîñòè ê.ô. (1.1)
íà ïðîèçâîëüíîì âåêòîðå (S, P ) óçëîâ è âåñîâ. Âîçìîæíû äâà ñëó÷àÿ:
1) õîòÿ áû ïðè îäíîì çíà÷åíèè k

xk = |sk+1 − sk|/2 ≥ h = (2Cαα ln N)1/απN−1;

2) ïðè âñåõ çíà÷åíèÿõ k |sk+1 − sk| < h. Ïðàâèëà âûáîðà êîíñòàíò Cα è
α áóäóò óêàçàíû íèæå.

Â ïåðâîì ñëó÷àå, ïîëàãàÿ áåç îãðàíè÷åíèÿ îáùíîñòè, ÷òî x1 > h,

èìååì

max
0≤s≤2π

1

2π

2π∫

0

ϕ∗(σ)ctg
σ − s

2
dσ ≥ 1

2π

x1∫

0

ω(σ)ctg
σ

2
dσ ∼ 1

π

x1∫

0

ω(σ)

σ
dσ,

ãäå ϕ∗(σ) = ω(min
k=1,2

|σ − sk|) s1 ≤ σ ≤ s2, 0 σ.

Òàê êàê ôóíêöèÿ ω ∈ Φ, òî ïî âòîðîìó ñâîéñòâó ôóíêöèé èç êëàññà
Φ, ñóùåñòâóþò òàêèå êîíñòàíòû α è Cα, ÷òî ïðè σ1 ≤ σ2
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ω(σ1) σ−α
1 ≤ Cαω(σ2)σ

−α
2 . Ñëåäîâàòåëüíî,

1

π

x1∫

0

ω(σ)σ−1dσ ≥ 1

π

x1∫

π/N

ω(σ)σ−1dσ ≥ 1

πCα

ω(π/N)

(π/N)α

x1∫

π/N

σα−1dσ =

=
1

πCα

ω(π/N)xα
1

(π/N)αα
− 1

πCαα
ω(π/N) =

=
(π/N)ω(π/N)N 1+αxα

1

Cαπ(2+α)α
− N

π2Cαα

( π

N
ω(π/N)

)
≥

≥ 1

π2+αCα

π/N∫

0

ω(σ)dσN 1+αxα
1

α
− 2N

π2Cαα

π/N∫

0

ω(σ)dσ ≥

≥ 2N ln N

π2

π/N∫

0

ω(σ)dσ−

− 2N

π2Cαα

π/N∫

0

ω(σ)dσ ∼ 2N ln N

π2

π/N∫

0

ω(σ)dσ.

Äëÿ îöåíêè ìîäóëÿ íåïðåðûâíîñòè ω(σ) çäåñü èñïîëüçîâàíî èçâåñòíîå
(ñì. [67], ñòð. 51) íåðàâåíñòâî

1

2
ω(σ) ≤ 1

σ

σ∫

0

ω(t)dt ≤ ω(σ).

Ïåðåõîäÿ êî âòîðîìó ñëó÷àþ è ïîâòîðÿÿ ðàññóæäåíèÿ, ñäåëàííûå âû-
øå ïðè äîêàçàòåëüñòâå òåîðåìû 1.1, ïîëó÷àåì îöåíêó

max
j

max
s

(Fϕ∗j)(s) ≥ (1 + o(1))
ln N

π2

2π∫

0

ϕ∗(σ)dσ,

ãäå
ϕ∗j(σ) =

{
0 σ ∈ [vj−γ, vj+γ] ∪ [vj∗−γ, vj∗−γ],

ω(mink |σ − sk|)sgn ctg
σ−vj

2 σ,

ϕ∗(σ) = ω(mink |σ− sk|), γ = [Cα/2]1/α +1, çíà÷åíèå v∗j îïðåäåëÿåòñÿ òàê
æå, êàê ïðè äîêàçàòåëüñòâå òåîðåìû 1.1.
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Íåòðóäíî âèäåòü, ÷òî
2π∫
0

ϕ∗(σ)dσ ≥ 2N
π/N∫
0

ω(σ)dσ. Ïîýòîìó

max
j

max
s

(Fϕ∗j)(s) ≥ (1 + o(1))2Nπ−2 ln N

π/N∫

0

ω(σ)dσ.

Îöåíêà ñíèçó ïîëó÷åíà.
Ïåðåéäåì ê îöåíêå ïîãðåøíîñòè ê.ô. (1.3)

|RN(ϕ)| ≤ 1

2π

N∑

k=1

′

∣∣∣∣∣∣

tk∫

tk−1

(ϕ(σ)− ϕ(t′k−1))ctg
σ − s

2
dσ

∣∣∣∣∣∣
+

+
1

2π

s−t1∫

tv−2

|ϕ(σ)− ϕ(t′v−1)|
∣∣∣∣ctg

σ − s

2

∣∣∣∣ dσ+

+
1

2π

tv+1∫

s+t1

|ϕ(σ)− ϕ(t′v−1)|
∣∣∣∣ctg

σ − s

2

∣∣∣∣ dσ+

+

∣∣∣∣∣∣
1

2π

s+t1∫

s−t1

ϕ(σ)ctg
σ − s

2
dσ

∣∣∣∣∣∣
= I1 + I2 + I3 + I4. (1.9)

Îöåíèì êàæäîå âûðàæåíèå I1 − I4 â îòäåëüíîñòè:

I1 ≤ 2 + o(1)

π

[N/2]∑

k=1

N

πk

π/N∫

0

ω(σ)dσ ≤ (2 + o(1))
N ln N

π2

π/N∫

0

ω(σ)dσ; (1.10)

I2 ≤ 16N(1 + o(1))

π2

π/N∫

0

ω(σ)dσ; (1.11)

I3 ≤ 16N(1 + o(1))

π2

π/N∫

0

ω(σ)dσ. (1.12)

Ïåðåõîäÿ ê îöåíêå I4, çàìåòèì, ÷òî òàê êàê ω(σ) ∈ Φ, òî ω(σ)/σα
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ôóíêöèÿ ïî÷òè âîçðîñòàþùàÿ è, ñëåäîâàòåëüíî, äëÿ ëþáûõ äâóõ òî÷åê
σ1 è σ2 òàêèõ, ÷òî σ1 ≤ σ2 ω(σ1) ≤ Cασα

1 ω(σ2)σ
−α
2 .

Ïîýòîìó ω(σ1) ≤ Cασα
1 ω(2π/N)(2π/N)−α è

I4 =

∣∣∣∣∣∣
1

2π

s+t1∫

s−t1

(ϕ(σ)− ϕ(s))ctg
σ − s

2
dσ

∣∣∣∣∣∣
≤ 1

π

2π/N∫

0

ω(σ)ctg
σ

2
dσ ≤

≤ Cαω

(
2π

N

)(
2π

N

)−α
1

π

2π/N∫

0

σαctg
σ

2
dσ ≤

≤ (1 + o(1))2Cαω

(
2π

N

)(
2π

N

)−α
1

πα

(
2π

N

)α

≤

≤ 1 + o(1))4Cα

πα
ω

( π

N

)
≤ (1 + o(1))

( π

N

)
ω

( π

N

) 4CαN

π2α
≤

≤ (1 + o(1))8CαN

π2α

π/N∫

0

ω(σ)dσ. (1.13)

Èç îöåíîê (1.9)− (1.13) ñëåäóåò, ÷òî

RN [Ψ] ≤ 2N ln N

π2

π/N∫

0

ω(σ)dσ + o


N

π/N∫

0

ω(σ)dσ


 .

Ñîïîñòàâëÿÿ ýòó îöåíêó ñ îöåíêîé ñíèçó, óáåæäàåìñÿ â ñïðàâåäëèâî-
ñòè òåîðåìû.

Äîêàçàòåëüñòâî òåîðåìû 1.3. Îñòàíîâèìñÿ íà îöåíêå ñíèçó âåðõ-
íåé ãðàíè ïîãðåøíîñòè ê.ô. (1.2). Ïðè ðàññìîòðåíèè óçëîâ tk (k =
= −N, · · · , N) ìîãóò âñòðå÷àòüñÿ äâå âîçìîæíîñòè: 1) íàéäåòñÿ òàêîå
k, ÷òî tk+1 − tk > 2N−1(ln N)1/α; 2) ðàñcòîÿíèå ìåæäó ëþáûìè äâóìÿ
ñîñåäíèìè óçëàìè ìåíüøå, ÷åì 2N−1(ln N)1/α.

Èññëåäîâàíèå ïåðâîé âîçìîæíîñòè íè÷åì íå îòëè÷àåòñÿ îò àíàëîãè÷-
íîãî èññëåäîâàíèÿ, ïðîâåäåííîãî ïðè äîêàçàòåëüñòâå òåîðåìû 1.1, è ïî-
ýòîìó íà íåì íå îñòàíàâëèâàåìñÿ.

Ïåðåéäåì êî âòîðîé âîçìîæíîñòè. Ïóñòü M− öåëîå ÷èñëî, òàêîå ÷òî
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M = [N/(4(21−α(1 + α)−1 ln N)1/α)], ãäå [x]− àíòüå x. Ðàçîáúåì âåñü ñåã-
ìåíò [−1, 1] íà 2M ðàâíûõ ÷àñòåé òî÷êàìè vk = k/M , k =
= −M, · · · ,−1, 0, 1, · · · ,M . Ïîëó÷åííûå ïðè ðàçáèåíèè ñåãìåíòû îáî-
çíà÷èì ∆k = [vk, vk+1]. Ïî ïîñòðîåíèþ âíóòðè êàæäîãî ñåãìåíòà ∆k

íàéäåòñÿ, ïî êðàéíåé ìåðå, îäèí óçåë tj ê.ô. (1.2). Âûáåðåì â êàæäîì
ñåãìåíòå ∆k ðîâíî ïî îäíîìó óçëó ê.ô. (1.2). Âûáðàííûå óçëû áóäåì
îáîçíà÷àòü t∗k, k = (−M, · · · ,−1, 0, 1, · · · ,M − 1).

Ââåäåì ôóíêöèþ ϕ∗j(τ) ïî ôîðìóëå

ϕ∗j(τ) = (min
k
|τ − tk|α)sgn(τ − t∗j )

ïðè α = 1;

ϕ∗j(τ) =

{
0, τ ∈ [tj∗−q, tj∗+q]

(min
k
|τ − tk|α)sgn(τ − t∗j ), τ ∈ [−1, 1]\[tj∗−q, tj∗+q]

ïðè 0 < α < 1. Âåëè÷èíà q áûëà îïðåäåëåíà ïðè äîêàçàòåëüñòâå òåîðåìû
1.1.

Âîçüìåì ïðîèçâîëüíûé óçåë t∗j (j = −M, · · · ,M − 1) è îöåíèì ñíèçó
âåëè÷èíó

RN(ϕ∗j) =

M−j−1∑

k=0

vk+j+1∫

vk+j

ϕ∗j(τ)dτ

τ − t∗j
+

M+j−1∑

k=0

vj−k∫

vj−k−1

ϕ∗j(τ)dτ

τ − t∗j
≥

≥
M−j−1∑

k=0

1

|vk+j+1 − t∗j |

vk+j+1∫

vk+j

ϕ∗(τ)dτ +

M+j−1∑

k=0

1

|t∗j − vj−k−1|

vj−k∫

vj−k−1

ϕ∗(τ)dτ ≥

≥
M−j−1∑

k=0

M

k + 1

vk+j+1∫

vk+j

ϕ∗(τ)dτ +

M+j−1∑

k=0

M

k + 1

vj−k∫

vj−k−1

ϕ∗(τ)dτ,

ãäå ϕ∗(τ) = min
k
|τ − tk|α.

Òàê êàê max
j

RN(ϕ∗j) íå ìåíüøå ñðåäíåãî çíà÷åíèÿ RN(ϕ∗j), âû÷èñëåí-
íîãî ïî ëþáîé âûáîðêå çíà÷åíèé tj, òî

max
j

RN(ϕ∗j) ≥
1

2M

M−1∑

j=−M

RN(ϕ∗j) ≥
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≥ 1

2M

M−1∑

j=−M




M−j−1∑

k=0

M

k + 1

vk+j+1∫

vk+j

ϕ∗(σ)dσ +

M+j−1∑

k=0

M

k + 1

vj−k∫

vj−k−1

ϕ∗(σ)dσ


 =

=
1

2

2M−1∑

k=0

1

k + 1




M−1∑

j=−M+k

vj+1∫

vj

ϕ∗(τ)dτ +
M−k−1∑

j=−M

vj+1∫

vj

ϕ∗(τ)dτ


 . (1.14)

Âûðàæåíèå, ñòîÿùåå â ïðàâîé ÷àñòè íåðàâåíñòâà (1.14), îáîçíà÷èì
÷åðåç I. Íåòðóäíî âèäåòü, ÷òî

I ≥ 1

2

M−1∑

k=0

1

k + 1




M−1∑

j=−M

vj+1∫

vj

ϕ∗(τ)dτ +
M−k−1∑

j=−M+k

vj+1∫

vj

ϕ∗(τ)dτ


 .

Ðàññìîòðèì ñóììó
M−1∑

j=−M

vj+1∫

vj

ϕ∗(τ)dτ =

1∫

−1

ϕ∗(τ)dτ.

Íàéäåì ìèíèìàëüíîå çíà÷åíèå èíòåãðàëà
1∫
−1

ϕ∗(τ)dτ . Îáîçíà÷èì ÷åðåç

∇−N−1 äëèíó ñåãìåíòà [−1, t−N ], ÷åðåç∇N äëèíó ñåãìåíòà [tN , 1], à ÷åðåç
∇k äëèíû ñåãìåíòîâ [tk, (tk + tk+1)/2] è [(tk + tk+1)/2, tk+1], k =
= −N, · · · , N − 1. Òîãäà ∇−N−1 + 2(∇−N + · · · + ∇N−1) + ∇N = 2, à
âåëè÷èíà èíòåãðàëà

1∫

−1

ϕ∗(τ)dτ =
1

1 + α
[∇1+α

−N−1 + 2(∇1+α
−N + · · ·+∇1+α

N−1) +∇1+α
N ].

Íàéäåì ìèíèìóì ôóíêöèè

ψ(∇) =
1

1 + α
[∇1+α

−N−1 + 2(∇1+α
−N + · · ·+∇1+α

N−1) +∇1+α
N ]

ïðè óñëîâèè ∇−N−1 + 2(∇−N + · · · +∇N−1) +∇N = 2. Âûðàçèì ∇−N−1

èç ïîñëåäíåãî ðàâåíñòâà è ïîäñòàâèì â ôóíêöèþ ψ(∇). Òîãäà

ψ(∇) =
1

1 + α
[(2−∇N − 2(∇−N + · · ·+∇N−1))

1+α+
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+2(∇1+α
−N + · · ·+∇1+α

N−1) +∇1+α
N ].

Íàéäåì ïðîèçâîäíûå ψ(∇) ïî ∇k. Î÷åâèäíî,
∂ψ

∂∇k
= −2(2−∇N−2(∇−N + · · ·+∇N−1))

α +2∇α
k (k = −N, · · · , N−1),

∂ψ

∂∇N
= −(2−∇N − 2(∇−N + · · ·+∇N−1))

α +∇α
N .

Ïî íåîáõîäèìîìó óñëîâèþ ýêñòðåìóìà ïðèðàâíèâàåì ïðîèçâîäíûå íó-
ëþ è ïîëó÷àåì ñèñòåìó óðàâíåíèé

∇α
k = −(2−∇N − 2(∇−N + · · ·+∇N−1))

α (k = −N, · · · , N − 1);

∇α
N = −(2−∇N − 2(∇−N + · · ·+∇N−1))

α.

Èç ðàññìîòðåíèÿ ýòîé ñèñòåìû ñëåäóåò, ÷òî ∇−N−1 = ∇−N =
= ∇−N+1 = · · · = ∇N−1 = ∇N = 1/(2N + 2). Ïîýòîìó

1∫

−1

ϕ∗(τ)dτ ≥ 2

1 + α

(
1

2N + 2

)α

.

Òåïåðü ðàññìîòðèì
M−k−1∑

j=−M+k

vj+1∫

vj

ϕ∗(τ)dτ =

vM−k∫

v−M+k

ϕ∗(τ)dτ.

Ïî ïîñòðîåíèþ ôóíêöèÿ ϕ∗(t) îáðàùàåòñÿ â íóëü â òî÷êàõ tk. Íåòðóä-
íî âèäåòü, ÷òî ÷åì áîëüøå ôóíêöèÿ èìååò íóëåé â ñåãìåíòå [v−M+k, vM−k],
òåì ìåíüøå èíòåãðàë

vM−k∫
v−M+k

ϕ∗(τ)dτ . Â ñåãìåíòå

[v−M+k, vM−k] íå ìîæåò ñîäåðæàòüñÿ áîëåå 2(N − k) íóëåé. Áóäåì ñ÷è-
òàòü, ÷òî â ýòîì ñåãìåíòå ñîäåðæèòñÿ òî÷íî 2(N − k) + 2 íóëÿ, îòíîñÿ
ê ìíîæåñòâó íóëåé è êîíöû ñåãìåíòà. Íàéäåì ïðè ýòîì ïðåäïîëîæåíèè
ìèíèìàëüíîå çíà÷åíèå èíòåãðàëà

vM−k∫

v−M+k

ϕ∗(τ)dτ.
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Î÷åâèäíî,
vM−k∫

v−M+k

ϕ∗(τ)dτ =
2

1 + α

−M−k+2N+1∑

j=−M+k

∇1+α
j .

Ïîâòîðÿÿ ïðîäåëàííûå ðàíåå âûêëàäêè, óáåæäàåìñÿ â òîì, ÷òî ìèíè-
ìóì ýòîãî èíòåãðàëà äîñòèãàåòñÿ ïðè

∇−M+k = ∇−M+k+1 = · · · = ∇−M+2N−k+1 =
M − k

2M(N − k + 1
2)

.

Òîãäà
vM−k∫

v−M+k

ϕ∗(τ)dτ =
2

1 + α
2(N − k

1

2
)

(
M − k

2M(N − k + 1
2)

)1+α

.

Ñëåäîâàòåëüíî,

I ≥ 1

2

M−1∑

k=0

1

k + 1

[
21−α

(1 + α)(N + 1)α
+

+
4(N − k)

1 + α

(
M − k

2M(N − k + 1)

)1+α
]

.

Îöåíèì âíà÷àëå ïåðâóþ ñóììó

1

2

M−1∑

k=0

1

k + 1

21−α

(1 + α)

(
1

(N + 1)

)α

≥ 1 + o(1)

(1 + α)

(
1

(2N + 2)

)α

ln N.

Ïåðåéäåì êî âòîðîé ñóììå

1

2

M−1∑

k=0

1

k + 1

4(N − k)

1 + α

(
M − k

2M(N − k + 1)

)1+α

≥

≥ 2

1 + α

M−1∑

k=0

1

k + 1
(N − k)

(
M − k

2M(N − k + 1)

)1+α

.

Ïîêàæåì, ÷òî

2

1 + α

M−1∑

k=0

(N − k)

k + 1

(
M − k

2M(N − k + 1)

)1+α

≥ 1

1 + α

(
1 + o(1)

2N + 1

)α

ln N.
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Çàôèêñèðóåì ïðîèçâîëüíîå äîñòàòî÷íî áîëüøîå ÷èñëî (ñêàæåì L =
= O(ln N)), òàêîå, ÷òî (M − 1)/L − öåëîå ÷èñëî. Òîãäà

2

1 + α

M−1∑

k=0

N − k

k + 1

(
M − k

2M(N − k + 1)

)1+α

≥

≥ 2

1 + α

(M−1)/L∑

k=0

N − k

k + 1

(
M − k

2M(N − k + 1)

)1+α

≥

≥ 2 + o(1)

1 + α

(M−1)/L∑

k=0

1

k + 1

(
1

N − k + 1

)α (
L− 1

2L

)1+α

≥

≥
(

L− 1

2L

)1+α
1 + o(1)

1 + α

1

(2N + 1)α
ln N

ïðè N ñòðåìÿùåìñÿ ê áåñêîíå÷íîñòè. Òàê êàê L = [ln N ] − öåëîå ÷èñëî,
ñòðåìÿùååñÿ ê áåñêîíå÷íîñòè, òî ïîñëåäíÿÿ âåëè÷èíà êàê óãîäíî ìàëî
îòëè÷àåòñÿ îò ln N/(1 + α)(2N + 1)α. Òàêèì îáðàçîì, îêîí÷àòåëüíî

I ≥ 2(1 + o(1)) ln N/(1 + α)(2N + 1)α. (1.15)

Èç îöåíîê (1.14) − (1.15) ñëåäóåò, ÷òî âåðõíÿÿ ãðàíü îöåíêè ñíèçó íå
ìåíüøå âåëè÷èíû 2 ln N/(1 + α)(2N + 1)α + o(N−α ln N). Îöåíêà ñíèçó
ïîëó÷åíà.

Ïîãðåøíîñòü ê.ô. (1.4) ìîæåò áûòü ïðåäñòàâëåíà â âèäå

|RN(ϕ)| ≤
∣∣∣∣∣∣

t0∫

−1

ϕ(τ)− ϕ(t0)

τ − t
dτ

∣∣∣∣∣∣
+

∣∣∣∣∣∣

1∫

t2N

ϕ(τ)− ϕ(t2N)

τ − t
dτ

∣∣∣∣∣∣
+

+
2N−1∑

k=0

′

∣∣∣∣∣∣

tk+1∫

tk

ϕ(τ)− ϕ(t′k)
τ − t

dτ

∣∣∣∣∣∣
+

∣∣∣∣∣∣∣

tj+2∫

tj−1

ϕ(τ)− ϕ(t′j)
τ − t

dτ

∣∣∣∣∣∣∣
. (1.16)

Îöåíèì êàæäîå ñëàãàåìîå â ïðàâîé ÷àñòè (1.16) â îòäåëüíîñòè
∣∣∣∣∣∣

t0∫

−1

ϕ(τ)− ϕ(t0)

τ − t
dτ

∣∣∣∣∣∣
≤

t0∫

−1

|ϕ(τ)− ϕ(t0)|
|τ − t| dτ ≤ 1

α

(
1

2N + 1

)α

. (1.17)
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Àíàëîãè÷íûì îáðàçîì îöåíèâàåòñÿ è âòîðîå ñëàãàåìîå
∣∣∣∣∣∣

1∫

t2N

ϕ(τ)− ϕ(t2N)

τ − t
dτ

∣∣∣∣∣∣
≤ 1

α

(
1

2N + 1

)α

. (1.18)

Òàê êàê ϕ(t) ∈ Hα(1), òî

2N−1∑

k=0

′
tk+1∫

tk

|ϕ(τ)− ϕ(t′k)|
|τ − t| dτ =

j−2∑

k=0

tk+1∫

tk

|ϕ(τ)− ϕ(t′k)|
|τ − t| dτ+

+
2N−1∑

k=j+2

tk+1∫

tk

|ϕ(τ)− ϕ(t′k)|
|τ − t| dτ ≤

j−2∑

k=0

1

|tk+1 − tj|

tk+1∫

tk

|ϕ(τ)− ϕ(t′k)|dτ+

+
2N−1∑

k=j+2

1

|tk − tj+1|

tk+1∫

tk

|ϕ(τ)− ϕ(t′k)|dτ ≤

≤ 2

1 + α

(
1

2N + 1

)1+α
2N + 1

2




j−2∑

k=0

1

j − k − 1
+

2N−1∑

k=j+2

1

k − j − 1


 ≤

≤ 1 + o(1)

1 + α

(
1

2N + 1

)α

(ln j + ln(2N − j)) ≤ (1 + o(1))21−α

1 + α
N−α ln N.

(1.19)
Îñòàëîñü îöåíèòü èíòåãðàë

∣∣∣∣∣∣∣

tj+2∫

tj−1

ϕ(τ)− ϕ(t′j)
τ − t

dτ

∣∣∣∣∣∣∣
.

Îáîçíà÷èì ÷åðåç d = min(t − tj−1, tj+2 − t). Òîãäà â ïðåäïîëîæåíèè,
÷òî d < tj+2 − t,

∣∣∣∣∣∣∣

tj+2∫

tj−1

ϕ(τ)− ϕ(t′j)
τ − t

dτ

∣∣∣∣∣∣∣
≤

∣∣∣∣∣∣

t+d∫

t−d

ϕ(τ)− ϕ(t)

τ − t
dτ

∣∣∣∣∣∣
+

∣∣∣∣∣∣

tj+2∫

t+d

ϕ(τ)− ϕ(t′j)
τ − t

dτ

∣∣∣∣∣∣
=

= (N−α) = o

(
21−α

1 + α
N−α ln N

)
. (1.20)
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Èç íåðàâåíñòâ (1.16) − (1.20) ñëåäóåò, ÷òî îöåíêà ïîãðåøíîñòè ê.ô.
(1.4) ïðè t0 ≤ t ≤ t2N àñèìïòîòè÷åñêè ðàâíà 21−α ln N/Nα(1 + α).

Òåîðåìà äîêàçàíà.
Äîêàçàòåëüñòâî òåîðåìû 1.4. Îöåíèì ñíà÷àëà ïîãðåøíîñòü ñíèçó

ê.ô. (1.2). Ïðè ðàññìîòðåíèè óçëîâ tk (k = −N, · · · , N) ìîãóò âñòðåòèòü-
ñÿ äâå âîçìîæíîñòè:
1) íàéäåòñÿ òàêîå k, ÷òî tk+1 − tk > h = 2[αCα ln N ]1/α(2N + 1)−1;
2) ðàññòîÿíèå ìåæäó äâóìÿ ñîñåäíèìè óçëàìè ìåíüøå, ÷åì h.

Èññëåäîâàíèå ïåðâîé âîçìîæíîñòè íè÷åì íå îòëè÷àåòñÿ îò àíàëîãè÷-
íîãî èññëåäîâàíèÿ, ïðèâåäåííîãî ïðè äîêàçàòåëüñòâå òåîðåìû 1.2. Ïî-
ýòîìó íà ïåðâîé âîçìîæíîñòè íå îñòàíàâëèâàåìñÿ.

Ïåðåéäåì êî âòîðîé âîçìîæíîñòè. Ïóñòü M− öåëîå ÷èñëî, òàêîå ÷òî
2M = [2/h]. Ðàçîáüåì âåñü ñåãìåíò [−1, 1] íà 2M ðàâíûõ ÷àñòåé òî÷êà-
ìè vk = −1 + k/M , k = 0, 1, . . . , 2M. Ïîëó÷åííûå ñåãìåíòû îáîçíà÷èì
∆k = [vk, vk+1], k = 0, 1, . . . , 2M − 1. Ïî ïîñòðîåíèþ íà êàæäîì ñåãìåíòå
∆k íàéäåòñÿ, ïî êðàéíåé ìåðå, îäèí óçåë tk ê.ô. (1.2). Âûáðàííûå óçëû
áóäåì îáîçíà÷àòü t∗k(k = 0, 1, . . . , 2M − 1).

Ïóñòü ϕ∗(t) − íåîòðèöàòåëüíàÿ ôóíêöèÿ, îáðàùàþùàÿñÿ â íóëü â óç-
ëàõ tk (k = −N, · · · ,−1, 0, 1, · · · , N) è îïðåäåëåííàÿ ôîðìóëîé
ϕ∗(t) = ω(t− tN) t ∈ [tN, 1], ω(tN − t) t ∈ [−1, tN], ω( min

i=−N,...,N
|t− ti|) tk ≤ t ≤ tk+1.

Âîçüìåì ïðîèçâîëüíûé óçåë t∗j (j = 0, 1, . . . , 2M − 1) è ÷åðåç ϕ∗j(t) îáî-
çíà÷èì ôóíêöèþ, îïðåäåëÿåìóþ ïî ôîðìóëå

ϕ∗j(t) =

{
0 t ∈ [vj−γ, vj+γ],

ϕ∗(t) sgn(t− t∗j ) t,

ãäå γ− êîíñòàíòà, îïðåäåëåííàÿ ïðè äîêàçàòåëüñòâå òåîðåìû 1.2.
Îöåíèì ñíèçó âåëè÷èíó

RN(ϕ∗j) =

2M−j−1∑

k=1

vk+j+1∫

vk+j

ϕ∗j(τ)

τ − t∗j
dτ +

j−1∑

k=0

vj−k∫

vj−k−1

ϕ∗j(τ)

τ − t∗j
dτ ≥

≥
2M−j−1∑

k=1

1

|vk+j+1 − t∗j |

vk+j+1∫

vk+j

ϕ∗(τ)dτ +

j−1∑

k=0

1

|vj−k−1 − t∗j |

vj−k∫

vj−k−1

ϕ∗(τ)dτ ≥
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≥ M

2M−j−1∑

k=1

1

k + 1

vk+j+1∫

vk+j

ϕ∗(τ)dτ + M

j−1∑

k=0

1

k + 1

vj−k∫

vj−k−1

ϕ∗(τ)dτ,

ãäå ϕ∗(τ) = mink|τ − tk|α.

Òàê êàê maxj RN(ϕ∗j) íå ìåíüøå ñðåäíåé âåëè÷èíû çíà÷åíèé
RN(ϕ∗j), âû÷èñëåííûõ ïî ëþáîé âûáîðêå j1, . . . , jv óçëîâ t∗j , òî ïîâòîðÿÿ
âûêëàäêè, ïðîäåëàííûå ïðè äîêàçàòåëüñòâå ïðåäûäóùåé òåîðåìû, èìå-
åì

max
t

RN(t, tk, pk, ϕ
∗
j) ≥

1

2M

2M−1∑
j

′RN(t∗j , tk, pk, ϕ
∗
j) ≥

≥ 1

2

M∑

k=0

1

k + 1




1∫

−1

ϕ∗(τ)dτ +

vM−k∫

vM+k

ϕ∗(τ)dτ


 .

Îöåíèì ñíèçó èíòåãðàë
1∫

−1

ϕ(τ)dτ

â ïðåäïîëîæåíèè, ÷òî ïîäûíòåãðàëüíàÿ ôóíêöèÿ îáðàùàåòñÿ â íóëü â
N óçëàõ: tk (−1 ≤ t1 < · · · < tN ≤ 1). Îáîçíà÷èì ÷åðåç ∆k, ∆′

k è ∆′′
k

ñåãìåíòû [tk, tk+1], [tk, (tk + tk+1)/2] è [(tk + tk+1)/2, tk+1]. Ââåäåì â ðàñ-
ñìîòðåíèå ôóíêöèþ
ψ(t) = ω(t− tN) t ∈ [tN, 1] = ∆N, ω(t1 − t) t ∈ [−1, t1] = ∆0, ω( min

1≤i≤N
|t− ti|) tk−1 ≤ t ≤ tk, k = 2, · · · , N.

Òîãäà

δ =

1∫

−1

ψ(t)dt =

∫

∆0

ω(t1 − t)dt +

∫

∆N

ω(t− tN)dt+

+2




N−1∑

k=1

∫

∆k

ω(|t− tk|)dt


 .

Íàéäåì ìèíèìóì ôóíêöèè δ â ïðåäïîëîæåíèè, ÷òî

∆0 + ∆N + 2(∆1 + · · ·+ ∆N−1) = 2.
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Âûðàçèì ∆0 èç ïîñëåäíåãî ðàâåíñòâà è ïîäñòàâèì â ôóíêöèþ δ. Ïðåä-
âàðèòåëüíî ïðåäñòàâèì ôóíêöèþ δ â ñëåäóþùåì âèäå:

δ =

l0∫

0

ω(t)dt +

lN∫

0

ω(t)dt + 2
N−1∑

k=1

lk∫

0

ω(t)dt,

ãäå lk− äëèíà ñåãìåíòà ∆k, k = 0, 1, · · · , N .
Ïîñëå óêàçàííîé ïîäñòàíîâêè

δ =

2−lN−2(l1+···+lN−1)∫

0

ω(t)dt +

lN∫

0

ω(t)dt + 2
N−1∑

k=1

lk∫

0

ω(t)dt.

Âçÿâ ÷àñòíûå ïðîèçâîäíûå ïî ïåðåìåííûì l1, · · · , lN , èìååì
−ω(2− lN − 2(l1 + · · ·+ lN−1)) + ω(lN) = 0,
−2ω(2− lN − 2(l1 + · · ·+ lN−1)) + 2ω(lk) = 0, k = 1, 2, · · · , N − 1.
Îòñþäà ω(l0) = ω(l1) = · · · = ω(lN).

Åñëè ïðåäïîëîæèòü, ÷òî ôóíêöèÿ ω(t) ìîíîòîííà (â ñòðîãîì ñìûñ-
ëå), òî èç ïîñëåäíåãî ðàâåíñòâà ñëåäóåò, ÷òî ôóíêöèÿ δ äîñòèãàåò ñâîåãî
ìèíèìóìà ïðè l0 = l1 = · · · = lN . Ïîýòîìó

δ = 2N

1/N∫

0

ω(t)dt.

Ðàññìîòðèì òåïåðü èíòåãðàë
v2M−k∫
vk

ϕ(t)dt. Íà ñåãìåíòå [vk, v2M−k] ìî-

æåò íàõîäèòüñÿ íå áîëåå 2(N − k) + 1 íóëåé. Áóäåì ñ÷èòàòü, ÷òî íà
ýòîì ñåãìåíòå ñîäåðæèòñÿ òî÷íî 2(N − k) + 1 íóëü. Äëèíà ñåãìåíòà
2(M − k)/M . Ïîâòîðÿÿ ïðîäåëàííûå ðàíåå âûêëàäêè, ïîëó÷àåì îöåí-
êó

v2M−k∫

vk

ϕ(t)dt ≥ 4(N − k)

M−k
M(2N−2k+1)∫

0

ω(t)dt = 4(N − k)

1
2N+1

(M−k)(2N+1)
M(2N−2k+1)∫

0

ω(t)dt ≥
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≥ 4(N − k)(M − k)2(2N + 1)2

M 2(2N − 2k + 1)2

1/(2N+1)∫

0

ω(t)dt ≥

≥ 4N

(
1− 2k

M
+

k2

M 2

) 1/(2N+1)∫

0

ω(t)dt.

Òàêèì îáðàçîì, îêîí÷àòåëüíî

max
t

RN(t, tk, pk, ϕ
∗
j) ≥

≥ 1

2

M∑

k=0

1

k + 1


(4N + 2)

1/(2N+1)∫

0

ω(t)dt + 2N(1− 2k

M
+

k2

M 2 )

1/(2N+1)∫

0

ω(t)dt


 .

Ïåðâàÿ ñóììà îöåíèâàåòñÿ áåç òðóäà

1

2

M∑

k=0

1

k + 1
(4N + 2)

1/(2N+1)∫

0

ω(t)dt ∼ (2N + 1) ln N

1/(2N+1)∫

0

ω(t)dt.

Çàéìåìñÿ òåïåðü îöåíêîé âòîðîé ñóììû

N

1/(2N+1)∫

0

ω(t)dt

M∑

k=0

1

k + 1
(1− 2k

M
+

k2

M 2 ) ∼ (2N + 1) ln N

1/(2N+1)∫

0

ω(t)dt.

Òàêèì îáðàçîì,

max
t

RN(ϕ∗j , tk, pk, t) ≥ 2(1 + o(1))(2N + 1) ln N

1/(2N+1)∫

0

ω(t)dt.

Îöåíêà ñíèçó ïîëó÷åíà.
Ïîãðåøíîñòü ê.ô. (1.5) ìîæåò áûòü ïðåäñòàâëåíà â âèäå

|RN(ϕ)| ≤
∣∣∣∣∣∣

t0∫

−1

ϕ(τ)− ϕ(t0)

τ − t
dτ

∣∣∣∣∣∣
+

∣∣∣∣∣∣

1∫

t2N

ϕ(τ)− ϕ(t2N)

τ − t
dτ

∣∣∣∣∣∣
+
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+
2N−1∑

k=0

′

∣∣∣∣∣∣

tk+1∫

tk

ϕ(τ)− ϕ(t′k)
τ − t

dτ

∣∣∣∣∣∣
+

∣∣∣∣∣∣∣

t−d∫

tj−1

ϕ(τ)− ϕ(t′j−1)

τ − t
dτ

∣∣∣∣∣∣∣
+

+

∣∣∣∣∣∣

tj+2∫

t+d

ϕ(τ)− ϕ(t′j+1)

τ − t
dτ

∣∣∣∣∣∣
+

∣∣∣∣∣∣

t+d∫

t−d

ϕ(τ)

τ − t
dτ

∣∣∣∣∣∣
. (1.21)

Îöåíèì êàæäîå èç ñëàãàåìûõ, ñòîÿùèõ â ïðàâîé ÷àñòè íåðàâåíñòâà
(1.21): ∣∣∣∣∣∣

t0∫

−1

ϕ(τ)− ϕ(t0)

τ − t
dτ

∣∣∣∣∣∣
≤

t0∫

−1

|ϕ(τ)− ϕ(t0)|
|τ − t| dτ ≤

≤ N + 1

2

1/(2N+1)∫

0

ω(t)dt. (1.22)

Ýòà æå îöåíêà ñïðàâåäëèâà è äëÿ âòîðîãî ñëàãàåìîãî.
Ïåðåéäåì òåïåðü ê îöåíêå ñóììû

2N−1∑

k=0

′
tk+1∫

tk

∣∣∣∣
ϕ(τ)− ϕ(t′k)

τ − t

∣∣∣∣ dτ =

j−2∑

k=0

tk+1∫

tk

|ϕ(τ)− ϕ(t′k)|
|τ − t| dτ+

+
2N−1∑

k=j+2

tk+1∫

tk

|ϕ(τ)− ϕ(t′k)|
|τ − t| dτ ≤

j−2∑

k=0

2

|tk+1 − tj|

1/(2N+1)∫

0

ω(t)dt+

+
2N−1∑

k=j+2

2

|tk − tj+1|

1/(2N+1)∫

0

ω(t)dt =

=

j−2∑

k=0

2N + 1

j − k − 1

1/(2N+1)∫

0

ω(t)dt +
2N−1∑

k=j+2

2N + 1

k − j − 1

1/(2N+1)∫

0

ω(t)dt ∼

∼ (2N + 1)

1/(2N+1)∫

0

ω(t)dt[ln j + ln(2N − j)] ≤
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≤ 2(2N + 1)

1/(2N+1)∫

0

ω(t)dt ln N. (1.23)

Âûðàæåíèå [ln j + ln(2N − j)] ìîæíî ïðåäñòàâèòü è â âèäå

[ln(j/(2N + 1)) + ln((2N − j)/(2N + 1)) + 2 ln(2N + 1)] =

= 2 ln(2N + 1) + ln(t + 1) + ln(1− t) = 2 ln(2N + 1) + ln(1− t2).

Ïîýòîìó ñïðàâåäëèâà è òàêàÿ îöåíêà
2N−1∑

k=0

′
tk+1∫

tk

∣∣∣∣
ϕ(τ)− ϕ(t′k)

τ − t

∣∣∣∣ dτ =

= (1 + o(1))(2N + 1)[2 ln(2N + 1) + ln(1− t2)]

1/(2N+1)∫

0

ω(t)dt.

Èíòåãðàëû ∣∣∣∣∣∣∣

t−d∫

tj−1

ϕ(τ)− ϕ(t′j−1)

τ − t
dτ

∣∣∣∣∣∣∣
è ∣∣∣∣∣∣

tj+2∫

t+d

ϕ(τ)− ϕ(t′j+1)

τ − t
dτ

∣∣∣∣∣∣
îöåíèâàþòñÿ îäèíàêîâî. Ïîýòîìó îãðàíè÷èìñÿ ðàññìîòðåíèåì ïåðâîãî
èç íèõ ∣∣∣∣∣∣∣

t−d∫

tj−1

ϕ(τ)− ϕ(t′j−1)

τ − t
dτ

∣∣∣∣∣∣∣
≤ (2N + 1)

t−d∫

tj−1

ω(τ − tj−1)dτ ≤

≤ (2N + 1)

3/(2N+1)∫

0

ω(t)dt ≤ 9(2N + 1)

1/(2N+1)∫

0

ω(t)dt. (1.24)

Çäåñü èñïîëüçîâàëàñü ñëåäóþùàÿ ëåììà èç ìîíîãðàôèè À.È. Ãóñåé-
íîâà è Õ.Ø. Ìóõòàðîâà [67] (ñì. ñ. 52).
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Ëåììà 1.1 [67]. Åñëè ω(σ) ÿâëÿåòñÿ ìîäóëåì íåïðåðûâíîñòè, òî ñïðà-
âåäëèâî íåðàâåíñòâî

1

x + y

x+y∫

0

ω(t)dt ≤ 1

x

x∫

0

ω(t)dt +
1

y

y∫

0

ω(t)dt.

Îñòàëîñü îöåíèòü èíòåãðàë
∣∣∣∣∣∣

t+d∫

t−d

ϕ(τ)

τ − t
dτ

∣∣∣∣∣∣
=

∣∣∣∣∣∣

t+d∫

t−d

ϕ(τ)− ϕ(t)

τ − t
dτ

∣∣∣∣∣∣
≤ 2

1/(2N+1)∫

0

ω(t)

t
dt. (1.25)

Òàê êàê ôóíêöèÿ ω(σ) ∈ Φ, òî ω(σ)/σα− ïî÷òè âîçðîñòàþùàÿ ôóíê-
öèÿ. Ñëåäîâàòåëüíî, äëÿ ëþáûõ äâóõ çíà÷åíèé t1 è t2 íà (0, 2] òàêèõ, ÷òî
t1 ≤ t2, ω(t1) ≤ Cαtα1ω(t2)t

−α
2 . Ïîýòîìó

1/(2N+1)∫

0

ω(t)

t
dt ≤ Cαω

(
1

2N + 1

)
(2N + 1)

1/(2N+1)∫

0

tα−1dt =

=
Cα

α
ω

(
1

2N + 1

)
≤ 2Cα

α
(2N + 1)

1/(2N+1)∫

0

ω(t)dt. (1.26)

Ñîáèðàÿ âìåñòå îöåíêè (1.21) − (1.26), óáåæäàåìñÿ â ñïðàâåäëèâîñòè
àñèìïòîòè÷åñêèõ ðàâåíñòâ

RN [Ψ] = (1 + o(1))2(2N + 1) ln N

1/(2N+1)∫

0

ω(t)dt,

RN [Ψ] = (1 + o(1))(2N + 1)[2 ln(2N + 1) + ln(1− t2)]

1/(2N+1)∫

0

ω(t)dt.

Òåîðåìà äîêàçàíà.
Äîêàçàòåëüñòâî òåîðåìû 1.5. Îöåíêà ñíèçó ôóíêöèîíàëà ζN [Ψ]

áûëà ïîëó÷åíà ïðè äîêàçàòåëüñòâå òåîðåìû 1.3.
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Ïîãðåøíîñòü RN ê.ô. (1.6) â ïðåäïîëîæåíèè, ÷òî t1 < t < t2N−1 ìîæåò
áûòü ïðåäñòàâëåíà â âèäå

|RN(ϕ)| ≤
2N−1∑

k=0

′

∣∣∣∣∣∣

tk+1∫

tk

ϕ(τ)− ϕ(t′k)
τ − t

dτ

∣∣∣∣∣∣
+

∣∣∣∣∣∣∣

tj+2∫

tj−1

ϕ(τ)− ϕ(t′j)
τ − t

dτ

∣∣∣∣∣∣∣
. (1.27)

Òàê êàê ϕ(t) ∈ Hα(1), òî

2N−1∑

k=0

′
tk+1∫

tk

∣∣∣∣
ϕ(τ)− ϕ(t′k)

τ − t

∣∣∣∣ dτ =

j−2∑

k=0

tk+1∫

tk

∣∣∣∣
ϕ(τ)− ϕ(t′k)

τ − t

∣∣∣∣ dτ+

+
2N−1∑

k=j+2

tk+1∫

tk

∣∣∣∣
ϕ(τ)− ϕ(t′k)

τ − t

∣∣∣∣ dτ ≤
j−2∑

k=0

1

|tk+1 − tj|

tk+1∫

tk

|ϕ(τ)− ϕ(t′k)|dτ+

+
2N−1∑

k=j+2

1

tk − tj+1

tk+1∫

tk

|ϕ(τ)− ϕ(t′k)|dτ ≤

≤ 2

1 + α

[
1

2N + 1

]1+α
2N + 1

2




j−2∑

k=0

1

j − k − 1
+

2N−1∑

k=j+2

1

k − j − 1


 ≤

≤ 1

1 + α

[
1

2N + 1

] [
ln j + ln(2N − j)

] ≤ 21−α(1 + α)−1N−α ln N. (1.28)

Îñòàëîñü îöåíèòü èíòåãðàë
∣∣∣∣∣

tj+2∫
tj−1

ϕ(τ)−ϕ(t′j)
τ−t dτ

∣∣∣∣∣ . Îáîçíà÷èì ÷åðåç

d = min(t− tj−1, tj+2 − t). Òîãäà â ïðåäïîëîæåíèè, ÷òî d < tj+2 − t,
∣∣∣∣∣∣∣

tj+2∫

tj−1

ϕ(τ)− ϕ(t′j)
τ − t

dτ

∣∣∣∣∣∣∣
≤

∣∣∣∣∣∣

t+d∫

t−d

ϕ(τ)− ϕ(t)

τ − t
dτ

∣∣∣∣∣∣
+

∣∣∣∣∣∣

tj+2∫

t+d

ϕ(τ)− ϕ(t′j)
τ − t

dτ

∣∣∣∣∣∣
=

= O(N−α) = o

(
21−α

1 + α
N−α ln N

)
. (1.29)

Èç íåðàâåíñòâ (1.27) − (1.29) ñëåäóåò, ÷òî îöåíêà ïîãðåøíîñòè ê.ô.
(1.6) ïðè t1 ≤ t ≤ t2N−1 àñèìïòîòè÷åñêè ðàâíà 21−α ln N/Nα(1 + α).
Àíàëîãè÷íî äîêàçûâàþòñÿ îñòàëüíûå ñëó÷àè. Òåîðåìà äîêàçàíà.
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Äîêàçàòåëüñòâî òåîðåìû 1.6 ïðîâîäèòñÿ ïî àíàëîãèè ñ äîêàçà-
òåëüñòâàìè ïðåäûäóùèõ òåîðåì.

Äîêàçàòåëüñòâî òåîðåìû 1.7. Îöåíêà ñíèçó âåðõíåé ãðàíè ïîãðåø-
íîñòè ê.ô. (1.1) íà êëàññå ôóíêöèé Hα(1) ïîëó÷åíà â òåîðåìå 1.1. Îöåíèì
ïîãðåøíîñòü ê.ô. (1.8). Ïóñòü s ∈ [tj, tj+1). Òàê êàê îïåðàòîð Fϕ îòîáðà-
æàåò ìíîæåñòâî ôóíêöèé Hα (0 < α < 1) â ñåáÿ, òî äëÿ ëþáîé ôóíêöèè
ϕ ∈ Hα : |Fϕ(s)− Fϕ(t′j)| ≤ AN−α. Íåòðóäíî âèäåòü, ÷òî

∣∣∣∣∣∣
Fϕ(t′j)−

N−1∑

k=0

1

2π

tk+1∫

tk

ϕ(t′k)ctg
σ − t′j

2
dσ

∣∣∣∣∣∣
≤ (1 + o(1))2 ln N/π1+α(1 + α)Nα.

Òåîðåìà äîêàçàíà.
Äîêàçàòåëüñòâî òåîðåìû 1.8 ïðîâîäèòñÿ àíàëîãè÷íî.
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1.2. Àñèìïòîòè÷åñêè îïòèìàëüíûå ïàññèâíûå àëãîðèòìû íà
êëàññå WrHα (r ≥ 1)

1.2.1. Ôîðìóëèðîâêè òåîðåì
Ïðè âû÷èñëåíèè ñèíãóëÿðíîãî èíòåãðàëà Fϕ íàðÿäó ñ ê.ô. âèäà (1.1)

ìîãóò áûòü èñïîëüçîâàíû ôîðìóëû

Fϕ =
N∑

k=1

ρ∑

l=0

pkl(s)ϕ
(l)(sk) + RN(s, sk, pkl(s), ϕ). (1.30)

Òî÷íî òàê æå äëÿ âû÷èñëåíèÿ èíòåãðàëà Tϕ íàðÿäó ñ êâàäðàòóðíûìè
ôîðìóëàìè âèäà (1.2) ìîãóò èñïîëüçîâàòüñÿ ôîðìóëû âèäà

Tϕ =
N∑

k=1

ρ∑

l=0

pkl(t)ϕ
(l)(tk) + RN(t, tk, pkl, ϕ). (1.31)

Òåîðåìà 1.9 [29]. Ïóñòü Ψ = W̃ r(1)(r = 1, 2 · · · ) è èíòåãðàë Fϕ

âû÷èñëÿåòñÿ ïî ê.ô. âèäà (1.1) è (1.30), ïðè÷åì â ïîñëåäíåé ïîëàãàåòñÿ
ρ = 1. Òîãäà ζN [Ψ] ≥ 2Krπ

−1N−r ln N + O(N−r).
Òåîðåìà 1.10 [29]. Ïóñòü Ψ = W̃ r(1), r = 1, 2, · · · è èíòåãðàë Tϕ

âû÷èñëÿåòñÿ ïî ê.ô. âèäà (1.2) è (1.31), ïðè÷åì â ïîñëåäíåì ñëó÷àå ρ = 1.
Òîãäà

ζN [Ψ] ≥ (1 + o(1))2r ln N

N r
infc‖B∗

r(t)− c‖L1[0,1]

ïðè âû÷èñëåíèè ïî êâàäðàòóðíûì ôîðìóëàì âèäà (1.2) è

ζN [Ψ] ≥ (2 + o(1)) ln N

2rr![2(N − 1) + (r + 1)1/r]r

ïðè âû÷èñëåíèè ïî êâàäðàòóðíûì ôîðìóëàì âèäà (1.31).
Îáîçíà÷èì ÷åðåç Snr (r, n = 1, 2, . . .) ìíîæåñòâî ñïëàéíîâ ïîðÿäêà

r äåôåêòà 1 ïî ðàâíîìåðíîìó ðàçáèåíèþ xk = 2kπ/n, k = 0, 1, . . . , n.
Ñïëàéí snr(f, x) ∈ Snr èíòåðïîëèðóåò ôóíêöèþ f ∈ C â òî÷êàõ ti =

= xi + (1+(−1)r)
4n (i = 0, 1, . . . , n).

Òåîðåìà 1.11 [29]. Íà êëàññå W̃ r(1) (r = 1, 2, . . .) ê.ô.

Fϕ =
1

2π

2π∫

0

sn,r−1(f, σ)ctg
σ − s

2
dσ + Rn(s, sk, pk(s), ϕ) (1.32)

èìååò ïîãðåøíîñòü RN [W̃ r(1)] ≤ (1 + o(1))2Krπ
−1n−r ln n.

140



1.2.2. Äîêàçàòåëüñòâà òåîðåì

Äîêàçàòåëüñòâî òåîðåìû 1.9.Íàéäåì îöåíêó ñíèçó âåëè÷èíû ζN [Ψ].
Èìåþòñÿ äâå âîçìîæíîñòè: 1) õîòÿ áû îäíî èç çíà÷åíèé sk+1 − sk íå

ìåíüøå h0 = 2(A−1Kr(r + 1) ln N)1/2N−r; 2) êàæäîå èç ýòèõ çíà÷åíèé â
îòäåëüíîñòè ìåíüøå h0. Êîíñòàíòà À îïðåäåëÿåòñÿ íèæå.

Â ïåðâîì ñëó÷àå, ïîëàãàÿ áåç îãðàíè÷åíèÿ îáùíîñòè, ÷òî s2 − s1 ≥
≥ h0, ðàññìîòðèì èíòåãðàë

max
0≤s≤2π

1

2π

2π∫

0

ϕ∗(σ)ctg
σ − s

2
dσ ≥ 1

2π

2π∫

0

ϕ∗(σ)ctg
σ − s1

2
dσ ≥

≥ 1

2π

(s1+s2)/2∫

s1

ϕ∗(σ)ctg
σ − s1

2
dσ +

1

2π

s2∫

(s1+s2)/2

ϕ∗(σ)ctg
σ − s1

2
dσ (1.33)

îò ôóíêöèè ϕ∗(σ) = A((σ−s1)(s2−σ))r((s2 +s1)/2)−r íà ñåãìåíòå [s1, s2]
è ϕ∗(σ) = 0 íà îñòàëüíûõ ñåãìåíòàõ. Êîíñòàíòà À ïîäáèðàåòñÿ òàêèì
îáðàçîì, ÷òîáû |(ϕ∗)(r)| ≤ 1. Òàêàÿ êîíñòàíòà ñóùåñòâóåò.

Îöåíèì ñëàãàåìûå, ñòîÿùèå â ïðàâîé ÷àñòè íåðàâåíñòâà (1.33). Íåòðóä-
íî âèäåòü, ÷òî

1

2π

(s1+s2)/2∫

s1

ϕ∗(σ)ctg
σ − s1

2
dσ ≥ A

πr

(
s2 − s1

2

)r

,

1

2π

s2∫

(s1+s2)/2

ϕ∗(σ)ctg
σ − s1

2
dσ ≥ A

π(r + 1)

(
s2 − s1

2

)r

.

Èç íåðàâåíñòâà (1.33) è äâóõ ïðåäûäóùèõ íåðàâåíñòâ ñëåäóåò

max
0≤s≤2π

1

2π

2π∫

0

ϕ∗(σ)ctg
σ − s

2
dσ ≥ 2Kr ln N

πNr .

Ïåðåéäåì êî âòîðîìó ñëó÷àþ. Îáîçíà÷èì ÷åðåç ϕ∗(σ) ôóíêöèþ, óäî-
âëåòâîðÿþùóþ ñëåäóþùèì óñëîâèÿì: 1) ϕ∗(σ) ∈ Ψ = W̃ r(1);

2) minϕ∗(σ) = ϕ∗(sk) = 0 (k = 1, 2, . . . , N); 3)
2π∫
0

ϕ∗(σ)dσ ≥ 2πKr/N
r.
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Ñóùåñòâîâàíèå òàêîé ôóíêöèè äîêàçàíî â ðàáîòå Â. Ï. Ìîòîðíîãî [107]
(ñì. òàêæå ðàçä. 3 ãëàâû 1).

Ðàçäåëèì ñåãìåíò [0, 2π] íà Ì ðàâíûõ ÷àñòåé (M = [2π/h]) òî÷êà-
ìè vk = 2kπ/M, k = 0, 1, . . . , M. Â êàæäîì ñåãìåíòå [vk, vk+1] èìååò-
ñÿ , ïî êðàéíåé ìåðå, îäèí óçåë ê.ô. (1.1). Îáîçíà÷èì ýòîò óçåë ÷å-
ðåç s∗k. Âîçüìåì ïðîèçâîëüíîå ÷èñëî j(0 ≤ j ≤ M) è âûäåëèì ñåã-
ìåíòû [s∗j−1, s

∗
j+1], [s∗k−2, s

∗
k+2], ïðè÷åì (s∗j + π) ⊂ [s∗k−2, s

∗
k+2]. Îáîçíà-

÷èì ÷åðåç ψ∗j (σ) ôóíêöèþ, óäîâëåòâîðÿþùóþ ñëåäóþùèì óñëîâèÿì: 1)
ψ∗j (σ) ∈ Ψ = W̃ r; 2) íà ñåãìåíòå [s∗j+1, s

∗
k−2] ψ∗j (σ) = ϕ∗(σ); 3) íà ñåãìåíòå

[s∗k+2, s
∗
j−1] ψ∗j (σ) = −ϕ∗(σ). Òàêèì îáðàçîì, çàäà÷à ïîñòðîåíèÿ ôóíêöèè

ψ∗j (σ) çàêëþ÷àåòñÿ â òîì, ÷òîáû íà ñåãìåíòàõ [s∗j−1, s
∗
j+1] è [s∗k−2, s

∗
k+2]

íàéòè ôóíêöèþ, r-ÿ ïðîèçâîäíàÿ êîòîðîé íå ïðåâûøàåò ïî ìîäóëþ åäè-
íèöû è êîòîðàÿ âìåñòå ñî ñâîèìè ïðîèçâîäíûìè äî
r-ãî ïîðÿäêà â òî÷êàõ s∗j−1, s

∗
j+1, è s∗k−2, s

∗
k+2 ðàâíû çíà÷åíèÿì ôóíêöèé

±ϕ∗(σ) è èõ ïðîèçâîäíûì äî r − 1 ïîðÿäêà.
Ñîâåðøåííî î÷åâèäíî, ÷òî â òî÷êàõ s∗j−1 è s∗k+2 çíà÷åíèå ôóíêöèè

ϕ∗(σ) è åå ïðîèçâîäíûõ áåðóòñÿ ñî çíàêîì "ìèíóñ", à â òî÷êàõ s∗j+1 è
s∗k−1− ñî çíàêîì "ïëþñ".

Ïðè r = 1, 2 ôóíêöèþ ψ∗j (σ) íà ñåãìåíòàõ [s∗j−1, s
∗
j+1], [s∗k−2, s

∗
k+2] ìîæ-

íî ïîëîæèòü ðàâíîé íóëþ. Ýòî ñëåäóåò èç òîãî, ÷òî â óçëàõ sk(k =
1, 2, . . . , N) ôóíêöèÿ ϕ∗(σ) è åå ïåðâàÿ ïðîèçâîäíàÿ ðàâíû íóëþ. Â ÿâíîì
âèäå ìîæíî ïîñòðîèòü ôóíêöèþ ψ∗j (σ) è ïðè r = 3, îäíàêî ïðè r ≥ 4
ñäåëàòü ýòîãî íå óäàëîñü. Ïîýòîìó äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ
íóæíîé ôóíêöèè åñòåñòâåííî âîñïîëüçîâàòüñÿ "ìåòîäîì ñðåçêè", ïðè-
ìåíåííûì Ñ.Ë. Ñîáîëåâûì [136, c. 697] ïðè èññëåäîâàíèè ê.ô. ñ ïîãðà-
íè÷íûì ñëîåì. Âûäåëèì ñåãìåíòû [s∗j−N1

, s∗j+N1
] è [s∗k−N1

, s∗k+N1
], ïðè÷åì

âåëè÷èíà N1 áóäåò îïðåäåëåíà íèæå. Ââåäåì ôóíêöèþ

lj(s) =





1 [s∗j+N1
, s∗k−N1

],

−1 [s∗k+N1
, s∗j−N1

],

0 [0, 2π].

Ïîñòðîèì òåïåðü "ñðåçàþùèé"ìíîæèòåëü δj(s), ðàâíûé 0 â îêðåñòíî-
ñòè òî÷åê s∗j è s∗k, ðàâíûé 1 íà ñåãìåíòå [s∗j+3N1

, s∗k−3N1
], −1 íà ñåãìåíòå

[s∗k+3N1
, s∗j−3N1

] è èìåþùèé íåïðåðûâíûå ïðîèçâîäíûå âñåõ ïîðÿäêîâ. Ïðè
ýòîì ïîòðåáóåì, ÷òîáû δj(s)ϕ

∗(s) ∈ W r. Â êà÷åñòâå ôóíêöèè δj(s) âîçü-
ìåì ñðåäíþþ ôóíêöèþ (ñ áåñêîíå÷íî äèôôåðåíöèðóåìûì ÿäðîì óñðåä-
íåíèÿ) ñ ðàäèóñîì óñðåäíåíèÿ h = 2N1π/M äëÿ ôóíêöèè lj(s). Íåòðóäíî
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âèäåòü, ÷òî â îêðåñòíîñòè òî÷åê s∗j , s∗k ôóíêöèÿ δj(s) ðàâíà íóëþ, íà ñåã-
ìåíòàõ [s∗j+3N1

, s∗k−3N1
] è [s∗k+3N1

, s∗j−3N1
] îíà ñîîòâåòñòâåííî ðàâíà åäèíèöå

è ìèíóñ åäèíèöå è èìååò ïðîèçâîäíûå âñåõ ïîðÿäêîâ.
Íàïîìíèì, ÷òî ïî îïðåäåëåíèþ ñðåäíÿÿ ôóíêöèÿ èìååò âèä

δh
j (s) = ξh

s+π∫

s−π

ω

(
s− σ

h

)
lj(σ)dσ,

ãäå ω((s− σ)/h)− ÿäðî óñðåäíåíèÿ, óäîâëåòâîðÿþùåå ñòàíäàðòíûì òðå-
áîâàíèÿì (C.Ë. Ñîáîëåâ [136 ñ. 104]), ξ− êîýôôèöèåíò íîðìèðîâêè. Èç
îïðåäåëåíèÿ ôóíêöèè δh

j (s) ñëåäóåò, ÷òî

drδh
j (s)

drs
= ξh1−r

s+π∫

s−π

ω(r)
(

s− σ

h

)
lj(σ)dσ = O(h−r).

Òåïåðü ìîæíî îöåíèòü â ìåòðèêå Ñ íîðìó ïðîèçâîäíîé r ïîðÿäêà îò
ïðîèçâåäåíèÿ δj(s)ϕ

∗(s). Ïðåæäå âñåãî îòìåòèì, ÷òî òàê êàê ôóíêöèÿ
ϕ∗(s) èìååò r-þ ïðîèçâîäíóþ, ïî ìîäóëþ íå ïðåâûøàþùóþ åäèíèöó, è
â N òî÷êàõ, îòñòîÿùèõ äðóã îò äðóãà íà ðàññòîÿíèè, íå áîëüøåì h0,
îáðàùàåòñÿ â íóëü, òî åå r − 1 ïðîèçâîäíàÿ îáðàùàåòñÿ â íóëü íå ìåíåå
÷åì â N−r+1 òî÷êàõ, îòñòîÿùèõ äðóã îò äðóãà íà ðàññòîÿíèè íå áîëüøåì
2r−1h0. Òàê êàê |ϕ∗(r)(s)| ≤ 1, òî |ϕ∗(r−1)(s)| ≤ 2r−1h0, |ϕ∗(r−2)(s)| ≤
22r−3h2

0, . . . , |ϕ∗(s)| ≤ 2r2/2hr
0.

Ñëåäîâàòåëüíî,

|(δj(s)ϕ
∗(s))(r)| = |(δ(r)

j (s)ϕ∗(s) + C1
r δ

(r−1)
j (s)ϕ∗(1)(s) + · · ·+ δj(s)ϕ

∗(r)(s)|.

Íà ñåãìåíòàõ [s∗j+N1
, s∗k−N1

], [s∗k+N1
, s∗j−N1

], |(δj(s)ϕ
∗(s))(r)| =

= |δj(s)ϕ
(r)(s)| ≤ 1, à ïðè îñòàëüíûõ çíà÷åíèÿõ s |(δj(s)ϕ

∗(s))(r)| =
= o(h−rhr

0 + h2−rhr−1
0 + · · ·+ h−1h0) + 1. Âûáåðåì òåïåðü h òàêèì, ÷òîáû

|(δj(s)ϕ(s))∗(r)| = 1 + o(1) ïðè âñåõ j. Äëÿ ýòîãî, î÷åâèäíî, äîñòàòî÷íî
ïîëîæèòü h = h0 ln N. Ñëåäîâàòåëüíî, N1 = [ln N ] + 1.

Çàôèêñèðóåì ïîëîæèòåëüíîå êàê óãîäíî ìàëîå ε (0 < ε < 1) è ïóñòü
β = 1− ε.

Ôóíêöèÿ ψj(s) = δj(s)ϕ(s)β ïðè äîñòàòî÷íî áîëüøèõ N óäîâëåòâîðÿ-
þò âñåì ñôîðìóëèðîâàííûì òðåáîâàíèÿì. Ïîýòîìó, ïîâòîðÿÿ ðàññóæäå-
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íèÿ, ñäåëàííûå ïðè äîêàçàòåëüñòâå òåîðåìû 1.1, èìååì

sup
s,j

Fψj(s) ≥ (1 + o(1))
ln N

π2

2π∫

0

ϕ∗(σ)dσ ≥

≥ (2 + o(1))(1− ε)Kr
ln N

N r
.

Èç ïðîèçâîëüíîñòè ε ñëåäóåò îêîí÷àòåëüíàÿ îöåíêà

sup
ϕ∈W̃ r(1)

Fϕ ≥ (2 + o(1))Kr
ln N

N r
.

Â ñëó÷àå ê.ô. âèäà (1.1) òåîðåìà äîêàçàíà. Èç îïðåäåëåíèÿ ôóíêöèé
ϕj(s) ñëåäóåò, ÷òî ïðîâåäåííûå ðàññóæäåíèÿ ñïðàâåäëèâû è äëÿ ê.ô.
âèäà (1.30).

Òåîðåìà äîêàçàíà.
Äîêàçàòåëüñòâî òåîðåìû 1.10 ïðîâîäèòñÿ ïî àíàëîãèè ñ äîêàçà-

òåëüñòâîì ïðåäûäóùåé òåîðåìû.
Äîêàçàòåëüñòâî òåîðåìû 1.11. Ïóñòü s ∈ [tj, tj+1). Îáîçíà÷èì ÷å-

ðåç ∆ ñåãìåíò [s− 2π/n, s + 2π/n]. Òîãäà ïîãðåøíîñòü ê.ô. (1.32) ìîæåò
áûòü ïðåäñòàâëåíà ñëåäóþùèì îáðàçîì

|RN(ϕ)| ≤
∣∣∣∣∣∣

1

2π

∫

∆

(ϕ(σ)− sn,r−1(ϕ, σ))ctg
σ − s

2
dσ

∣∣∣∣∣∣
+

+

∣∣∣∣∣∣
1

2π

n∑

k=1

′
tk∫

tk−1

(ϕ(σ)− sn,r−1(ϕ, σ))ctg
σ − s

2
dσ

∣∣∣∣∣∣
+

+

∣∣∣∣∣∣
1

2π

n∑

k=1

′′
vk∫

vk−1

(ϕ(σ)− sn,r−1(ϕ, σ))ctg
σ − s

2
dσ

∣∣∣∣∣∣
= I1 + I2 + I3,

ãäå [vk, vk+1] = [tk, tk+1] ∩ C[0,2π]\∆, C[0,2π]\∆− äîïîëíåíèå ∆ äî ñåãìåíòà
[0, 2π],

∑′ îçíà÷àåò ñóììèðîâàíèå ïî ñåãìåíòàì, íå ïåðåñåêàþùèìñÿ ñ
∆,

∑′′ − ñóììèðîâàíèå ïî ñåãìåíòàì, ïåðåñåêàþùèìñÿ ñ ∆.
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Îáîçíà÷èì ÷åðåç ψ(σ) ôóíêöèþ ϕ(σ) − sn,r−1(ϕ, σ) è îöåíèì ïåðâîå
ñëàãàåìîå

I1 =

∣∣∣∣∣∣
1

2π

∫

∆

ψ(σ)ctg
σ − s

2
dσ

∣∣∣∣∣∣
=

∣∣∣∣∣∣
1

2π

∫

∆

(ψ(σ)− ψ(s))ctg
σ − s

2
dσ

∣∣∣∣∣∣
≤

≤

∣∣∣∣∣∣∣
1

π

s+2π/n∫

s




σ∫

s

ψ′(v)dv


 ctg

σ − s

2
dσ

∣∣∣∣∣∣∣
= o

(
2Kr ln n

πnr

)
.

Îöåíèì äâà îñòàâøèõñÿ ñëàãàåìûõ. Èñïîëüçóÿ îöåíêè àïïðîêñèìàöèè
ñïëàéíàìè, ïðèâåäåííûå â òåîðåìå 3.16 ãëàâû 1, íåòðóäíî âèäåòü, ÷òî

I2 =

∣∣∣∣∣∣
1

2π

n∑

k=1

′
tk∫

tk−1

(ϕ(σ)− sn,r−1(ϕ, σ))ctg
σ − s

2
dσ

∣∣∣∣∣∣
≤

≤ 1

π

[n/2]∑

k=1

′
tj+k+1∫

tj+k

|ϕ(σ)− sn,r−1(ϕ, σ)||ctgσ − s

2
dσ| ≤ 2Kr ln n

πnr .

Âûðàæåíèå I3 îöåíèâàåòñÿ àíàëîãè÷íî, è òàê êàê îíî ñîñòîèò íå áîëåå
÷åì èç ÷åòûðåõ ñëàãàåìûõ, òî I3 = o(2Kr ln n/πnr). Îáúåäèíÿÿ îöåíêè
I1, I2, I3, çàâåðøàåì äîêàçàòåëüñòâî òåîðåìû. Òåîðåìà äîêàçàíà.

1.3. Îïòèìàëüíûå ïî ïîðÿäêó ïàññèâíûå àëãîðèòìû
Ïðè âû÷èñëåíèè ñèíãóëÿðíûõ èíòåãðàëîâ ïî àññèìïòîòè÷åñêè îïòè-

ìàëüíûì ê.ô., ïîñòðîåííûì â ï. 1.1, 1.2, íåîáõîäèìî âû÷èñëèòü êîýô-
ôèöèåíòû pk(s) ïðè êàæäîì çíà÷åíèè s. Ïðåäñòàâëÿåò çíà÷èòåëüíûé
èíòåðåñ ïîñòðîåíèå ìåíåå òî÷íûõ, íî çàòî áîëåå ïðîñòî ðåàëèçóåìûõ àë-
ãîðèòìîâ.

1.3.1. Ôîðìóëèðîâêè òåîðåì
Ðàçäåëèì ñåãìåíò [0, 2π] íà N ðàâíûõ ÷àñòåé òî÷êàìè tk = 2kπ/N ,

k = 0, 1, · · · , N . Ïóñòü òî÷êà s ïîïàäàåò â ñåãìåíò [tj, tj+1]. Èíòåãðàë Fϕ

áóäåì âû÷èñëÿòü ïî ôîðìóëå

1

2π

2π∫

0

ϕ(σ)ctg
σ − s

2
dσ =

1

π

N∑

k=1

ϕ(t′k) ln
sin π

2N(2k− 2j− 1)

sin π
2N(2k− 2j− 3)

+
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+RN(s, ϕ), (1.34)

ãäå t′k = (2k + 1)π/N .
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Òåîðåìà 1.12 [29]. Ïóñòü Ψ = Hα(1) (0 < α ≤ 1). Êâàäðàòóðíàÿ
ôîðìóëà (1.34) èìååò ïîãðåøíîñòü RN [Ψ] ≤ 21+α ln N/π1−α(1 + α)Nα +
+ O(N−α).

Ïðè âû÷èñëåíèè ñèíãóëÿðíûõ èíòåãðàëîâ ìîæíî èñïîëüçîâàòü ê.ô.,
îñíîâàííûå íà çàìåíå ïîäûíòåãðàëüíîé ôóíêöèè íåêîòîðûì àïïðîêñè-
ìèðóþùèì àãðåãàòîì. Îñîáåííî ÷àñòî (ñì. [78], [81]) èñïîëüçóåòñÿ çàìåíà
ïîäûíòåãðàëüíîé ôóíêöèè èíòåðïîëÿöèîííûì ïîëèíîìîì Ëàíãðàíæà,
ïîñòðîåííûì ïî 2N + 1 ðàâíîñòîÿùåìó óçëó sk = 2kπ/(2N +
+ 1), k = 0, 1, · · · , 2N . Èíòåðïîëÿöèîííûé ïîëèíîì çàïèñûâàåòñÿ (ñì.
[112]) ôîðìóëîé

PN [ϕ] =
2N∑

k=0

ϕ(sk)ψk(s), ψk(s) =
1

2N + 1

sin 2N+1
2 (s− sk)

sin s−sk

2
è êâàäðàòóðíàÿ ôîðìóëà èìååò âèä

Fϕ =
1

2π

2π∫

0

[PN [ϕ](σ)ctg
σ − s

2
dσ + RN(ϕ). (1.35)

Ýòà ê.ô. ìîæåò áûòü ïðåäñòàâëåíà â âèäå êîíå÷íîé ñóììû

Fϕ = − 2

2N + 1

2N∑

k=0

ϕ(sk)
sin(N + 1)s−sk

2 sin N s−sk

2

sin s−sk

2
+ RN(ϕ).

Ïðåäïîëîæèì, ÷òî ôóíêöèÿ ϕ(t) ïðåäñòàâèìà â âèäå ñâåðòêè

ϕ(x) =

π∫

−π

G(x− t)h(t)dt, (1.36)

ãäå h(t)− íåïðåðûâíàÿ 2π− ïåðèîäè÷åñêàÿ ôóíêöèÿ, òàêàÿ, ÷òî
max
−π≤t≤π

|h(t)| ≤ 1, vrai max
−π≤t≤π

|h̃(t)| ≤ K; h̃(t)− ôóíêöèÿ, ñîïðÿæåííàÿ
h(t), G(t) îáëàäàåò ñâîéñòâîì AN+1, ñôîðìóëèðîâàííûì â ðàáîòå Â. Ì.
Òèõîìèðîâà [147]. Ýòî ñâîéñòâî îçíà÷àåò òî, ÷òî åñëè ôóíêöèÿ G(x) ÷åò-

íàÿ, òî äëÿ ëþáûõ ξk (k = 1, 2, · · · , N) ôóíêöèÿ G(x)−
N∑

k=0

ξk cos x ìîæåò

èìåòü â èíòåðâàëå (0, π) íå áîëåå N + 1 íóëåé, èëè, åñëè ôóíêöèÿ G(x)
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íå÷åòíàÿ, âûðàæåíèå G(x)−
N∑

k=0

ξk sin kx ìîæåò èìåòü â èíòåðâàëå (0, π)

íå áîëåå N íóëåé.
Òåîðåìà 1.13 [29]. Ïóñòü ϕ(t) ïðèíàäëåæèò êëàññó ôóíêöèé, ïðåä-

ñòàâèìûõ â âèäå ñâåðòêè (1.36) è max
−π≤t≤π

|h(t)| ≤ 1, vrai max
−π≤t≤π

|h̃(t)| ≤
≤ K. Òîãäà ïîãðåøíîñòü ê.ô. (1.35) íà ýòîì êëàññå îöåíèâàåòñÿ íåðàâåí-
ñòâîì RN [Ψ] ≤ KEN,1(G) + π−1EN(ϕ)(ln N + C), ãäå EN,p(G) − íàèëó÷-
øåå â ìåòðèêå Lp [0, 2π]ïðèáëèæåíèå ôóíêöèè G(t) òðèãîíîìåòðè÷åñêè-
ìè ïîëèíîìàìè ñòåïåíè N , EN = EN,∞, C = 0, 577215 . . ..

Òåîðåìà 1.14 [29]. Ïóñòü Ψ = W̃ r
p (1), 1 ≤ p ≤ 2. Òîãäà ïîãðåø-

íîñòü ê.ô. (1.35) îöåíèâàåòñÿ íåðàâåíñòâîì RN [Ψ] ≤ EN,p′(Dr(x))(2p′ +
π−r ln N), ãäå Dr(x) − ôóíêöèè Áåðíóëëè.

Ñëåäñòâèÿ.
1. Ïðè p = ∞

RN [Ψ] ≤ kπKrN
−r + Krπ

−1N−r(ln N + C). (1.37)

2. Ïóñòü ϕ ∈ W̃ 2r
1 è |ϕ(2r)| ln+ |ϕ(2r)| ∈ L. Òîãäà

RN(ϕ) ≤ (A

2π∫

0

|ϕ(2r)(t)| ln+ |ϕ(2r)(t)|dt + B)
πµ(2r − 1)

2(2r − 1)!N 2r−1+

+
µ(2r − 1)(ln N + C)

2π(2r − 1)!N 2r−1 , (1.38)

ãäå µ(r) − êîíñòàíòà, ââåäåííàÿ Ñ.Í. Áåðíøòåéíîì [17],
µ(r) = lim

n→∞
nrξn(x

r−1 |x|;−1, 1), ξn(f ;−1, 1) − íàèëó÷øåå ðàâíîìåðíîå
ïðèáëèæåíèå ôóíêöèè f(x) àëãåáðàè÷åñêèìè ïîëèíîìàìè ïîðÿäêà íå
âûøå n− 1 íà ñåãìåíòå [−1, 1].

1.3.2. Äîêàçàòåëüñòâà òåîðåì
Äîêàçàòåëüñòâî òåîðåìû 1.12. Ïîãðåøíîñòü êâàäðàòóðíîé ôîð-

ìóëû (1.34) ìîæíî ïðåäñòàâèòü âûðàæåíèåì

RN(ϕ) =
1

2π

∣∣∣∣∣∣

2π∫

0

ϕ(σ + (s− t′j))ctg
σ − t′j

2
dσ −

N−1∑

k=0

tk+1∫

tk

ϕ(t′k)ctg
σ − t′j

2
dσ

∣∣∣∣∣∣
≤
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≤ 1

2π

N−1∑

k=0

∣∣∣∣∣∣

tk+1∫

tk

(ϕ(σ + (s− t′j))− ϕ(t′k))ctg
σ − t′j

2
dσ

∣∣∣∣∣∣
≤

≤ 1

2π

[N/2]−1∑

k=1

|
tk+j+1∫

tk+j

|ϕ(σ + (s− t′j))− ϕ(t′k+j)||ctg
σ − t′j

2
|dσ+

+
1

2π

[N/2]−1∑

k=0

|
tj−k∫

tj−k−1

|ϕ(σ + (s− t′j))− ϕ(t′j−k−1)||ctg
σ − t′j

2
|dσ+

+
1

2π
|

tj+1∫

tj

(ϕ(σ + (s− t′j))− ϕ(t′j))ctg
σ − t′j

2
dσ|+

+
1

2π

tj+[N/2]+1∫

tj+[N/2]

|ϕ(σ + (s− t′j))− ϕ(t′k+[N/2])||ctg
σ − t′j

2
|dσ =

= I1 + I2 + I3 + I4. (1.39)

Äëÿ îöåíêè I1 è I2 äîñòàòî÷íî ïîâòîðèòü âûêëàäêè èç äîêàçàòåëüñòâà
òåîðåìû 1.1

I1 + I2 ≤ N

π2

[N/2]−1∑

k=1

1

k

tk+j+1∫

tk+j

|σ − t′k+j + (s− t′j)|αdσ ≤

≤ N

π2

[N/2]−1∑

k=1

1

k

tk+j+1∫

tk+j

(σ − t′k+j + (s− t′j))
αdσ ≤

≤ N

π2(1 + α)
[tk+j+1 − t′k+j + s− t′j]

1+α

[N/2]−1∑

k=1

1

k
≤ 21+α ln N

π1−α(1 + α)Nα
.

Cëàãàåìîå I3 ìîæíî ïðåäñòàâèòü â âèäå

I3 =
1

2π

∣∣∣∣∣∣∣

tj+1∫

tj

(ϕ(σ + (s− t′j))− ϕ(s))ctg
σ − t′j

2
dσ

∣∣∣∣∣∣∣
≤ 2

πα

( π

N

)α

.
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Àíàëîãè÷íî îöåíèâàåòñÿ ñëàãàåìîå I4. Èç íåðàâåíñòâà (1.39) è îöåíîê
I1 ÷ I4 ñëåäóåò ñïðàâåäëèâîñòü òåîðåìû.

Äîêàçàòåëüñòâî òåîðåìû 1.13. Îáîçíà÷èì ÷åðåç TN [ϕ] ïîëèíîì
íàèëó÷øåãî ðàâíîìåðíîãî ïðèáëèæåíèÿ ñòåïåíè N ê ôóíêöèè ϕ. Òîãäà
ïîãðåøíîñòü ê.ô. (1.35) ìîæíî ïðåäñòàâèòü âûðàæåíèåì

RN(ϕ) =
1

2π

2π∫

0

(ϕ(σ)− TN [ϕ](σ))ctg
σ − s

2
dσ−

− 1

2π

2π∫

0

PN [ϕ(σ)− TN [ϕ](σ)]ctg
σ − s

2
dσ = r1(s, ϕ)− r2(s, ϕ). (1.40)

Ïðèñòóïàÿ ê îöåíêå âûðàæåíèÿ r1, ïðåäïîëîæèì, ÷òî ôóíêöèÿ G(x)
îáëàäàåò óæå óïîìÿíóòûì âûøå ñâîéñòâîì AN+1, ò.å. åñëè ôóíêöèÿ G(x)
÷åòíàÿ, òî äëÿ ëþáûõ ξk (k = 1, 2, · · · , N) ôóíêöèÿ G(x)−

−
N∑

k=0

ξk cos x ìîæåò èìåòü â èíòåðâàëå (0, π) íå áîëåå N + 1 íóëåé, èëè,

åñëè ôóíêöèÿ G(x) íå÷åòíàÿ, âûðàæåíèå G(x)−
N∑

k=0

ξk sin kx ìîæåò èìåòü

â èíòåðâàëå (0, π) íå áîëåå N íóëåé. Áóäåì äëÿ îïðåäåëåííîñòè ñ÷èòàòü,
÷òî ôóíêöèÿ G(x) ÷åòíàÿ.

Â ñòàòüå [147] äëÿ òàêèõ ôóíêöèé ïîñòðîåí â ÿâíîì âèäå ïîëèíîì
íàèëó÷øåãî ïðèáëèæåíèÿ ñòåïåíè N , ïðè÷åì

ϕ(x)− TN [ϕ] =

2π∫

0

(G(t)−
N∑

k=0

ξ∗k cos kt)h(x− t)dt.

Äëÿ ïîëó÷åíèÿ îöåíêè èíòåãðàëà r1 çàìåòèì, ÷òî

r1(s, ϕ) =
1

2π

2π∫

0

(ϕ(σ)− TN [ϕ](σ))ctg
σ − s

2
dσ =

=
1

2π

2π∫

0

(G(t)−
N∑

k=0

ξ∗k cos kt)(

2π∫

0

h(σ − t)ctg
σ − s

2
dσ)dt
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è, ñëåäîâàòåëüíî,

|r1[Ψ]| ≤ vrai max
0≤s≤2π

|h̃(s)| 1

2π

2π∫

0

|G(t)−
N∑

k=0

ξ∗k cos kt|dt ≤ KEN,1(G).

Ïåðåéäåì ê îöåíêå èíòåãðàëà r2. Ïðåæäå âñåãî çàìåòèì, ÷òî

PN [ϕ(σ)− TN [ϕ](σ)] =
2N∑

k=0

ykψk(σ) =

=
1

2N + 1

2N∑

k=0

yk(1 + 2 cos(σ − sk) + · · ·+ 2 cos N(σ − sk)).

Çäåñü èñïîëüçîâàíî îáîçíà÷åíèå yk = ϕ(sk) − TN [ϕ](sk) è èçâåñòíàÿ
ôîðìóëà êîíñòðóêòèâíîé òåîðèè ôóíêöèé [112]

sin
2N + 1

2
σ/ sin

σ

2
= 1 + 2 cos σ + · · ·+ 2 cos Nσ.

Ïîäñòàâëÿÿ ïðèâåäåííîå âûðàæåíèå äëÿ PN [ϕ(σ)−TN [ϕ](σ)] â èíòåð-
ãàë Fϕ, èìååì

r2 =
1

2π

2π∫

0

[
1

2N + 1

2N∑

k=0

yk(1+2 cos(σ−sk)+· · ·+2 cos N(σ−sk))]ctg
σ − s

2
dσ =

=
1

π

1

2N + 1

2N∑

k=0

yk

2π∫

0

N∑
j=1

cos j(σ − sk)ctg
σ − s

2
dσ =

=
1

π

1

2N + 1

2N∑

k=0

yk

N∑
j=1

sin j(s− sk) =

=
1

π

1

2N + 1

2N∑

k=0

yk

cos s−sk

2 − cos 2N+1
2 (s− sk)

2 sin s−sk

2
=

=
1

π

1

2N + 1

2N∑

k=0

yk

sin N+1
2 (s− sk)

sin s−sk

2
sin

N

2
(s− sk).
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Çàôèêñèðóåì ïðîèçâîëüíîå çíà÷åíèå s. Òàê êàê âåëè÷èíà r2(s, ϕ) îöå-
íèâàåòñÿ íà êëàññå ôóíêöèé èíâàðèàíòíûõ îòíîñèòåëüíî ñäâèãà, òî äî-
ñòàòî÷íî îöåíèòü âåëè÷èíó ïîãðåøíîñòè â îäíîé òî÷êå, ñêàæåì, â òî÷êå
s = 0. Òîãäà

r2(0, ϕ) = −1

π

1

2N + 1

2N∑

k=1

yk(sin
N + 1

2
sk sin

N

2
sk/ sin

sk

2
)

è, ïåðåõîäÿ ê àáñîëþòíûì âåëè÷èíàì, îöåíèì r2

|r2(s, ϕ)| ≤ 1

(2N + 1)π

2N∑

k=1

|yk|
∣∣∣∣sin

N + 1

2
sk sin

N

2
sk/ sin

sk

2

∣∣∣∣ ≤

≤ EN(ϕ)

(2N + 1)π

2N∑

k=1

∣∣∣sin sk

2

∣∣∣
−1

=
2EN(ϕ)

(2N + 1)π

N∑

k=1

∣∣∣sin sk

2

∣∣∣
−1

=

=
2EN(ϕ)

(2N + 1)π

N∑

k=1

(
sin

kπ

2N + 1

)−1

≤ EN(ϕ)

π

N∑

k=1

1

k
≤ EN(ϕ)(ln N + C)

π
.

Èç ðàâåíñòâà (1.40) è îöåíîê r1 è r2 ñëåäóåò ñïðàâåäëèâîñòü òåîðåìû.
Äîêàçàòåëüñòâî òåîðåìû 1.14.Ôóíêöèè èç êëàññà W r

p èìåþò ïðåä-
ñòàâëåíèå

f(x) =
a0

2
+

1

π

2π∫

0

Dr(x− t)f (r)(t)dt,

ãäå a0

2
− êîýôôèöèåíò Ôóðüå ôóíêöèè f(x); Dr(x) =

∞∑

k=1

k−r cos(kx−

− π

2
r)− ôóíêöèÿ Áåðíóëè.

Â ñòàòüå Â.Ô. Áàáåíêî, Ñ.À. Ïè÷óãîâà [7] ïîêàçàíî, ÷òî íàèëó÷øèé
ëèíåéíûé ìåòîä ïðèáëèæåíèÿ ôóíêöèé f èç êëàññà W r

p îñóùåñòâëÿåòñÿ
îïåðàòîðàìè

L̄n(f, x) =
a0

2
+

1

π

π∫

−π

T̃n(x− t)f (r)(t)dt,

152



ãäå T̃n(x) � ïîëèíîì íàèëó÷øåãî ïðèáëèæåíèÿ ôóíêöèè Dr(x) â ìåòðèêå
L′p (1/p + 1/p′ = 1), ïðè÷åì

sup
f∈W r

p (1)
max

x
|f(x)− L̄n(f, x)| = 1

π
En(Dr)p.

Ïðåäñòàâèì ïîãðåøíîñòü ê.ô. (1.35) â âèäå

RN(ϕ) =
1

2π

2π∫

0

(ϕ(σ)− L̄n(ϕ, σ))ctg
σ − s

2
dσ−

− 1

2π

2π∫

0

PN [ϕ(σ)− L̄n(ϕ, σ)]ctg
σ − s

2
dσ = r3(s, ϕ)− r4(s, ϕ).

Î÷åâèäíî,

|r3(s, ϕ)| = 1

2π2 |
2π∫

0

[

2π∫

0

(Dr(σ − t)− T̃n(σ − t))f (r)(t)dt]ctg
σ − s

2
dσ| =

=
1

2π2 |
2π∫

0

f (r)(t)[

2π∫

0

(Dr(σ − t)− T̃n(σ − t))ctg
σ − s

2
dσ]dt| ≤

≤ 1

2π2 [

2π∫

0

|f (r)(t)|pdt]1/p[

2π∫

0

|
2π∫

0

(Dr(σ− t)− T̃n(σ− t))ctg
σ − s

2
dσ|p′dt]1/p′ =

=
1

2π2 ||f (r)||p[
2π∫

0

|
2π∫

0

(Dr(σ − t)− T̃n(σ − t))ctg
σ − s

2
dσ|p′dt]1/p′.

Èçâåñòíà (ñì. [9, ñ. 566]) ñëåäóþùàÿ òåîðåìà.
Òåîðåìà Ì. Ðèññà. Åñëè ϕ(x) ∈ Lp, p > 1, òî ñîïðÿæåííàÿ ôóíêöèÿ

ϕ̃(x) ∈ Lp è ||ϕ̃||Lp
≤ Ap||ϕ||Lp

, ãäå Ap − êîíñòàíòà, çàâèñÿùàÿ òîëüêî îò
p.

Ï. Øòåéí [214] ïîêàçàë, ÷òî Ap ≤ 2p ïðè p ≥ 2.
Âîñïîëüçîâàâøèñü òåîðåìîé Ì. Ðèññà è îöåíêîé Ï. Øòåéíà, èìååì

|r3(s, ϕ)| ≤ 2

π
p′||ϕ(r)||p||Dr(σ)− T̃n(σ)||p′ =

2

π
p′En(Dr)p′.
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Ïåðåéäåì ê ðàññìîòðåíèþ âûðàæåíèÿ r4. Äëÿ ïîëó÷åíèÿ íóæíîé îöåí-
êè äîñòàòî÷íî ïîâòîðèòü ðàññóæäåíèÿ, ïðèâåäåííûå â òåîðåìå 1.11 ïðè
èññëåäîâàíèè èíòåãðàëà r2. Ïîëîæèì yk = ϕ(sk)−L̄n(ϕ, sk). Â ðåçóëüòà-
òå ïîëó÷èì îöåíêó |r4(s, ϕ)| ≤ En(Dr)p′ ln n/π2. Ñîáèðàÿ îöåíêè r3 è r4,
îêîí÷àòåëüíî èìååì RN [Ψ] ≤ En(Dr)p′(2p

′ + π−1(ln n +
+ C)). Òåîðåìà äîêàçàíà.

Äîêàçàòåëüñòâa ñëåäñòâèé

1. Íåðàâåíñòâî (1.37) ñëåäóåò èç îöåíêè EN(Dr)1 ≤ πKrN
−r, äîêàçàí-

íîé â êíèãå Í.Ï. Êîðíåé÷óêà [92].
2. Íåðàâåñòâî (1.38) ñëåäóåò èç îöåíêè En(D2r)C2π

= πµ(2r−1)/2(2r−
− 1)!n2r−1 + o(n−2r+1), äîêàçàííîé â ñòàòüå Â.Ô. Áàáåíêî, Ñ.À. Ïè÷óãîâà
[7].

1.4. Óñòîé÷èâîñòü àëãîðèòìîâ

Ïðè âû÷èñëåíèè ñèíãóëÿðíûõ èíòåãðàëîâ Fϕ ïî ê.ô. âèäà (1.1), êàê
ïðàâèëî, îêàçûâàåòñÿ, ÷òî âìåñòî çíà÷åíèé ϕ(tk) èçâåñòíû èõ ïðèáëè-
æåííûå çíà÷åíèÿ ϕ̃(tk) ñ òî÷íîñòüþ |ϕ(tk) − ϕ̃(tk)| ≤ ε. Âîçíèêàåò çà-
äà÷à ïîñòðîåíèÿ îïòèìàëüíîé êâàäðàòóðíîé ôîðìóëû â ïðåäïîëîæå-
íèè, ÷òî âìåñòî âåêòîðà IN = (ϕ1, . . . , ϕN) òî÷íûõ çíà÷åíèé ϕ(tk) (k =
1, 2, . . . , N) çàäàí âåêòîð ïðèáëèæåííûõ çíà÷åíèé ĨN =
= (ϕ̃1, . . . , ϕ̃N), ãäå ϕ̃k = ϕ̃(tk) è |ϕk − ϕ̃k| ≤ ε, k = 1, 2, . . . , N .

1.4.1. Ôîðìóëèðîâêè òåîðåì

Òåîðåìà 1.15 [29]. Âåðõíÿÿ ãðàíü îöåíêè ñíèçó ïîãðåøíîñòè ê.ô.
âèäà (1.1) íà êëàññå H1(1) ïðè çàäàíèè âåêòîðà IN ñ ïîãðåøíîñòüþ ε,

ε > 0 íå ìåíüøå âåëè÷èíû, ðàâíîé

ln π

N
+
| ln ε|
N

+
2ε

π
(1 + | ln | sin ε

2
||).

Òåîðåìà 1.16 [29]. Ïóñòü Ψ = Hα(1). Êâàäðàòóðíàÿ ôîðìóëà (1.3)
ïðè çàäàíèè âåêòîðà IN ñ ïîãðåøíîñòüþ ε èìååò ïîãðåøíîñòü

RN [Ψ] ≤ (1 + o(1))2 ln N/π1−α(1 + α)Nα + 2ε(| ln sin π/N |+ ln 2)/π.
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Òåîðåìà 1.17 [29]. Ïóñòü Ψ = Hα(1). Êâàäðàòóðíàÿ ôîðìóëà

Fϕ =
1

2π

N∑

k=1

∫

∆k−1

ϕ̃(t′k−1)ctg
σ − s

2
dσ + RN(s, ϕ), (1.41)

ãäå ∆k−1 = [tk−1, tk]∩D, tk = 2kπ/N , t′k = (2k + 1)π/N , D − äîïîëíåíèå
[s− tk∗, s + tk∗] äî [0, 2π], k∗ = [Nε1/α] + 1, èìååò ïîãðåøíîñòü

RN [Ψ] = 2| ln | sin ε1/α||/π1−α(1 + α)Nα + 2ε| ln | sin(πε1/α)||/π+

+2(2πε1/α + 2π/N)α(πε1/α + π/N)/(πα| sin(πε1/α + π/N)|).
Çàìå÷àíèå. Ïðè ε = 1/N ãëàâíûå ÷ëåíû îöåíîê ñâåðõó è ñíèçó ñîâïà-

äàþò. Ðàçëè÷èå ìåæäó ýòèìè îöåíêàìè ðàâíî AN−1, ïðè÷åì êîíñòàíòà
A ëåãêî îïðåäåëÿåòñÿ.

Ïðè èñïîëüçîâàíèè ê.ô. (1.3) êîýôôèöèåíòû pk(s), ò.å. ôóíêöèè
1

2π

tk+1∫

tk

ctg
σ − s

2
dσ, ìîãóò áûòü âû÷èñëåíû ñ ïîãðåøíîñòüþ. Èññëåäóåì

óñòîé÷èâîñòü ê.ô. (1.3) â ïðåäïîëîæåíèè, ÷òî âåñà pk(s) âû÷èñëÿþòñÿ ñ
òî÷íîñòüþ ε (ε > 0).

Òåîðåìà 1.18 [29]. Ïóñòü Ψ = Hα(1). Âåðõíÿÿ ãðàíü îöåíêè ñíèçó
ïîãðåøíîñòè ê.ô. (1.3) ïðè íåòî÷íî çàäàííûõ âåñàõ pk(s) ðàâíà áåñêî-
íå÷íîñòè.

Òåîðåìà 1.19 [29]. Ïóñòü Ψ = Hα(1). Åñëè âåñà

pk(s) =
1

2π

tk+1∫

tk

ctg
σ − s

2
dσ âû÷èñëÿþòñÿ ñ òî÷íîñòüþ ε, òî ê.ô.

Fϕ =
1

2π

N∑

k=1

∫

∆k−1

(ϕ(t′k−1)− ϕ(t′v−1))ctg
σ − s

2
dσ + RN(ϕ), (1.42)

ãäå tk = 2kπ/N , t′k = (2k + 1)π/N , s ∈ [tv−1, tv], ∆k = [tk, tk+1] ∩C[0,2π]\∆,
C[0,2π]\∆ − äîïîëíåíèå ñåãìåíòà ∆ = [s − 2π/N, s + 2π/N ] äî ñåãìåíòà
[0, 2π] èìååò ïîãðåøíîñòü RN [Ψ] ≤ (2−1εN + 2N−α ln N)/π1−α(1 + α).

Çàìå÷àíèå. Äàííàÿ îöåíêà äîñòèæèìà.
Ïðè âû÷èñëåíèè èíòåãðàëîâ ïî ôîðìóëå (1.3) çàòðóäíèòåëüíî âû÷èñ-

ëÿòü êîýôôèöèåíòû pk(s) ïðè êàæäîì çíà÷åíèè s. Åñòåñòâåííûì ïðåä-
ñòàâëÿåòñÿ ñëåäóþùèé ïîäõîä. Ïóñòü s ∈ [tv, tv+1]. Òîãäà êîýôôèöèåíò
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pkv îïðåäåëÿåòñÿ âûðàæåíèåì pkv =
1

2π

tk+1∫

tk

ctg
σ − t′v

2
dσ è èíòåãðàë Fϕ

âû÷èñëÿåòñÿ ïî ôîðìóëå

Fϕ =
1

2π

N∑

k=1

tk∫

tk−1

ϕ(t′k−1)ctg
σ − t′v

2
dσ + RN(ϕ). (1.43)

Òåîðåìà 1.20. Ïóñòü Ψ = Hα(1), 0 < α ≤ . Òîãäà ïîãðåøíîñòü ê.ô.
(1.43) îöåíèâàåòñÿ íåðàâåíñòâîì

RN [Ψ] ≤ 2 ln N

π1−α(1 + α)Nα
+

2

π1−αNα
| ln sin

π

N
|+ 22+α

π1−ααNα
+ o

(
1

Nα

)
.

156



1.4.2. Äîêàçàòåëüñòâà òåîðåì
Äîêàçàòåëüñòâî òåîðåìû 1.15. Äëÿ âû÷èñëåíèÿ ïîãðåøíîñòè ê.ô.

(1.1) ìîæíî ïîñòóïèòü ñëåäóþùèì îáðàçîì: âîçüìåì âåêòîð ĨN = (0, . . . , 0)
è ïîñòðîèì ïî ýòîìó âåêòîðó ôóíêöèþ ϕ∗(t) ∈ H(1), òàêóþ, ÷òî |ϕ(tv) ≤
ε. Òîãäà RN [Ψ] = sup

ϕ∈H1(1) ĨN=0
max

s
Fϕ∗.

Ïðè ýòîì ñëåäóåò ðàññìîòðåòü äâå âîçìîæíîñòè: 1) ñóùåñòâóåò ñåã-
ìåíò äëèíîé h = [23π ln πN−1 + 23π| ln ε|N−1 + 24(1 + | ln | sin ε/2||)], â
êîòîðîì îòñóòñòâóþò óçëû ê.ô. (1.1); 2) â êàæäîì ñåãìåíòå äëèíîé h
èìååòñÿ, ïî êðàéíåé ìåðå, îäèí óçåë ê.ô. (1.1).

Îñòàíîâèìñÿ âíà÷àëå íà ïåðâîé âîçìîæíîñòè. Íå îãðàíè÷èâàÿ îáùíî-
ñòè ìîæíî ñ÷èòàòü, ÷òî â ñåãìåíòå [ε, ε + h] íåò óçëîâ ê.ô. (1.1). Ââåäåì
ôóíêöèþ ϕ∗(σ) ïî ôîðìóëå
ϕ∗(σ) = σ, 0 ≤ σ ≤ a = ε; ε + min(|σ − a|, |h + a− σ|), a ≤ σ ≤ a + h; (2a + h− σ), a + h ≤ σ ≤ 2a + h; 0 σ.

Ïîäñòàâèâ ôóíêöèþ ϕ∗(σ) â èíòåãðàë Fϕ, ïîñëå íåñëîæíûõ, íî äî-
âîëüíî ãðîìîçêèõ âû÷èñëåíèé, ïîëó÷àåì îöåíêó

max
s

(Fϕ∗)(s) ≥ h/2π.

Ïåðåéäåì êî âòîðîé âîçìîæíîñòè. Ðàçäåëèì ñåãìåíò [0, 2π] íà
M = [2π/h] ðàâíûõ ÷àñòåé òî÷êàìè vk = 2kπ/M , k = 0, 1, . . . , M . Ïî
ïðåäïîëîæåíèþ â êàæäîì èíòåðâàëå [vk, vk+1] íàéäåòñÿ, ïî êðàéíåé ìå-
ðå, îäèí óçåë ê.ô. (1.1). Âûáåðåì â êàæäîì èíòåðâàëå (vk, vk+1) òî÷íî ïî
îäíîìó óçëó è îáîçíà÷èì âûáðàííûé óçåë ÷åðåç t∗k, k =
= 0, 1, . . . , M − 1. Êàæäîìó óçëó t∗j ïîñòàâèì â ñîîòâåòñòâèå ôóíêöèþ
ϕ̃∗j(σ) = ϕ∗j(σ)+(sgn ctg

σ−t∗j
2 ) min(|σ−t∗j −kπ|, ε), ãäå ϕ∗j(σ) îïðåäåëÿåòñÿ

ñëåäóþùèì îáðàçîì. Îáîçíà÷èì ÷åðåç ∇j ìíîæåñòâî òî÷åê σ ∈ [0, 2π],
êîòîðûå óäîâëåòâîðÿþò íåðàâåíñòâó |σ − tj − kπ| ≤ ε. Òîãäà ôóíêöèþ
ϕ∗j(σ) ìîæíî ïîëîæèòü ðàâíîé min

0≤v≤N−1
(|σ− tv|,|tv+1−σ|)sgnctg

σ−t∗j
2 , åñëè

[tv, tv+1] ∩ ∇j− ïóñòîå ìíîæåñòâî, è ðàâíîé íóëþ ïðè îñòàëüíûõ çíà÷å-
íèÿõ σ.

Îöåíèì ñíèçó çíà÷åíèå èíòåãðàëà

(F ϕ̃∗j)(t
∗
j) ≥ (Fϕ∗j)(t

∗
j) +

2ε

π

(
1 + ln

∣∣∣sin ε

2

∣∣∣
)

.

Óñðåäíÿÿ ýòî íåðàâåíñòâî ïî âñåì çíà÷åíèÿì j àíàëîãè÷íî òîìó, êàê
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ýòî áûëî ñäåëàíî â ï. 1.1.2, èìååì

max
s,j

(F ϕ̃∗j)(s) ≥
1

π2

2π∫

0

|ϕ∗(σ)|dσ

[M/2]−1∑

k=[ε/h]

1

k + 1
+

2ε

π

(
1 + ln

∣∣∣sin ε

2

∣∣∣
)
≥

≥ 1

N

[M/2]−1∑

k=[ε/h]

1

k + 1
+

2ε

π

(
1 + ln

∣∣∣sin ε

2

∣∣∣
)
≥

≥ ln π

N
+
| ln ε|
N

+
2ε

π

(
1 + ln

∣∣∣sin ε

2

∣∣∣
)

.

Çäåñü ϕ∗(σ) = min
1≤k≤N

|σ − sk|α. Òåîðåìà äîêàçàíà.
Äîêàçàòåëüñòâî òåîðåìû 1.16. Ïîãðåøíîñòü ê.ô. (1.3) ìîæåò áûòü

ïðåäñòàâëåíà âûðàæåíèåì

|RN(ϕ)| ≤ 1

2π

N∑

k=1

′|
tk∫

tk−1

(ϕ(σ)− ϕ̃(t′k−1))ctg
σ − s

2
dσ|+

+
1

2π
|

tv+1∫

tv−2

(ϕ(σ)− ϕ̃(t′v−1))ctg
σ − s

2
dσ| = I1 + I2.

Èç óñëîâèé òåîðåìû ñëåäóåò, ÷òî

I1 ≤ 1

2π

N∑

k=1

′|
tk∫

tk−1

(ϕ(σ)− ϕ(t′k−1))ctg
σ − s

2
dσ|+ 2ε

π
| ln sin

π

N
| ≤

≤ (1 + o(1))2 ln N

π1−α
(1 + α)Nα +

2ε

π
| ln

∣∣∣sin π

N
|
∣∣∣ .

Íåòðóäíî âèäåòü, ÷òî

I2 ≤ 1

2π
[|

s−t1∫

tv−2

(ϕ(σ)− ϕ̃(t′v−1))ctg
σ − s

2
dσ|+ |

s+t1∫

s−t1

(ϕ(σ)−ϕ(s))ctg
σ − s

2
dσ|+

+|
tv+1∫

s+t1

(ϕ(σ)− ϕ̃(t′v−1))ctg
σ − s

2
dσ|] ≤ 2ε

π
ln 2 + πα−1 1

Nα

(
21+2α

α
+ ln 2

)
.
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Îêîí÷àòåëüíî èìååì
RN [Ψ] ≤ (1 + o(1))2 ln N/π1−α(1 + α)Nα + 2ε(| ln sin π/N |+ ln 2)/π.

Òåîðåìà äîêàçàíà.
Äîêàçàòåëüñòâî òåîðåìû 1.17. Ïîãðåøíîñòü ê.ô. (1.41) ìîæåò

áûòü ïðåäñòàâëåíà â âèäå

|RN(ϕ)| ≤ 1

2π

N∑

k=1

|
∫

∆k−1

(ϕ(τ)− ϕ̃(t′k−1))ctg
σ − s

2
dσ|+

+
1

2π
|

s+tk∗∫

s−tk∗

(ϕ(τ)− ϕ(s))ctg
σ − s

2
dσ| ≤

≤ 2| ln | sin ε1/α||
π1−α(1 + α)Nα

+
2ε|| ln | sin(πε1/α)||

π
+

2(2πε1/α + 2π/N)α(πε1/α + π/N)

(πα| sin(πε1/α + π/N)|) .

Òåîðåìà äîêàçàíà.
Äîêàçàòåëüñòâî çàìå÷àíèÿ. Ïîëîæèì ε = 1/N . Òîãäà îöåíêà ñíè-

çó ðàâíà 2| ln sin 1/N |
πN

+
2

πN
+

(1 + o(1)) ln N

N
, à ïîãðåøíîñòü ê.ô. (1.41)

îãðàíè÷åíà âåëè÷èíîé

| ln sin 1/N |
N

+
2| ln sin π/N |

πN
+

23

N
· 2π/N

sin(2π/N)
≤ ln N

N
+

+
| ln(1− π2/3!N 2)|

N
+

2| ln sin 1/N |
πN

+
2

πN
+

23(2π/N)

N sin(2π/N)
.

Èç ñîïîñòàâëåíèÿ îöåíîê ñíèçó è ñâåðõó âèäíî, ÷òî èõ ãëàâíûå ÷ëåíû
ñîâïàäàþò, à ðàçëè÷èå ðàâíî o(N−1).

Äîêàçàòåëüñòâî òåîðåìû 1.18. Ïóñòü ϕ(t) ≥ M è ïðè íåêîòîðîì
çíà÷åíèè s∗ ∈ [tv−1, tv] âñå êîýôôèöèåíòû p̃k < pk (k 6= v − 2, . . . , v).
Òîãäà ïîëîæèâ â ê.ô. (1.3) s = s∗, äîñòàòî÷íî ïîâòîðèòü ðàññóæäåíèÿ
èç ï. 1.3 ãëàâû 2.

Òåîðåìà äîêàçàíà.
Äîêàçàòåëüñòâî òåîðåìû 1.19. Ïîãðåøíîñòü ê.ô. (1.42) ìîæíî
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ïðåäñòàâèòü â âèäå

|RN(ϕ)| ≤ | 1

2π

2π∫

0

ϕ(σ)ctg
σ − s

2
dσ − 1

2π

N∑

k=1

∫

∆k−1

ϕ(t′k−1)ctg
σ − s

2
dσ|+

+| 1

2π

N∑

k=1

′(ϕ(t′k−1)− ϕ(v′k−1))εk| = I1 + I2,

ãäå
∑′ îçíà÷àåò ñóììèðîâàíèå ïî ∆k 6= Ø, εk = pk(s)− p̄k(s).
Âûðàæåíèå I1 áûëî îöåíåíî ïðè äîêàçàòåëüñòâå òåîðåìû 1.1. Èç óñëî-

âèÿ ϕ ∈ Hα(1) ñëåäóåò, ÷òî I2 ≤ ε

π

[N/2]∑

k=1

(
2kπ

N

)α

=
(1 + o(1))εN

2π1−α(1 + α)
.

Òåîðåìà äîêàçàíà.
Äîêàçàòåëüñòâî çàìå÷àíèÿ. Ñïðàâeäëèâîñòü çàìå÷àíèÿ ñëåäóåò èç

òîãî, ÷òî âñå ñëàãàåìûå â I2 ìîæíî ñäåëàòü ïîëîæèòåëüíûìè.
Äîêàçàòåëüñòâî òåîðåìû 1.20. Ïîãðåøíîñòü ê.ô. (1.43) ìîæåò

áûòü ïðåäñòàâëåíà âûðàæåíèåì

|RN(ϕ)| ≤ | 1

2π

2π∫

0

ϕ(σ)(ctg
σ − s

2
− ctg

σ − t′v
2

)dσ|+

+| 1

2π

2π∫

0

ϕ(σ)ctg
σ − t′v

2
dσ − 1

2π

N∑

k=1

tk∫

tk−1

ϕ(t′k)ctg
σ − t′v

2
dσ| = I1 + I2.

Òàê êàê s ∈ [tv, tv+1], òî

I1 = | 1

2π

2π∫

0

(ϕ(σ + s− t′v)− ϕ(σ))ctg
σ − t′v

2
dσ| ≤

≤ | 1

2π

t′v+t1∫

t′v−t1

(ϕ(σ + s− t′v)− ϕ(σ))ctg
σ − t′v

2
dσ|+

+| 1

2π

∫

gv

(ϕ(σ + s− t′v)− ϕ(σ))ctg
σ − t′v

2
dσ| = I11 + I12,
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ãäå gv = [t′v − π, t′v + π]\[t′v − t1, t
′
v + t1].

Èç ñâîéñòâ ñèíãóëÿðíûõ èíòåãðàëîâ ñëåäóåò, ÷òî

I11 = | 1

2π

t′v+t1∫

t′v−t1

((ϕ(σ + s− t′v)−ϕ(s− t′v))− (ϕ(σ)−ϕ(t′v)))ctg
σ − t′v

2
dσ| ≤

≤ 22+α/π1−ααNα,

I12 ≤ 2πα−1N−α| ln sin(π/N)|.

Âåëè÷èíà I2 áûëà îöåíåíà ïðè äîêàçàòåëüñòâå òåîðåìû 1.1. Ñîáèðàÿ
âìåñòå îöåíêè I11, I12, I2, èìååì
|RN(ϕ)| ≤ 2 ln N

π1−α(1 + α)Nα
+

2

π1−αNα
| ln sin

π

N
|+ 22+α

π1−ααNα
+ O(N−α).

Òåîðåìà äîêàçàíà.
1.5. Ìàòåìàòè÷åñêîå îæèäàíèå âåëè÷èíû ïîãðåøíîñòè

êâàäðàòóðíûõ ôîðìóë

1.5.1. Ôîðìóëèðîâêè òåîðåì
Ïðè âû÷èñëåíèè ñèíãóëÿðíûõ èíòåãðàëîâ ïî ê.ô. Sϕ = S(Pn[ϕ]) +

+ Rn(ϕ), èññëåäîâàííîé â ï. 1.3, åñòåñòâåííî ïðåäïîëîæèòü, ÷òî ÷èñëî
2n+1 óçëîâ òàêîé ôîðìóëû ñëó÷àéíîå. Ïðè ýòîì ìîæíî îæèäàòü, ÷òî ìà-
òåìàòè÷åñêîå îæèäàíèå (ì.î.) âåëè÷èíû ïîãðåøíîñòè Rn(ϕ) çíà÷èòåëüíî
ìåíüøå ìîäóëÿ ïîãðåøíîñòè |Rn(ϕ)|.

Òåîðåìà 1.21 [29]. Ïóñòü 2N +1 ≤ 2n+1 ≤ 4N +1, Ψ = Lα(c). Òîãäà
ìàòåìàòè÷åñêîå îæèäàíèå ìîäóëÿ îøèáêè ê.ô.

Sϕ = S(Pn[ϕ]) + Rn(ϕ) (1.44)

ðàâíî ..|Rn(ϕ)| = O(N−α−1/2).
Èç äîêàçàòåëüñòâà âûòåêàåò ñëåäóþùåå óòâåðæäåíèå.
Ñëåäñòâèå. Ïóñòü α, (α > 1/2)− ïðîèçâîëüíîå ÷èñëî, òàêîå, ÷òî

∞∑
n=1

E2
n(ϕ)n2α ln2 n < ∞. Òîãäà ìàòåìàòè÷åñêîå îæèäàíèå ìîäóëÿ îøèáêè

ê.ô. (1.44) ðàâíî

..|Rn(ϕ)| = O(N−α−1/2(
∞∑

n=N+1

E2
n(ϕ)n2α ln2 n)1/2).

161



Òåîðåìà 1.22 [29]. Ïóñòü 2N + 1 ≤ 2n + 1 ≤ 4N + 1, Ψ = Φα(C),
α > 1/2. Òîãäà ìàòåìàòè÷åñêîå îæèäàíèå ìîäóëÿ îøèáêè ê.ô. (1.44)
ðaâíî ..|Rn(ϕ)| = O(N−α−1/2 ln N).
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1.5.2. Äîêàçàòåëüñòâà òåîðåì

Äîêàçàòåëüñòâî òåîðåìû 1.21. Ïðåäñòàâèì ðàçíîñòü ϕ(s)−
− Pn[ϕ](s) â âèäå

ϕ(s)− Pn[ϕ](s) =
∞∑

j=1

(Tn(j+1)[ϕ](s)− Tnj[ϕ](s)) + Tn[ϕ](s)− Pn[ϕ](s),

ãäå Tnj[ϕ](s)− ïîëèíîì íàèëó÷øåãî ïðèáëèæåíèÿ ñòåïåíè nj ê ôóíêöèè
ϕ(s). Ïîãðåøíîñòü ê.ô. (1.44) ìîæíî ïðåäñòàâèòü â âèäå

|RN(ϕ)| ≤
∣∣∣∣∣∣

1

2π

2π∫

0

∞∑
j=1

(Tn(j+1)(σ)− Tnj(σ))ctg
σ − s

2
dσ

∣∣∣∣∣∣
+

+

∣∣∣∣∣∣
1

2π

2π∫

0

(Tn(σ)− Pn(σ))ctg
σ − s

2
dσ

∣∣∣∣∣∣
≤ A

∞∑
j=1

Enj(ϕ) ln nj.

Ïðåäïîëîæèì âíà÷àëå, ÷òî α > 1. Òîãäà, ñëåäóÿ ðàññóæäåíèÿì, ïðè-
âåäåííûì â ñòàòüå Í.Ñ. Áàõâàëîâà [12], èìååì

|RN(ϕ)|2 ≤ An−2α(
∞∑

j=1

Enj(ϕ)(ln nj)(nj)αj−α)2 =

= An−2α(
∞∑

j=1

Enj(ϕ)j−1/2(ln nj)(nj)αj1/2−α)2 ≤

≤ An−2αζ(2α− 1)
∞∑

j=1

E2
nj(ϕ)(nj)2α(ln2 nj)j−1,

è

1

N

2N∑

n=N+1

n2α(Rn(ϕ))2 ≤ Aζ(2α− 1)
1

N

2N∑

n=N+1

∞∑
j=1

E2
nj(ϕ)(nj)2α(ln2 nj)

1

j
≤

≤ Aζ(2α− 1)
1

N

∞∑

k=N+1

E2
k(ϕ)k2α(ln2 k)τ 2N

N+1(k)(k/2N)−1 ≤

≤ Aζ(2α− 1)
1

N

∞∑

n=N+1

E2
kk

2α(ln2 k)(3k/2N)(k/2N)−1 ≤ 3ACζ(2α− 1)
1

N
.
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Çäåñü τ 2N
N+1(k) − ÷èñëî äåëèòåëåé m ÷èñëà k, çàêëþ÷åííûõ â ïðåäåëàõ

N + 1 ≤ k ≤ 2N, ζ(α)− äçåòà-ôóíêöèÿ Ðèìàíà.
Êàê ïîêàçàíî Í.Ñ. Áàõâàëîâûì [12], ïîñëåäíåå íåðàâåíñòâî îçíà÷àåò,

÷òî åñëè çíà÷åíèÿ n â ïðåäåëàõ N ≤ n ≤ 2N ðàâíîâåðîÿòíûå, òî ïðè
öåëîì r (r = Nq, q < 1) ñ âåðîÿòíîñòüþ 1− q = (N − r)N−1 ñïðàâåäëèâà
îöåíêà ì.î. |Rn(ϕ)| ≤ q−1/2n−α−1/2

√
6ACζ(2α− 1).

Ïóñòü òåïåðü 1/2 < α ≤ 1. Òîãäà

.o. |Rn(ϕ)| = N−1
2N∑

n=N+1

|Rn(ϕ)| ≤ AN−1
2N∑

n=N+1

∞∑

j=1

Enj(ϕ) ln nj ≤

≤ AN−1
∞∑

j=N+1

Ej(ϕ)(ln j)τ 2N
N+1(j) ≤

≤ AN−1[
∞∑

j=N+1

E2
j (ϕ)(ln2 j)j2α]1/2[

∞∑

j=N+1

(τ 2N
N+1(j))

2j−2α]1/2.

Ïîëüçóÿñü íåðàâåíñòâîì
∞∑

j=N+1

(τ 2N
N+1(j))

2j−2α ≤ N−2α(
∞∑

k=2

C1NkC2/(ln ln k+1)k−2α), (1.45)

ïðèâåäåííûì â ñòàòüå [12], ïîëó÷àåì îöåíêó ì.î. |Rn(ϕ)| = O(N−α−1/2).
Òåîðåìà äîêàçàíà.
Äîêàçàòåëüñòâî òåîðåìû 1.22. Âîçâðàùàÿñü êî âòîðîé ÷àñòè äî-

êàçàòåëüñòâà òåîðåìû 1.19, âèäèì, ÷òî

|Rn(ϕ)| = N−1
2N∑

n=N+1

|Rn(ϕ)| ≤ AN−1
2N∑

n=N+1

∞∑
j=1

Enj(ϕ) ln nj ≤

≤ AN−1
∞∑

j=N+1

Ej(ϕ)(ln j)τ 2N
N+1(j) ≤

≤ AN−1[
∞∑

j=N+1

E2
j (ϕ)j2α]1/2[

∞∑

j=N+1

(τ 2N
N+1(j))

2j−2α(ln2 j)]1/2.
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Âíîâü âîçâðàùàÿñü ê íåðàâåíñòâó (1.45), íàõîäèì, ÷òî
∞∑

j=N+1

(τ 2N
N+1(j))

2j−2α(ln2 j) ≤
∞∑

k=1

(

(k+1)N∑

j=kN+1

(τ 2N
N+1(j))

2j−2α(ln2 j) ≤

≤
∞∑

k=1

(kN + 1)−2α ln2(k + 1)N

(k+1)N∑

j=kN+1

(τ 2N
N+1(j))

2 ≤

≤ C1N
−2α+1

∞∑

k=2

k−2α(ln2 k + 2 ln k ln N + ln2 N)kC2/(ln ln k+1) =

= C1N
−2α+1

∞∑

k=2

k−2α+

+
C1

N 2α−1 ln N

∞∑

k=2

k−2α+C2/(ln ln k+1) ln k+

+
C1

N 2α−1 ln2 N

∞∑

k=2

k−2α+C2/(ln ln k+1).

Ðÿäû, ñòîÿùèå â ïðàâîé ÷àñòè ïîñëåäíåãî íåðàâåíñòâà, ñõîäÿòñÿ. Ïî-
ýòîìó ì.î. |Rn(ϕ)| = O(N−α−1/2 ln N).

Òåîðåìà äîêàçàíà.

2. Êëàññ Wr
p

2.1. Àñèìïòîòè÷åñêè îïòèìàëüíûå ïàññèâíûå àëãîðèòìû

2.1.1. Ôîðìóëèðîâêè òåîðåì
Ðàññìîòðèì ñèíãóëÿðíûé èíòåãðàë ñ ÿäðîì Ãèëüáåðòà

Sϕ =

1∫

0

ϕ(σ)ctgπ(σ − s)dσ, (2.1)

êîòîðûé áóäåì âû÷èñëÿòü ïî êâàäðàòóðíîé ôîðìóëå

Sϕ =
N∑

k=1

ρ∑

l=0

pkl(s)ϕ
(l)(xk) + RN(s, sk, pk(s), ϕ) (2.2)
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è ñèíãóëÿðíûé èíòåãðàë ñ ÿäðîì Êîøè

Tϕ =

1∫

−1

ϕ(τ)dτ

τ − t
, t ∈ (−1, 1), (2.3)

êîòîðûé áóäåì âû÷èñëÿòü ïî êâàäðàòóðíîé ôîðìóëå âèäà

Tϕ =
N∑

k=−N

ρ∑

l=0

pkl(t)ϕ
(l)(tk) + RN(t, tk, pkl(t), ϕ), (2.4)

ãäå −1 ≤ t−N < · · · < t−1 < t0 < t1 < · · · < tN ≤ 1.
Òåîðåìà 2.1 [29]. Ïóñòü Ψ = W̃ rLp(1) (1 ≤ p ≤ ∞) è èíòåãðàë (2.1)

âû÷èñëÿåòñÿ ïî ê.ô. âèäà (2.2) ïðè ρ = r − 1 (r = 1, 2, 3, . . .) è ïðè
ρ = r − 2 (r = 2, 4, 6, . . .).
Òîãäà ζN [Ψ] ≥ (1 + o(1))2Rrq(1) ln N/πr!(2N)r q

√
rq + 1.

Òåîðåìà 2.2 [29]. Ïóñòü Ψ = W̃ r(1) (r ≥ 3). Òîãäà ñðåäè âñåâîç-
ìîæíûõ ê.ô. âèäà (2.2) ïðè s ∈ [tj, tj+1), tk = k/N , k = 0, 1, . . . , N
àñèìïòîòè÷åñêè îïòèìàëüíîé ÿâëÿåòñÿ ôîðìóëà

Sϕ =

tj+2∫

tj−2

ϕ̃(σ, [tj−2, tj+2])ctgπ(σ − s)dσ+

+
∑

k 6=j−2,...,j+1

tk+1∫

tk

ϕ̃(σ, [tk, tk+1])ctgπ(σ − s)dσ + RN(s, sk, pk(s), ϕ), (2.5)

ãäå ϕ̃(σ, [tk, tk+1]) − ïîëèíîì, ââåäåííûé â ðàçä. 1 ãë. 2. Åå ïîãðåøíîñòü
ðàâíà

RN [Ψ] ≤ (1 + o(1))2Rr1(1) ln N/π(r + 1)!(2N)r.

Òåîðåìà 2.3 [36]. Ïóñòü Ψ = W rLp(1) è èíòåãðàë Tϕ âû÷èñëÿåòñÿ
ïî ê.ô. (2.4). Òîãäà

ζN [Ψ] ≥ (1 + o(1))2r+1+1/qN−r ln N inf
c
‖B∗

r (·)− c‖Lq[0,1],

ïðè ρ = 0;

ζN [Ψ] ≥ 2(1 + o(1))Rrq(1) ln N/2rr! q
√

rq + 1
[
N − 1 + [Rrq(1)]1/r

]r
,
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ïðè ρ = r − 1 (r = 1, 2, . . .), ρ = r − 2 (r = 2, 4, . . .).
Òåîðåìà 2.4 [36]. Ïóñòü Ψ = W r(1). Ñðåäè ê.ô. âèäà (2.4) ïðè

ρ = r − 1 (r = 1, 2, . . .) ôîðìóëà

Tϕ =

tj+2∫

tj−2

ϕ̃(τ, [tj−2, tj+2])

τ − t
dτ +

N−1∑
k=0

k 6=j−2,...,j+1

tk+1∫

tk

ϕ̃(τ, [tk, tk+1])

τ − t
dτ + RN(ϕ),

ãäå t ∈ [tj, tj+1), 2 ≤ j ≤ N − 2, tk = −1 + 2k/N, ÿâëÿåòñÿ àñèìïòîòè÷å-
ñêè îïòèìàëüíîé. Åå ïîãðåøíîñòü ðàâíà

RN [Ψ] = Rr1(1)
[
ln[(N − j − 1)(j − 1)]

]
/(r + 1)!(2N)r + O(N−r).

Ðàññìîòðèì èíòåãðàë

Hϕ =
1

2π

2π∫

0

ϕ(σ) ctg
σ − s

2
dσ,

êîòîðûé áóäåì âû÷èñëÿòü ïî êâàäðàòóðíûì ôîðìóëàì âèäà

Hϕ =
N∑

k=0

pk(s)ϕ(sk) + RN(s, sk, pk, ϕ). (2.6)

.
Ââåäåì îáîçíà÷åíèÿ M = [ln1/2r N ], L = [N/M ], vk = 2kπ/L,

k = 0, 1, . . . , L. Çíàê
∑′ îçíà÷àåò ñóììèðîâàíèå ïî k 6= j − 1, j, j +

1. Òåîðåìà 2.5 [36]. Ñðåäè ê.ô. âèäà (2.6) ïðè ρ = 0 àñèìïòîòè÷åñêè
îïòèìàëüíîé íà êëàññå Ψ = W r(1) ÿâëÿåòñÿ ïðè s ∈ [vj, vj+1) ôîðìóëà

Hϕ =
1

2π

[
lM,r,∞

[
ϕ; [vj−1, vj]

]
+ lM,r,∞

[
ϕ; [vj, vj+1]

]
+

+lM,r,∞
[
ϕ; [vj+1, vj+2]

]]
ctgvj−1 − s

2
+

+
1

2π

L−1∑

k=0

′ctgvk − s

2
lM,r,∞

[
ϕ; [vk, vk+1]

]
+

+
1

2π

vj+2∫

vj−1

ΠN2,r,∞
[
Tr−1[ϕ(vj−1)]

]
ctgσ − s

2
dσ+
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+
1

2π

L−1∑

k=0

′
vk+1∫

vk

ΠN2,r,∞
[
Tr−1[ϕ(vk)]

]
ctgσ − s

2
dσ + RN(ϕ),

èìåþùàÿ ïîãðåøíîñòü RN [Ψ] = (1 + o(1))2Krπ
−1N−r ln N.

Ââåäåì îáîçíà÷åíèÿ M = [ln1/2r N ], L = [N/M ], vk = 2kπ/L,
k = 0, 1, . . . , L. Çíàê

∑′ îçíà÷àåò ñóììèðîâàíèå ïî k 6= j − 1, j, j + 1.
Òåîðåìà 2.6 [36]. Ñðåäè ê.ô. âèäà (2.4) àñèìïòîòè÷åñêè îïòèìàëüíîé
íà êëàññå Ψ = W r(1) ÿâëÿåòñÿ ïðè t ∈ [vj, vj+1) ôîðìóëà

Tϕ =
1

vj−1 − t

[
lM,r,∞

[
ϕ; [vj−1, vj]

]
+ lM,r,∞

[
ϕ; [vj, vj+1]

]
+

+lM,r,∞
[
ϕ; [vj+1, vj+2]

]]
+

L−1∑

k=0

′ 1

vk − t
lM,r,∞

[
ϕ; [vk, vk+1]

]
+

+

vj+2∫

vj−1

ΠN2,r,∞
[
Tr−1[ϕ(vj−1)]

] dτ

τ − t
+

+
L−1∑

k=0

′
vk+1∫

vk

ΠN2,r,∞
[
Tr−1[ϕ(vk)]

] dτ

τ − t
+ RN(ϕ),

èìåþùàÿ ïîãðåøíîñòü

RN [Ψ] = (1 + o(1))2r+2N−r ln N inf
c
‖B∗

r (·)− c‖Lq[0,1].

2.1.2. Äîêàçàòåëüñòâà òåîðåì

Äîêàçàòåëüñòâî òåîðåìû 2.1.Îöåíèì ñíèçó ïîãðåøíîñòü ê.ô. (2.2)
íà êëàññå Ψ = W̃ rLp(1) (1 ≤ p ≤ ∞) ïðè ρ = r − 1 (r = 1, 2, . . .). Ïðè
èññëåäîâàíèè ïîãðåøíîñòè ìîãóò âîçíèêíóòü äâà ñëó÷àÿ 1) íàéäåòñÿ ñåã-
ìåíò h = (2Rrq(1) ln N/Ar(r − 1)! q

√
rq + 1)1/r)N−1, â êîòîðîì íåò óçëîâ

ê.ô. (2.2); 2) â ëþáîì ñåãìåíòå äëèíû h íàéäåòñÿ, ïî êðàéíåé ìåðå, îäèí
óçåë ê.ô. (2.2).

Îñòàíîâèìñÿ íà ïåðâîé âîçìîæíîñòè. Íå îãðàíè÷èâàÿ îáùíîñòè ìîæ-
íî ñ÷èòàòü, ÷òî â ñåãìåíòå [0, h] îòñóòñòâóþò óçëû ê.ô. (2.2).

Îïðåäåëèì â ñåãìåíòå [0, h] ôóíêöèþ ϕ∗(σ) ôîðìóëîé
ϕ∗(σ) = σr(h− σ)rAr

(
2

h

)r

, 0 ≤ σ ≤ h; 0, h ≤ σ ≤ 1.
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Êîíñòàíòà Ar âûáèðàåòñÿ òàêèì îáðàçîì, ÷òîáû ϕ∗(σ) ∈ W̃ rLp(1) (1 ≤
p ≤ ∞). Íåòðóäíî âèäåòü, ÷òî òàêàÿ êîíñòàíòà ñóùåñòâóåò. Îöåíèì òå-
ïåðü èíòåãðàë

(Sϕ∗)(0) =

h∫

0

ϕ∗(σ)ctgπσdσ ∼ 1

π

h∫

0

ϕ∗(σ)

σ
dσ ≥ 4Ar

π(r + 1)

(
h

2

)r

=

= 2Rrq(1) ln N/πr!(2N)r q
√

rq + 1.

Ðàññìîòðèì âòîðóþ âîçìîæíîñòü. Ðàçîáüåì ñåãìåíò [0, 1] íà M ÷àñòåé
òî÷êàìè vj = j/M, j = 0, 1, . . . , M, ãäå M = [1/h]. Òàê êàê äëèíà êàæäî-
ãî èç ó÷àñòêîâ ðàçáèåíèÿ íå ìåíüøå h, òî â êàæäîì èç íèõ íàéäåòñÿ, ïî
êðàéíåé ìåðå, ïî îäíîìó óçëó ê.ô. (2.2). Âûáåðåì íà êàæäîì èç ó÷àñò-
êîâ [vj, vj+1] ðàçáèåíèÿ òî÷íî ïî îäíîìó óçëó ê.ô. (2.2) è îáîçíà÷èì ýòè
óçëû ÷åðåç x∗j (j = 1, 2, . . . , M). Îáîçíà÷èì ÷åðåç ϕ∗(σ) ôóíêöèþ, ïðè-
íàäëåæàùóþ êëàññó W̃ rLp(1) (1 ≤ p ≤ ∞) è óäîâëåòâîðÿþùóþ óñëîâèþ
ϕ∗(l)(xk) = 0 ïðè k = 1, 2, . . . , N,

l = 0, 1, . . . , r − 1 è èìåþùóþ íîðìó ||ϕ∗(r)|| ≤ 1. Êëàññ ýòèõ ôóíêöèé
îáîçíà÷èì ÷åðåç W̃ rLp(x1, . . . , xN).

Âîçüìåì òî÷êó x∗j è ââåäåì ôóíêöèþ

ϕ∗j(σ) = 0 σ ∈ [x∗j−2, x
∗
j+2], 0 σ ∈ [x∗v, x

∗
v+1], ϕ

∗(σ) σ ∈ [x∗j+2, x
∗
v],−ϕ∗(σ) σ ∈ [x∗v+1, x

∗
j−2].

Çäåñü ÷åðåç [x∗v, x
∗
v+1] îáîçíà÷èì ñåãìåíò, â êîòîðîì íàõîäèòñÿ òî÷êà

x∗j+
1

2
. Íàïîìíèì, ÷òî ñåãìåíò [0, 1] ñ÷èòàåòñÿ çàêîëüöîâàííûì, ò.å. òî÷êè

0 è 1 îòîæäåñòâëÿþòñÿ.
Ðàññìîòðèì òåïåðü èíòåãðàë (Sϕ∗j)(x

∗
j) ïðè íåêîòîðîì çíà÷åíèè j =

1, 2, . . . , M . Íåòðóäíî âèäåòü, ÷òî

(Sϕ∗j)(x
∗
j) =

x∗j+
1
2∫

x∗j− 1
2

ϕ∗j(σ)ctgπ(σ − x∗j )dσ =

[M2 ]−1∑

k=2

[

x∗j+k+1∫

x∗j+k

ϕ∗j (σ)ctgπ(σ − x∗j )dσ+

+

x∗j−k∫

x∗j−k−1

ϕ∗j(σ)ctgπ(σ − x∗j )dσ] ≥
[M2 ]−1∑

k=2

[
M

π(k + 1)

x∗j+k+1∫

x∗j+k

ϕ∗+j (σ)dσ+
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+
M

πk

x∗j+k+1∫

x∗j+k

ϕ∗−j (σ)dσ +
M

π(k + 1)

x∗j−k∫

x∗j−k−1

ϕ∗+j (σ)dσ +
M

πk

x∗j−k∫

x∗j−k−1

ϕ∗−j (σ)dσ],

ãäå ϕ+ = (ϕ + |ϕ|)/2, ϕ− = (ϕ− |ϕ|)/2.
Òàê êàê ýòî íåðàâåíñòâî ñïðàâåäëèâî äëÿ ëþáîãî j = 1, 2, . . . , M , òî

max
s,j

(Sϕ∗j)(s) ≥
1

M

M∑

j=1

(Sϕ∗j)(x
∗
j) ≥

1

M

M∑

j=1

[

[M
2 ]−1∑

k=2

[
M

π(k + 1)

x∗j+k+1∫

x∗j+k

ϕ∗+j (σ)dσ+

+
M

πk

x∗j+k+1∫

x∗j+k

ϕ∗−j (σ)dσ +
M

π(k + 1)

x∗j−k∫

x∗j−k−1

ϕ∗+j (σ)dσ +
M

πk

x∗j−k∫

x∗j−k−1

ϕ∗−j (σ)dσ]] =

=
1

π

[M
2 ]−1∑

k=2

1

k + 1

M∑

j=1

[

x∗j+k+1∫

x∗j+k

ϕ∗+j (σ)dσ +

x∗j−k∫

x∗j−k−1

ϕ∗+j (σ)dσ]+

+
1

π

[M
2 ]−1∑

k=2

1

k

M∑
j=1

[

x∗j+k+1∫

x∗j+k

ϕ∗−j (σ)dσ +

x∗j−k∫

x∗j−k−1

ϕ∗−j (σ)dσ] =

=
2

π

[M
2 ]−1∑

k=2

[
1

k + 1

1∫

0

ϕ∗+(σ)dσ +
1

k

1∫

0

ϕ∗−(σ)dσ] ∼

∼ 2

π
(ln M)

1∫

0

ϕ∗(σ)dσ ∼ 2

π
ln N

1∫

0

ϕ∗(σ)dσ.

Èçâåñòíî (ñì. òåîðåìó 3.23 ãëàâû 1), ÷òî íàèëó÷øàÿ îöåíêà ïîãðåø-
íîñòè âñåâîçìîæíûõ ê.ô. âèäà

1∫

0

ϕ(σ)dσ =
N∑

k=1

r−1∑

l=0

pklϕ
(l)(xk) + RN(xk, pkq, ϕ)

íà êëàññå ôóíêöèé W̃ rLp(1) (1 ≤ p ≤ ∞) ðàâíà

RN [W̃ rLp(1)] = Rrq(1)/r!(2N)r q
√

rq + 1.
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Èç ëåììû Ñ.À. Ñìîëÿêà ñëåäóåò, ÷òî

sup
ϕ∈W̃ rLp(x1,...,xN )

1∫

0

ϕ(σ)dσ =
Rrq(1)

r!(2N)r q
√

rq + 1
.

Ïîýòîìó

max
s,j

(Sϕj)(s) ≥ 2(1 + o(1))Rrq(1) ln N/r!(2N)r q
√

rq + 1.

Òåîðåìà äîêàçàíà.
Äîêàçàòåëüñòâî òåîðåìû 2.2. Ïîãðåøíîñòü RN(ϕ) ê.ô. (2.5) ìî-

æåò áûòü ïðåäñòàâëåíà â âèäå

|RN(s, tk, pk, ϕ)| ≤ |
tj+2∫

tj−2

v(σ, [tj−2, tj+2)ctgπ(σ − s)dσ|+

+

[N
2 ]−1∑

k=2

|
tj+k+1∫

tj+k

v(σ, [tk+j, tk+j+1])ctgπ(σ − s)dσ|+

+

[N
2 ]−1∑

k=2

|
tj−k∫

tj−k−1

v(σ, [tj−k−1, tj−k])ctgπ(σ − s)dσ|, (2.7)

ãäå v(σ, [tk, tk+1]) = ϕ(σ)− ϕ̃(σ, [tk, tk+1]) ïðè tk ≤ σ ≤ tk+1.
Îöåíèì â îòäåëüíîñòè êàæäîå ñëàãàåìîå, ñòîÿùåå â ïðàâîé ÷àñòè

íåðàâåíñòâà (2.7). Îáîçíà÷èì ÷åðåç h âåëè÷èíó min((tj+2− s), (s− tj−2)).
Òîãäà, ïîëàãàÿ äëÿ îïðåäåëåííîñòè h = tj+2 − s, èìååì

|
tj+2∫

tj−2

v(σ, [tj−2, tj+2])ctgπ(σ − s)dσ| ≤ |
s−h∫

tj−2

v(σ, [tj−2, tj+2])ctgπ(σ − s)dσ|+

+|
s+h∫

s−h

v(σ, [tj−2, tj+2])ctgπ(σ − s)dσ|. (2.8)
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Î÷åâèäíî,

|
s−h∫

tj−2

v(σ, [tj−2, tj+2])ctgπ(σ − s)dσ| ≤ π

N

s−h∫

tj−2

v(σ, [tj−2, tj+2])dσ ≤

≤ (π(r + 1)!N r)−1. (2.9)

Äàëåå

|
s+h∫

s−h

v(σ, [tj−2, tj+2])ctgπ(σ − s)dσ| =

= |
s+h∫

s−h

(v(σ, [tj−2, tj+2])− v(s, [tj−2, tj+2]))ctgπ(σ − s)dσ| ≤

≤ 2|
s+h∫

s

(v(σ, [tj−2, tj+2])− v(s, [tj−2, tj+2]))ctgπ(σ − s)dσ| =

= 2|
s+h∫

s

v′(s + θ(σ − s), [tj−2, tj+2])(σ − s)ctgπ(σ − s)dσ|. (2.10)

Îöåíèì v′(x, [tj−2, tj+2]), s ≤ x ≤ s + h. Ôóíêöèþ v(x, [tj−2, tj+2])
ìîæíî ïðåäñòàâèòü â âèäå v(x, [tj−2, tj+2]) = ϕ(x) − ϕ̃(x, [tj−2, tj+2]), ãäå
ϕ̃(x, [tj−2, tj+2])− ïîëèíîì ñòåïåíè íå âûøå r. Íàéäåì
max

x
|v′(x, [tj−2, tj+2)|. Äëÿ ýòîãî, ïîëüçóÿñü èçâåñòíîé ñõåìîé Ñ.Í. Áåðí-

øòåéíà (ñì. [112]), ïðåäñòàâèì ðàçíîñòü

ϕ(x)− ϕ̃(x, [tj−2, tj+2]) =
∞∑

j=1

[T2jr(x)− T2j−1r(x)],

ãäå T2jr ïðè j 6= 0− ïîëèíîì íàèëó÷øåãî ïðèáëèæåíèÿ ñòåïåíè 2jr ôóíê-
öèè ϕ(x), à Tr = ϕ̃(x, [tj−2, tj+2]).

Âîñïîëüçîâàâøèñü òåîðåìîé Ä. Äæåêñîíà, èìååì îöåíêó
|T2jr(x)− T2j−1r(x)| ≤ |T2jr(x)− ϕ(x)|+ |ϕ(x)− T2j−1r(x)| ≤ A(N2j−1r)−r

ïðè j 6= 1. Çäåñü A − àáñîëþòíàÿ êîíñòàíòà. Ïðè j = 1
|T2r(x)−Tr(x)| ≤ |T2r(x)−ϕ(x)|+|ϕ(x)−Tr(x)| ≤ A(2rN)−r+(r!N r)−1 =
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= A1(Nr)−r. Òàêèì îáðàçîì, ïðè ëþáûõ çíà÷åíèÿõ j |T2jr(x)−T2j−1r(x)| ≤

≤ A(N2j−1r)−r.

Âîñïîëüçîâàâøèñü íåðàâåíñòâîì À.À. Ìàðêîâà, ïðîèçâîäíóþ ðàçíî-
ñòè îöåíèâàåì íåðàâåíñòâîì |(T2jr(x)− T2j−1r(x))′| ≤ A/N r−1(2j−1r)r−2.

Ïðè r ≥ 3 ðÿä, ñîñòàâëåííûé èç ïðîèçâîäíûõ, ñõîäèòñÿ ðàâíîìåðíî è,
ñëåäîâàòåëüíî,

|ϕ′(x)− ϕ̃′0(x, [tj−2, tj+2])| ≤ A

N r−1rr−2

∞∑

j=1

1

(2j−1)r−2 ≤
A

N r−1 .

Ïîäñòàâëÿÿ ýòî çíà÷åíèå â íåðàâåíñòâî (2.10), èìååì

|
s+h∫

s−h

v(σ, [tj−2, tj+2])ctgπ(σ − s)dσ| ≤ AN−r. (2.11)

Ïåðåéäåì òåïåðü ê ñóììå
[N

2 ]−1∑

k=2

tj+k+1∫

tj+k

v(σ, [tj+k, tj+k+1])ctgπ(σ − s)dσ ≤

≤
[N

2 ]−1∑

k=2

N

πk

tj+k+1∫

tj+k

v(σ, [tj+k, tj+k+1])dσ.

Â ãë. 2 ïîêàçàíî, ÷òî
tj+k+1∫

tj+k

v(σ, [tj+k, tj+k+1])dσ ≤
(

1

2N

)r+1
2Rr1(1)

(r + 1)!
.

Ïîýòîìó
[N

2 ]−1∑

k=2

N

πk

tj+k+1∫

tj+k

v(σ, [tj+k, tj+k+1])dσ ≤ 1

(2N)r

Rr1(1)

(r + 1)!π
ln

N

2
∼

∼ Rr1(1) ln N/(2N)r(r + 1)!π. (2.12)

Ñîáèðàÿ âìåñòå îöåíêè (2.7)− (2.12), îêîí÷àòåëüíî èìååì

RN [Ψ] ≤ (1 + o(1))2Rr1(1) ln N/(2N)r(r + 1)!π.
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Òåîðåìà äîêàçàíà.
Äîêàçàòåëüñòâî òåîðåìû 2.3 ïðîâîäèòñÿ ïî àíàëîãèè ñ äîêàçà-

òåëüñòâîì òåîðåìû 1.10 ïðè ρ = 0 è p = ∞ è ïî àíàëîãèè ñ äîêàçàòåëü-
ñòâîì òåîðåìû 2.1 ïðè ρ = r − 1 è 1 ≤ p ≤ ∞.

Äëÿ îïðåäåëåííîñòè îñòàíîâèìñÿ íà âòîðîì ñëó÷àå. Oöåíèì ñíèçó âå-
ëè÷èíó ζN [Ψ]. Ââåäåì òî÷êè ζk = −1 + 2k/L, k = 0, 1, . . . , L. Îáîçíà÷èì
÷åðåç {vk}, k = 1, 2, . . . , M, M ≤ 2N + L + 1, ìíîæåñòâî, îáúåäèíÿþ-
ùåå óçëû ê.ô. (2.4) è ζj, j = 1, 2, . . . , L. ×åðåç ϕ∗(t) îáîçíà÷èì ôóíêöèþ,
ïðèíàäëåæàùóþ W rLp(1) è îáðàùàþùóþñÿ â íóëü âìåñòå ñî ñâîèìè ïðî-
èçâîäíûìè äî r − 1 ïîðÿäêà â óçëàõ vk, k = 1, 2, . . . , M. Êàæäîé òî÷êå
ζk ïîñòàâèì â ñîîòâåòñòâèå ôóíêöèþ ψ∗k(t) = ϕ∗(t)sgn(t− ζk). Èìååì

ζN [Ψ] ≥
L−1∑
j=0

L−1−j∑

k=2

1

k + 1

ζk+j+1∫

ζk+j

ϕ∗(τ)dτ +
L−1∑
j=0

j−1∑

k=1

1

k + 1

ζj−k∫

ζj−k−1

ϕ∗(τ)dτ − I =

= I1 − I,

I =
L−1∑

j=0

L−1−j∑

k=2

1

k(k + 1)

ζk+j+1∫

ζk+j

|ϕ∗(τ)|dτ +
L−1∑

j=0

j−1∑

k=1

1

k(k + 1)

ζj−k∫

ζj−k−1

|ϕ∗(τ)|dτ.

Ìîæíî ïîêàçàòü, ÷òî

I = O
(
L−r−1 ln L

)
= o(N−r);

I1 ≥
L−1∑

k=2

1

k + 1




1∫

ζk

ϕ∗(τ)dτ +

ζL−k−1∫

−1

ϕ∗(τ)dτ


 ≥

≥
[L−1]/M∑

k=2

2

k + 1




1∫

−1

ϕ∗(τ)dτ


−

−
[L−1]/M∑

k=2

1

k + 1




ζk∫

−1

ϕ∗(τ)dτ +

1∫

ζL−k−1

ϕ∗(τ)dτ


 = I2 − I3.
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Âåëè÷èíà I2 íåîäíîêðàòíî îöåíèâàëàñü âûøå. Ïîýòîìó îñòàíîâèìñÿ
íà îöåíêå I3 :

I3 ≤
[L−1]/M∑

k=2

1

k + 1




k∑

l=0

ζl+1∫

ζl

ϕ∗(v)dv +
L−1∑

l=L−k

ζl+1∫

ζl

ϕ∗(v)dv


 ≤

≤
[L−1]/M∑

k=2

1

M r(k + 1)

[
k∑

l=0

1

(r + 1)!

(
2

L

)r+1

+
L−1∑

l=L−k

1

(r + 1)!

(
2

L

)r+1
]
≤

≤ O

(
1

M rLr

)
= o

(
ln N

N r

)
.

Ñëåäîâàòåëüíî,

ζN [Ψ] ≥ [1 + o(1)]

[L−1]/M∑

k=2

2

k + 1

1∫

−1

ϕ∗(τ)dτ ≥ 2[1 + o(1)] ln L

1∫

−1

ϕ∗(τ)dτ ≥

≥ 2[1 + o(1)]Rrq(1)/2rr! q
√

rq + 1[N − 1 + [Rrq(1)]1/r]r ln N.

Òåîðåìà äîêàçàíà.
Äîêàçàòåëüñòâî òåîðåìû 2.4 ïðîâîäèòñÿ ïî àíàëîãèè ñ äîêàçà-

òåëüñòâîì òåîðåìû 2.2.
Äîêàçàòåëüñòâî òåîðåìû 2.5 ÿâëÿåòñÿ îáúåäèíåíèåì äîêàçàòåëüñòâ

òåîðåì 2.2 è òåîðåìû 2.6 èç ãëàâû 1.
Äîêàçàòåëüñòâî òåîðåìû 2.6 ÿâëÿåòñÿ îáúåäèíåíèåì äîêàçàòåëüñòâ

òåîðåìû 2.4 è òåîðåìû 2.6 èç ãëàâû 1.

2.2. Îïòèìàëüíûå ïî ïîðÿäêó ïàññèâíûå àëãîðèòìû

Ñèíãóëÿðíûé èíòåãðàë ñ ÿäðîì Ãèëüáåðòà

Fϕ =
1

2π

2π∫

0

ϕ(σ)ctg
σ − s

2
dσ

áóäåì âû÷èñëÿòü ïî êâàäðàòóðíûì ôîðìóëàì âèäà

Fϕ =
N∑

k=1

ρ∑

l=0

pkl(s)ϕ
(l)(tk) + RN(s, sk, pk, ϕ), (2.13)
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à ñèíãóëÿðíûé èíòåãðàë ñ ÿäðîì Êîøè

Tϕ =

1∫

−1

ϕ(τ)

τ − t
dτ

áóäåì âû÷èñëÿòü ïî êâàäðàòóðíûì ôîðìóëàì âèäà

Tϕ =
N∑

k=1

ρ∑

l=0

pkl(t)ϕ
(l)(tk) + RN(t, tk, pkl, ϕ), (2.14)

2.2.1. Ôîðìóëèðîâêè òåîðåì

Òåîðåìà 2.7. Ïóñòü Ψ = W̃ r
p (1) è èíòåãðàë Fϕ âû÷èñëÿåòñÿ ïî ê.ô.

âèäà (2.13) ïðè ρ = 0, 1, . . . , r − 1. Òîãäà ζN [Ψ] ≥ AN−r+1/p (p > 1).
Ðàçîáúåì ñåãìåíò [0, 2π] íà N ðàâíûõ ÷àñòåé òî÷êàìè sk = 2kπ/N ,

k = 0, 1, . . . , N . Íà êàæäîì ñåãìåíòå [sk, sk+1], òàêîì, ÷òî s /∈ [sk−1, sk+2],
ôóíêöèÿ ϕ(σ) çàìåíÿåòñÿ îòðåçêîì ðÿäà Òåéëîðà
ϕN(σ) = ϕ(vk) +

ϕ′(vk)

1!
(σ − vk) + · · ·+ ϕr−1(vk)

(r − 1)!
(σ − vk)

r−1,
ãäå vk = (sk + sk+1)/2. Åñëè æå òî÷êà s ∈ [sk, sk+1], òî â èíòåðâàëå
[sk−1, sk+2] ôóíêöèÿ ϕN(σ) îïðåäåëÿåòñÿ îòðåçêîì ðÿäà Òåéëîðà
ϕN(σ) = ϕ(vk) +

ϕ′(vk)

1!
(σ − vk) + · · ·+ ϕr−1(vk)

(r − 1)!
(σ − vk)

r−1.
Â êà÷åñòâå ê.ô. äëÿ âû÷èñëåíèÿ èíòåãðàëà Fϕ âîçüìåì ôîðìóëó

Fϕ = FϕN + RN(ϕ). (2.15)

Òåîðåìà 2.8. Íà êëàññå W̃ r
p (1) ê.ô. (2.15) ÿâëÿåòñÿ îïòèìàëüíîé ïî

ïîðÿäêó ñðåäè ôîðìóë âèäà (2.13). Åå ïîãðåøíîñòü

|RN(Ψ)| ≤ πr−1/p

(r − 1)!((r − 1)q + 1)1/q

[
4

(1− q)1/q
+

2r+1/q

(r − 1)q + 1

]
1

N r−1/p
.

Òåîðåìà 2.9 [29]. Ñðåäè ôîðìóë âèäà (2.13) îïòèìàëüíîé ïî ïîðÿäêó
íà êëàññå Ψ = W̃ r

p (1) ÿâëÿåòñÿ ê.ô.

Fϕ =
1

2π

2π∫

0

PN [ϕ]ctg
σ − s

2
dσ + RN(ϕ), (2.16)
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ãäå PN − îïåðàòîð ïðîåêòèðîâàíèÿ íà ìíîæåñòâî èíòåðïîëÿöèîííûõ
òðèãîíîìåòðè÷åñêèõ ïîëèíîìîâ ñòåïåíè N ïî ðàâíîñòîÿùèì óçëàì. Åå
ïîãðåøíîñòü RN [Ψ] = O(N−r+1/p).

Òåîðåìà 2.10. Ïóñòü Ψ = V r
ψ è èíòåãðàë Fϕ âû÷èñëÿåòñÿ ïî ê.ô.

âèäà (2.13) ïðè ρ = 0, 1, . . . , r − 1. Òîãäà ζN [Ψ] ≥ AN−rψ−r(N).
Òåîðåìà 2.11 [29]. Ñðåäè ê.ô., èñïîëüçóþùèõ â N óçëàõ çíà÷åíèÿ

ïîäûíòåãðàëüíîé ôóíêöèè è åå ïðîèçâîäíûõ äî r − 1 ïîðÿäêà âêëþ÷è-
òåëüíî, ôîðìóëà (2.15) ÿâëÿåòñÿ îïòèìàëüíîé ïî ïîðÿäêó íà êëàññå V r

ψ .
Åå ïîãðåøíîñòü RN [V r

ψ ] = O(N−rψ−1(N)).
Òåîðåìà 2.12 [29]. Ïóñòü Ψ = Hr+α

p è èíòåãðàë Fϕ âû÷èñëÿåòñÿ ïî
ê.ô. âèäà (2.13). Òîãäà ζN [Ψ] ≥ AN−r−α+1/p.

Òåîðåìà 2.13 [36]. Ñðåäè ôîðìóë âèäà (2.13) îïòèìàëüíîé ïî ïîðÿä-
êó íà êëàññå Ψ = Hr+α

p ÿâëÿåòñÿ ê.ô. (2.16). Åå ïîãðåøíîñòü RN [Ψ] =

O(N−r−α+1/p).
Ðàçîáüåì ñåãìåíò [−1, 1] íà N ðàâíûõ ÷àñòåé òî÷êàìè tk = −1 +

+ 2k/N, k = 0, 1, . . . , N. Ââåäåì ê.ô.

Jϕ = RN(ϕ) +





N−1∑
k=0

′
tk+1∫
tk

Tr−1(ϕ,∆k,vk)
τ−t dτ +

tj+2∫
tj−1

Tr−1(ϕ,[tj−1,tj+2],vj)
τ−t dτ

ïðè 1 ≤ j ≤ N − 2;
t2∫
t0

Tr−1(ϕ,[t0,t2],t0)
τ−t dτ +

N−1∑
k=2

tk+1∫
tk

Tr−1(ϕ,∆k,vk)
τ−t dτ

ïðè j = 0;
tN∫

tN−2

Tr−1(ϕ,[tN−2,tN ],tN )
τ−t dτ +

N−3∑
k=0

tk+1∫
tk

Tr−1(ϕ,∆k,vk)
τ−t dτ

ïðè j = N − 1,

(2.17)

ãäå t ∈ [tj, tj+1), çíàê
∑′ îçíà÷àåò ñóììèðîâàíèå ïî k 6= j − 1, j, j +

1, vk = (tk+1 + tk)/2. Îòìåòèì, ÷òî âûøå (â ïåðâîé èç ôîðìóë (2.17)
âìåñòî Tr−1(ϕ, ∆0, v0) è Tr−1(ϕ, ∆N−1, vN−1) ìîæíî áðàòü Tr−1(ϕ, ∆0, t0)
è Tr−1(ϕ, ∆N−1, tN) ñîîòâåòñòâåííî.

Òåîðåìà 2.14 [29]. Ñðåäè âñåâîçìîæíûõ ê.ô. âèäà (2.14) îïòèìàëü-
íîé ïî ïîðÿäêó íà êëàññå W rLp(1; [−1, 1]) ÿâëÿåòñÿ ôîðìóëà (2.17). Åå
ïîãðåøíîñòü RN

[
W r

p (1; [−1, 1])
] ³ N−r+1/p.

2.2.2. Äîêàçàòåëüñòâà òåîðåì
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Äîêàçàòåëüñòâî òåîðåìû 2.7. Ðàçîáúåì ñåãìåíò [0, 2π] íà 2(N +
+1) ðàâíûõ ÷àñòåé òî÷êàìè sk = πk(N+1)−1, k = 0, 1, . . . , 2(N+1). Òîãäà
íàéäåòñÿ, ïî êðàéíåé ìåðå, N + 1 èíòåðâàëîâ, â êîòîðûõ îòñóòñòâóþò
óçëû ê.ô. (2.13). Ñëåäóÿ Þ.È. Ìàêîâîçy è Ì.À. Øåøêî [103], íàçîâåì
ýòè èíòåðâàëû îòìå÷åííûìè è îáîçíà÷èì ÷åðåç θ(k, l) îòíîøåíèå ÷èñëà
îòìå÷åííûõ îòðåçêîâ ñðåäè ∆k, . . . , ∆l−1 (∆i = [si, si+1)) ê îáùåìó ÷èñëó
îòðåçêîâ l − k (k = 0, 1, . . . , 2N + 1), l = k + 1, . . . , 2N + 1.

Ñëåäóÿ [103] ïîêàæåì, ÷òî ñóùåñòâóåò òàêîå ÷èñëî k̄, k̄ < 3(N +
+ 1)/2, äëÿ êîòîðîãî min

l>k̄
Θ(k̄, l) ≥ 1/3.

Äîêàçàòåëüñòâî ïðîâåäåì îò ïðîòèâíîãî. Ïðåäïîëîæèì, ÷òî íå ñóùå-
ñòâóåò k̄ (k̄ < 3(N + 1)/2), äëÿ êîòîðîãî minl>k̄ Θ(k̄, l) ≥ 1/3. Òîãäà
äëÿ íåêîòîðîãî l1 áóäåò Θ(0, l1) < 1/3. Çàòåì íàéäåòñÿ òàêîå l2, ÷òî
Θ(l1, l2) < 1/3. Ïðîäîëæèì ýòîò ïðîöåññ äî òåõ ïîð, ïîêà íå íàéäåòñÿ
òàêîå µ, ÷òî Θ(lµ−1, lµ) < 1/3, à lµ > 3(N + 1)/2. Òîãäà îáùåå ÷èñëî
îòìå÷åííûõ êâàäðàòîâ íå ìîæåò ïðåâûñèòü 1

2(N +1)+2N − 3
2(N +1) =

= N − 1, â òî âðåìÿ, êàê ïî ïîñòðîåíèþ ÷èñëî îòìå÷åííûõ êâàäðàòîâ
íå ìåíüøå N +1. Èç ïîëó÷åííîãî ïðîòèâîðå÷èÿ ñëåäóåò, ÷òî ñóùåñòâóåò
òàêîå k̄(k̄ < 3(N + 1)/2), ÷òî minl>k̄Θ(k̄, l) ≥ 1

3 .

Ïîëîæèì â èíòåãðàëå Fϕ s = 2πk̄/(2N +2) è ââåäåì ôóíêöèþ ϕ∗(σ),
ðàâíóþ íóëþ íà íåîòìå÷åííûõ èíòåðâàëàõ, íà îòìå÷åííûõ èíòåðâàëàõ,
ëåæàùèõ ëåâåå òî÷êè s, è íà èíòåðâàëå [s, s + π/(N + 1)]. Íà îñòàëüíûõ
îòìå÷åííûõ èíòåðâàëàõ ôóíêöèÿ ϕ∗(σ) îïðåäåëÿåòñÿ ôîðìóëîé

ϕ∗(σ) = BN r−1+1/p(((σ − sk)(sk+1 − σ))r(sin2(N + 1)(σ − s)))/(σ − s)

ïðè sk ≤ σ ≤ sk+1, åñëè π/(N + 1) < σ − s ≤ π.
Çäåñü B − ïîñòîÿííàÿ, êîòîðàÿ ïîäáèðàåòñÿ òàêèì îáðàçîì, ÷òîáû

||ϕ∗(r)||Lp
= 1. Ïîêàæåì, ÷òî òàêàÿ êîíñòàíòà ñóùåñòâóåò. Â ñàìîì äåëå,

||ϕ∗(r)|| = BN r−1+1/p×

×



k̄+N∑

k=k̄+1

′
sk+1∫

sk

∣∣∣∣∣
[
((σ − sk)(sk+1 − σ))r sin2(N + 1)(σ − s)

σ − s

](r)
∣∣∣∣∣

p

dσ




1/p

≤

≤ ABN−1+1/p




N∑

k=1

′
sk+1∫

sk

∣∣∣∣
sin2(N + 1)σ

sk+1

∣∣∣∣
p

dσ




1/p

≤
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≤ ABN 1/p




N∑

k=1

′ 1
kp

sk+1∫

sk

∣∣sin2(N + 1)σ
∣∣p dσ




1/p

≤

≤ AB




N∑

k=1

′ 1
kp

π(k+1)∫

πk

∣∣sin2 σ
∣∣p dσ




1/p

= AB.

Âçÿâ B = A−1, óáåæäàåìñÿ â ñïðàâåäëèâîñòè íåðàâåíñòâà ||ϕ∗(r)||Lp
=

= 1. Çäåñü
∑′ îçíà÷àåò ñóììèðîâàíèå ïî îòìå÷åííûì èíòåðâàëàì.

Äëÿ íàõîæäåíèÿ îöåíêè ñíèçó ïîãðåøíîñòè ê.ô. (2.13) ïîäñòàâèì ôóíê-
öèþ ϕ∗ â èíòåãðàë Fϕ. Â ðåçóëüòàòå èìååì

Fϕ∗ =
1

2π

2π∫

0

ϕ∗(σ)ctg
σ − s

2
dσ =

1

2π

k̄+N∑

k=k̄

′
sk+1∫

sk

ϕ∗(σ)ctg
σ − s

2
dσ ³

³ N−r−1+1/p
k̄+N∑

k=k̄

′
sk+1∫

sk

sin2(N + 1)(σ − s)

sk+1 − s
ctg

σ − s

2
dσ ≥

≥ AN−r−1+1/p
k̄+N∑

k=k̄

′ N 2

(k + 1)2

sk+1∫

sk

sin2(N + 1)(σ − s)dσ =

= AN−r−1+1/p
k̄+N∑

k=k̄

′ N 2

(k + 1)2

π/(N+1)∫

0

sin2(N + 1)σdσ = AN−r+1/p.

Äîêàçàòåëüñòâî òåîðåìû 2.8.Ïîãðåøíîñòü ê.ô. (2.15) ìîæíî ïðåä-
ñòàâèòü â âèäå

|RN(ϕ)| ≤
∣∣∣∣∣∣

1

2π

2π∫

0

(ϕ(σ)− ϕN(σ))ctg
σ − s

2
dσ

∣∣∣∣∣∣
.

Íå îãðàíè÷èâàÿ îáùíîñòè, ïîëîæèì s = 0. Òîãäà

|RN(ϕ)| = 1

π

N−1∑

k=0

sk+1∫

sk

|ϕ(σ)− ϕN(σ)|
∣∣∣ctgσ

2
dσ

∣∣∣ .
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Èç ôîðìóëû Òåéëîðà ñ îñòàòî÷íûì ÷ëåíîì â èíòåãðàëüíîé ôîðìå
ñëåäóåò, ÷òî íà ñåãìåíòå [sk, sk+1]

ϕ(σ)− ϕN(σ) =
1

(r − 1)!

σ∫

vk

ϕ(r)(t)(σ − t)r−1dt.

Îòñþäà ñëåäóåò, ÷òî ïðè σ ∈ ∆i
k (∆1

k = [sk, vk], ∆
2
k = [vk, sk+1])

|ϕ(σ)− ϕN(σ)| = 1

(r − 1)!
|

σ∫

vk

ϕ(r)(t)(σ − t)r−1dt| ≤

≤ 1

(r − 1)![(r − 1)q + 1]1/q

( π

N

)r−1/p

||ϕ(r)||Lp(∆i
k), i = 1, 2.

Ïîäñòàâëÿÿ ïîëó÷åííîå íåðàâåíñòâî â âûðàæåíèå äëÿ RN(ϕ) ïîñëå
íåñëîæíûõ, íî ãðîìîçäêèõ âûêëàäîê èìååì îöåíêó

|RN(ϕ)| ≤ πr−1/p

(r − 1)!((r − 1)q + 1)1/q

[
4

(1− q)1/q
+

2r+1/q

(r − 1)q + 1

]
1

N r−1/p
.

Òåîðåìà äîêàçàíà.
Äîêàçàòåëüñòâî òåîðåìû 2.9 íå îòëè÷àåòñÿ îò ïðèâîäèìîãî íèæå

äîêàçàòåëüñòâà òåîðåìû 2.13.
Äîêàçàòåëüñòâî òåîðåìû 2.10. Ââåäåì ôóíêöèþ y0(t) = 0 ïðè

t /∈ [0, 2π] è y0(t) = tr(2π − t)r ïðè t ∈ [0, 2π]. Êàê è ïðè äîêàçàòåëüñòâå
òåîðåìû 2.3, ðàçäåëèì èíòåðâàë [0, 2π] íà 2N ðàâíûõ ÷àñòåé è âîçüìåì
îäèí èç èíòåðâàëîâ, â êîòîðîì îòñóòñòâóþò óçëû ê.ô. (2.13). Ïóñòü ýòî
áóäåò èíòåðâàë ∆k = [tk, tk+1], tj = πj/N , j = 0, 1, . . . , 2N . Ââåäåì ôóíê-
öèþ ϕ∗(t) = B−1ψ−1(2/N)f(t), ãäå

f(t) = ψ−1(N)N−ry0(2Nt− 2kπ) t ∈ [tk, tk+1]0 ;

B = 2r max
0≤t≤2π

|yr
0(t)|.

Â êà÷åñòâå s â èíòåãðàëå Fϕ âîçüìåì çíà÷åíèå kπ/N .
Èçâåñòíî (ñì. [85]), ÷òî ϕ∗(t) ∈ V r

ψ . Íåñóùåñòâåííîå ðàçëè÷èå ñ ýòîé
ñòàòüåé çàêëþ÷àåòñÿ â òîì, ÷òî çäåñü íå òðåáóåòñÿ áåñêîíå÷íàÿ äèôôå-
ðåíöèðóåìîñòü ôóíêöèè f .
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Ïîäñòàâèì òåïåðü ôóíêöèþ ϕ∗(t) â ê.ô. (2.13). Íåòðóäíî âèäåòü, ÷òî

|RN(s, ϕ)| = 1

2π

∣∣∣∣∣∣

2π∫

0

ϕ∗(σ)ctg
σ − s

2
dσ

∣∣∣∣∣∣
=

1

2π

∣∣∣∣∣∣

tk+1∫

tk

ϕ∗(σ)ctg
σ − s

2
dσ

∣∣∣∣∣∣
≥

≥ B−1

2π
ψ−1(2/N)ψ−1(N)N−r+1

tk+1∫

tk

(2Nt− 2kπ)r(2(k + 1)π − 2Nt)rdt =

=
B−1

4π
ψ−1(2/N)ψ−1(N)N−r

2π∫

0

vr(2π − v)rdv ≤ A(ψ−1(N)N−r).

Òåîðåìà äîêàçàíà.
Äîêàçàòåëüñòâî òåîðåìû 2.11. Ïðèâåäåì äâå ëåììû, êîòîðûå áó-

äóò èñïîëüçîâàíû ïðè äîêàçàòåëüñòâå òåîðåìû.
Ëåììà 2.1 [85]. Ïóñòü f(x)− âîçðàñòàþùàÿ âûïóêëàÿ ôóíêöèÿ íà

[0,∞), è
b∫

a

f [x(t)]dt ≤ A,

ãäå x(t)− íåîòðèöàòåëüíà è íåïðåðûâíà â [a, b]. Òîãäà
b∫

a

x(t)dt ≤ (b− a)f−1(A/(b− a)).

Ëåììà 2.2 [85]. Ïóñòü ôóíêöèÿ g(x) íåïðåðûâíà íà [0,∞], à ôóíêöèÿ
g(x)/x âîçðàñòàåò íà [0,∞]. Òîãäà

n∑

k=1

g(xk) ≤ g

(
n∑

k=1

xk

)
, xk > 0.

Ïðè âû÷èñëåíèè ïîãðåøíîñòè ê.ô. (2.15) ìîæíî, íå îãðàíè÷èâàÿ îáù-
íîñòè, ïîëîæèòü s = 0. Òîãäà

|RN(ϕ)| = 1

2π

∣∣∣∣∣∣

2π∫

0

[ϕ(σ)− ϕN(σ)] ctg
σ

2
dσ

∣∣∣∣∣∣
≤ 1

π

s2∫

s−1

|ϕ(σ)− ϕN(σ)|
∣∣∣ctgσ

2

∣∣∣ dσ+
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+
1

π

[N/2]∑

k=2

sk+1∫

sk

|ϕ(σ)− ϕN(σ)|
∣∣∣ctgσ

2

∣∣∣ dσ ≤ A

N r−1

s2∫

s−1

∣∣∣ϕ(r)(t)
∣∣∣ dt+

+
A

N r−2

[N/2]∑

k=2

1

k + 1

sk+1∫

sk

∣∣∣ϕ(r)(t)
∣∣∣ dt

sk+1∫

sk

dσ =
A

N r−1

[N/2]∑

k=2

1

k

sk+1∫

sk

∣∣∣ϕ(r)(t)
∣∣∣ dt.

Ïî ëåììå 2.1
sk+1∫

sk

|ϕ(r)(t)|dt ≤ 2π

N
ψ−1(Nαk), ãäå αk =

1

2π

sk+1∫

sk

ψ(|ϕ(r)(t)|)dt.

Âîñïîëüçîâàâøèñü íåðàâåíñòâîì Êîøè-Áóíÿêîâñêîãî, èìååì

|RN(ϕ)| ≤ AN−(r−1)




[N/2]∑

k=2

k−2




1/2



[N/2]∑

k=2




sk+1∫

sk

∣∣∣ϕ(r)(t)
∣∣∣ dt




2



1/2

≤

≤ AN−(r−1)




[N/2]∑

k=2

N−2(ψ−1(Nαk))
2




1/2

≤ AN−r




[N/2]∑

k=2

(ψ−1(Nαk))
2




1/2

.

Òàê êàê ïî óñëîâèþ b îïðåäåëåíèÿ êëàññà V r
ψ ôóíêöèÿ x−1(ψ−1(x))2

âîçðàñòàþùàÿ, òî âîñïîëüçîâàâøèñü ëåììîé 2.2, èìååì

|RN(ϕ)| ≤ AN−r[[ψ−1(

[N/2]∑

k=0

Nαk)]
2]1/2 = AN−rψ−1(N

[N/2]∑

k=0

αk).

Òàê êàê
[N/2]∑

k=0

αk =
1

2π
, òî |RN [Ψ]| ≤ AN−rψ−1[Nb] ≤ AN−rψ−1(N),

ãäå 0 < b =

[N/2]∑

k=0

αk ≤ 1

2π
.

Ýòî ñëåäóåò èç òîãî, ÷òî ôóíêöèÿ ψ−1(x) òîæå âîçðàñòàþùàÿ. Òåîðåìà
äîêàçàíà.

Ïðè äîêàçàòåëüñòâå òåîðåìû 2.12 áóäåò èñïîëüçîâàíî ñëåäóþùåå óòâåð-
æäåíèå.

Ëåììà. 2.3. Ôóíêöèÿ (s+N−1)−α(cos2(Ns)α)N−2α+1/p óäîâëåòâîðÿåò
èíòåãðàëüíîìó óñëîâèþ Ãåëüäåðà Hα

p â ïðîñòðàíñòâå Lp.
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Äîêàçàòåëüñòâî. Â ñàìîì äåëå,
∣∣∣∣∣∣

π∫

0

∣∣∣∣
cos2(N(s + h))α

(s + N−1 + h)α
− cos2(Ns)α

(s + N−1)α

∣∣∣∣
p

ds

∣∣∣∣∣∣

1/p

=

=




π∫

0

∣∣∣∣
cos2(N(s + h))α − cos2(Ns)α

(s + N−1 + h)α
+

+
cos2(Ns)α((s + N−1 + h)α − (s + N−1)α)

(s + N−1 + h)α(s + N−1)α

∣∣∣∣
p

ds

∣∣∣∣
1/p

≤

≤
∥∥∥∥
cos2(N(s + h))α

(s + N−1 + h)α
− cos2(Ns)α

(s + N−1 + h)α

∥∥∥∥ +

+

∥∥∥∥
cos2(Ns)α((s + N−1 + h)α − (s + N−1)α)

(s + N−1 + h)α(s + N−1)α

∥∥∥∥ .

Îöåíèì êàæäóþ èç ýòèõ íîðì â îòäåëüíîñòè, ïîëàãàÿ αp > 1

∥∥∥∥
cos2(N(s + h))α − cos2(Ns)α

(s + N−1 + h)α

∥∥∥∥ ≤ ANαhα




π∫

0

∣∣∣∣∣
sin (N(s+h))α+(Ns)α

2

(s + N−1 + h)α

∣∣∣∣∣

p

ds




1/p

≤

≤ AN 2α−1/phα,∥∥∥∥
cos2(Ns)α((s + N−1 + h)α − (s + N−1)α)

(s + N−1 + h)α(s + N−1)α

∥∥∥∥ ≤

≤ Ahα




π∫

0

∣∣∣∣
cos2(Ns)α

(s + N−1 + h)α

1

(s + N−1)α

∣∣∣∣
p

ds




1/p

≤ AN 2α−1/phα.

Ëåììà äîêàçàíà.
Äîêàçàòåëüñòâî òåîðåìû 2.12. Êàê è ïðè äîêàçàòåëüñòâå òåîðå-

ìû 2.7, ðàçîáüåì ñåãìåíò [0, 2π] íà 2(N + 1) ðàâíûõ ÷àñòåé, ïîëàãàÿ
s = 2πk̄/(2N + 2), è ââåäåì ôóíêöèþ ϕ∗(σ), ðàâíóþ íóëþ íà íåîòìå÷åí-
íûõ èíòåðâàëàõ è íà îòìå÷åííûõ, ëåæàùèõ ëåâåå òî÷êè s. Íà îñòàëüíûõ
îòìå÷åííûõ èíòåðâàëàõ ôóíêöèÿ ϕ∗(σ) îïðåäåëÿåòñÿ ôîðìóëîé
ϕ∗(σ) = BN r−2α+1/p((σ− s)(sk+1− σ))r(cos2(N(σ− s))α)(σ− s + N−1)−α
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ïðè kπ/(N + 1) ≤ σ ≤ (k + 1)π/(N + 1) è 0 ≤ σ − s ≤ π.
Çäåñü B− êîíñòàíòà, ïîäáèðàåìàÿ èç óñëîâèÿ

||ϕ∗(r)(σ + h) − |ϕ∗(r)(σ)||Lp
≤ hα. Èç ïðåäûäóùåé ëåììû ñëåäóåò ñóùå-

ñòâîâàíèå òàêîé êîíñòàíòû.
Ïîäñòàâèì ôóíêöèþ ϕ∗(σ) â èíòåãðàë Fϕ. Òîãäà

sup
ϕ∈Hr+α

p

inf
(tk,pk)

|RN(ϕ, tk, pk, s)| ≥ Fϕ∗ =
1

2π

2π∫

0

ϕ∗(σ)ctg
σ − s

2
dσ =

=
1

2π

k̄+N∑

k=k̄

′
sk+1∫

sk

ϕ∗(σ)ctg
σ − s

2
dσ =

1

2π

k̄+N∑

k=k̄

′
sk+1∫

sk

ϕ∗(σ)ctg
σ − s

2
dσ =

= AN−r−2α+1/p
k̄+N∑

k=k̄+1

′
∫

∆′
k

cos2(N(σ − s))α

(σ − s + N−1)α
ctg

σ − s

2
dσ =

= AN−r−2α+1/p
k̄+N∑

k=k̄+1

′
∫

∆′
k

cos2(N(σ − s))α

(σ − s + N−1)α(σ − s)
dσ =

= AN−r−2α+1/p
N∑

k=1

′
∫

∆′
k

cos2(Nσ)α

(σ + N−1)ασ
dσ = AN−r−α+1/p.

Çäåñü
∑′ îçíà÷àåò ñóììèðîâàíèå ïî âûäåëåííûì èíòåðâàëàì, ∆′

k =
= [sk + π/4N, sk+1 − π/4N ]. Òåîðåìà äîêàçàíà.

Äîêàçàòåëüñòâî òåîðåìû 2.13. Îáîçíà÷èì ÷åðåç DN [ϕ] = ϕ−
− PN [ϕ]. Òîãäà ïîãðåøíîñòü ê.ô. (2.16) ðàâíà

RN(ϕ) =
1

2π

2π∫

0

DN [ϕ](σ)ctg
σ − s

2
dσ.

Èç íåðàâåíñòâà Ðèññà ñëåäóåò, ÷òî

||RN(s)||Lp
≤ A||DN [ϕ]||Lp

≤ AEN,p[ϕ],

ãäå EN,p[ϕ] − âåëè÷èíà ïîãðåøíîñòè íàèëó÷øåãî ïðèáëèæåíèÿ ïîëèíî-
ìàìè ñòåïåíè N â ìåòðèêå ïðîñòðàíñòâà Lp.
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Â êíèãå Í.È. Àõèåçåðà [3] äîêàçàíî, ÷òî EN,p(ϕ) ≤ 3πωp(ϕ
(r), (N +

+ 1)−1)/4(N + 1)r. Ïîýòîìó ||RN(ϕ)||Lp
≤ AN−r−α.

Èçâåñòíî íåðàâåíñòâî Ñ.Ì. Íèêîëüñêîãî, ñîãëàñíî êîòîðîìó äëÿ ëþ-
áîãî ïîëèíîìà fn ñòåïåíè n |fn(s)| ≤ n1/p||fn(s)||Lp

. Èç ýòîãî íåðàâåí-
ñòâà ñëåäóåò, ÷òî |RN(ϕ)| ≤ AN−r−α+1/p. Òåîðåìà äîêàçàíà.

Äîêàçàòåëüñòâî òåîðåìû 2.14. Ïîëîæèì äëÿ îïðåäåëåííîñòè t ∈
(t0, t1) (äðóãèå ñëó÷àè ðàññìàòðèâàþòñÿ àíàëîãè÷íî). Òîãäà

|RN(ϕ)| ≤
N−1∑

k=2

∣∣∣∣∣∣

tk+1∫

tk

Rr(ϕ, ∆k, vk)

τ − t
dτ)

∣∣∣∣∣∣
+

∣∣∣∣∣∣

t2∫

t0

Rr(ϕ, [t0, t2], t0)

τ − t
dτ)

∣∣∣∣∣∣
= r1 + r2,

ãäå Rr(ϕ, ∆k, vk) = ϕ(τ)− Tr−1(ϕ, ∆k, vk).
Âîñïîëüçîâàâøèñü ôîðìóëîé Òåéëîðà ñ îñòàòî÷íûì ÷ëåíîì â èíòå-

ãðàëüíîé ôîðìå, èìååì

|ϕ(t)− Tr−1(ϕ, ∆k, vk)| ≤ 1

(r − 1)!

∣∣∣∣∣∣

t∫

vk

(t− τ)r−1ϕ(r)(τ)dτ)

∣∣∣∣∣∣
≤

≤ AN−r+1/p‖ϕ(r)‖Lp(∆k).

Îòñþäà

r1 ≤ AN−r+1/p
N−1∑

k=2

1

k
‖ϕ(r)‖Lp(∆k) ≤ AN−r+1/p.

Ïðèñòóïèì ê îöåíêå r2.
Ïóñòü h = t− t0. Òîãäà

r2 =

∣∣∣∣∣∣

t+h∫

t−h

Rr(ϕ, [t0, t2], t0)

t− τ
dτ

∣∣∣∣∣∣
+

∣∣∣∣∣∣

t2∫

t+h

Rr(ϕ, [t0, t2], t0)

t− τ
dτ

∣∣∣∣∣∣
= r3 + r4.

Îöåíèì êàæäîå ñëàãàåìîå â îòäåëüíîñòè. Î÷åâèäíî,

r3 =
1

(r − 1)!

∣∣∣∣∣∣∣∣∣

t+h∫

t−h

τ∫
−1

(τ − v)r−1ϕ(r)(v)dv −
t∫

−1
(t− v)r−1ϕ(r)(v)dv

τ − t
dτ

∣∣∣∣∣∣∣∣∣
.
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Ïóñòü τ < t. Òîãäà
∣∣∣∣∣∣

τ∫

−1

(τ − v)r−1ϕ(r)(v)dv −
t∫

−1

(t− v)r−1ϕ(r)(v)dv

∣∣∣∣∣∣
≤

≤
∣∣∣∣∣∣

τ∫

−1

[
(τ − v)r−1 − (t− v)r−1]ϕ(r)(v)dv

∣∣∣∣∣∣
+

∣∣∣∣∣∣

t∫

τ

(t− v)r−1ϕ(r)(v)dv

∣∣∣∣∣∣
≤

≤



τ∫

−1

∣∣(τ − v)r−1 − (t− v)r−1
∣∣qdv




1/q

‖ϕ(r)‖Lp[−1,t2]+

+




t∫

τ

(t− v)(r−1)qdv




1/q

‖ϕ(r)‖Lp[−1,t2] ≤

≤ A|τ − t|N−r+1+1/p‖ϕ(r)‖Lp[−1,t2] + A|t− τ |r−1/p‖ϕ(r)‖Lp[−1,t2].

Îòñþäà
r3 ≤ AN−r+1/p‖ϕ(r)‖Lp[−1,t2].

Àíàëîãè÷íî ðàññìàòðèâàåòñÿ ñëó÷àé, êîãäà τ ≥ t.

Ïðèñòóïèì ê îöåíêå r4

r4 ≤
[2/Nh]∑

k=1

∣∣∣∣∣∣∣

t+(k+1)h∫

t+kh

Rr(ϕ; [t0, t2], t0)

τ − t
dτ

∣∣∣∣∣∣∣
≤

≤ A

[2/Nh]∑

k=1

1

kh

t+(k+1)h∫

t+kh




τ∫

t0

(τ − v)r−1ϕ(r)(v)dv


 dτ ≤

≤ A

[2/Nh]∑

k=1

1

k




(k+2)h∫

t0

((k + 2)h− v)(r−1)qdv




1/q 


(k+2)h∫

t0

|ϕ(r)(τ)|pdτ




1/p

≤

≤ A




(k+2)h∫

t0

|ϕ(r)(τ)|pdτ




1/p
[2/Nh]∑

k=1

kr−1−1/phr−1/p ≤
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≤ A

N r−1/p




(k+2)h∫

t0

|ϕ(r)(τ)|pdτ




1/p

.

Èç ïîëó÷åííûõ îöåíîê ñëåäóåò, ÷òî

RN

[
W r

p (1, [−1, 1])
]
≤ AN−r+1/p.

Òåîðåìà äîêàçàíà.

3. Îïòèìàëüíàÿ ðåãóëÿðèçàöèÿ ñèíãóëÿðíûõ èíòåãðàëîâ

Ðàññìîòðèì ñèíãóëÿðíûé èíòåãðàë Fϕ â ïðåäïîëîæåíèè, ÷òî ôóíê-
öèÿ ϕ(σ) ïðèíàäëåæèò êëàññó H1, íî çàäàíà ïðèáëèæåííî êàê íåïðåðûâ-
íàÿ ôóíêöèÿ èç C2π. Òîãäà îïåðàòîð F íåîãðàíè÷åí è çàäà÷à âû÷èñëåíèÿ
èíòåãðàëà Fϕ ñòàíîâèòñÿ íåêîððåêòíîé. Â ïîäîáíîé ïîñòàíîâêå çàäà-
÷à èññëåäîâàëàñü Ã.Ã. Àáäóëîâîé [1],ïðåäëîæèâøåé îäèí èç àëãîðèòìîâ
ðåãóëÿðèçàöèè. Íèæå ñòðîèòñÿ îïòèìàëüíûé àëãîðèòì ðåãóëÿðèçàöèè.
Ïðè åãî ïîñòðîåíèè áûëà ñóùåñòâåííî èñïîëüçîâàíà ðàáîòà Ñ.Á. Ñòå÷-
êèíà [139]. Íàïîìíèì íåêîòîðûå îáîçíà÷åíèÿ è ðåçóëüòàòû ýòîé ñòàòüè.

Ïóñòü X, Y −B− ïðîñòðàíñòâà, U− ëèíåéíûé íåîáÿçàòåëüíî îãðàíè-
÷åííûé îïåðàòîð, äåéñòâóþùèé èç X â Y , Du ⊂ X, K− êëàññ ýëåìåíòîâ
èç X, âõîäÿùèé â Du, R(U, S, K) = sup

x∈K
||Ux−Sx||Y , ãäå S− îïåðàòîð èç

X â Y . Ñòàâèòñÿ çàäà÷à íàéòè

EN(U,K) = inf
||S||≤N

R(U, S,K) = inf
||S||≤N

sup
x∈K

||Ux− Sx||Y .

Äëÿ ïîëó÷åíèÿ îöåíêè ñíèçó â óïîìÿíóòîé ñòàòüå Ñ.Á. Ñòå÷êèíà ââå-
äåí ôóíêöèîíàë Φ(M) = Φ(M,U,K) = sup

x∈K,||x||≤M

||Ux|| (M ≥ 0) è ïîêà-

çàíî, ÷òî EN(U,K) ≥ Φ(M)−NM .
Ïðèñòóïèì ê ïîñòðîåíèþ îïòèìàëüíîé ðåãóëÿðèçàöèè èíòåãðàëà Fϕ.
Òåîðåìà 3.1 [29]. Ïóñòü K = H1(1). Òîãäà EN(F , K) ∼ π/L, ãäå L è

N ñâÿçàíû ñîîòíîøåíèåì N = 2π−1 ln L, è îïåðàòîð F∗ϕ =

=
1

2π

∫

[0,2π]\∆

ϕ(σ)ctg
σ − s

2
dσ, ∆ = [s−π/L, s+π/L] ðåàëèçóåò ýòî ðàâåí-

ñòâî â ñèëüíîé àñèìïòîòèêå.
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Äîêàçàòåëüñòâî. Îöåíèì ñíèçó âåëè÷èíó ôóíêöèîíàëà
Φ(M) = sup

ϕ∈K,||ϕ||C≤M

||Fϕ||C ïðè M = π/L.

Ââåäåì ôóíêöèþ
ϕ∗(σ) = σ 0 ≤ σ ≤ π/L, π/L π/L ≤ σ ≤ π − π/L, π − σ π − π/L ≤ σ ≤ π,

ϕ∗(π + σ) = −ϕ∗(σ) 0 ≤ σ ≤ π.
Òîãäà

Φ(M) = sup
ϕ∈K,||ϕ||≤M

max
s

∣∣∣∣∣∣
1

2π

2π∫

0

ϕ(σ)ctg
σ − s

2
dσ

∣∣∣∣∣∣
≥ 1

2π

2π∫

0

ϕ∗(σ)ctg
σ

2
dσ ≥

≥ 1

π

π/L∫

0

σctg
σ

2
dσ +

π

L

π−π/L∫

π/L

ctg
σ

2
dσ ≥ 2

L
+

2 ln L

L
+ o(1).

Ïî òåîðåìå Ñ.Á. Ñòå÷êèíà (ñì. [85]) EN(F , K) ≥ Φ(M)−NM . Ïîýòî-
ìó EN(F , K) ≥ 2

L + 2 ln L
L − Nπ

L + o(1). Ïîëàãàÿ N = 2π−1 ln L, ïîëó÷àåì
îöåíêó EN(F , K) ≥ 2

L + O(1).
Â êà÷åñòâå îïåðàòîðà, ðåàëèçàþùåãî ýòó ïîãðåøíîñòü, âîçüìåì F∗ϕ =

1

2π

∫

[0,2π]\∆

ϕ(σ)ctg
σ − s

2
dσ, ãäå ∆ = [s− π/L, s + π/L].

Íåòðóäíî âèäåòü, ÷òî ||F∗|| = 2π−1 ln L + O(1) è
||(F − F∗)ϕ|| = max

s
| 1

2π

∫

∆

ϕ(σ)ctg
σ − s

2
dσ| =

= max
s
| 1

2π

∫

∆

(ϕ(σ)− ϕ(s))ctg
σ − s

2
dσ| ≤ 1

π

π/L∫

0

σctg
σ

2
dσ ∼ 2

L
.

Èç ñîïîñòàâëåíèÿ îöåíîê ñíèçó è ñâåðõó ñëåäóåò, ÷òî îïåðàòîð F∗

îñóùåñòâëÿåò íàèëó÷øåå ïðèáëèæåíèå â ñèëüíîé àñèìïòîòèêå. Òåîðåìà
äîêàçàíà.

4. Èíòåãðàëû ñ âåñàìè
Â ýòîì ïàðàãðàôå èññëåäóþòñÿ ê.ô. âèäîâ

Sϕ =
N∑

k=1

ϕ(tk)pk(t) + RN(t, tk, pk, ϕ), (4.1)

Sϕ =
N∑

k=1

ρ∑

l=0

pkl(t)ϕ
(l)(tk) + RN(t, tk, pkl, ϕ), (4.2)
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ïðåäíàçíà÷åííûå äëÿ âû÷èñëåíèÿ èíòåãðàëà

Sϕ =

1∫

0

ϕ(τ)dτ

τ γ(τ − t)
, 0 ≤ γ < 1.

4.1. Îïòèìàëüíûå ïî ïîðÿäêó ïàññèâíûå àëãîðèòìû íà êëàññå
WrHα

4.1.1. Ôîðìóëèðîâêè òåîðåì

Òåîðåìà 4.1 [29]. Ïóñòü Ψ = Hα(1), α > γ. Ñðåäè âñåâîçìîæíûõ
êâàäðàòóðíûõ ôîðìóë âèäà (4.1) ïðè 3·21+1/γαγ−1/γ(2−γ)−1N−α/(α−γ) ≤
≤ t ≤ 1 ôîðìóëà

Sϕ =

j−2∑

k=0

ϕ(s′k)

sk+1∫

sk

dτ

τ γ(τ − t)
+

N−1∑

k=j+5

ϕ(s′k)

sk+1∫

sk

dτ

τ γ(τ − t)
+

+ϕ(s′j)

sj+5∫

sj−1

dτ

τ γ(τ − t)
+ RN(ϕ), (4.3)

ãäå sk = (k/N)α/(α−γ), k = 0, 1, . . . , N , s′k = (sk+sk+1)/2, k = 0, 1, . . . , N−
−1, t ∈ [sj, sj+1), ÿâëÿåòñÿ îïòèìàëüíîé ïî ïîðÿäêó. Åå ïîãðåøíîñòü ïðè
t ∈ [sj, sj+1) ðàâíà |RN [Ψ]| ³ (ln j + ln(N − j))N−α.

Ïîñòðîèì ê.ô. äëÿ âû÷èñëåíèÿ ñèíãóëÿðíîãî èíòåãðàëà Sϕ â ïðåä-
ïîëîæåíèè, ÷òî ϕ ∈ W r(1) (r = 1, 2, . . .). Ðàçîáüåì ñåãìåíò [0, 1] íà N

÷àñòåé òî÷êàìè sk = (k/N)r/(r−γ), k = 0, 1, . . . , N . Ïóñòü t ∈ [sj, sj+1).
Òîãäà íà ñåãìåíòå [sj−1, sj+5) ôóíêöèÿ ϕ(σ) àïïðîêñèìèðóåòñÿ ïîëèíî-
ìîì

ϕN(σ) = ϕ(sj) +
ϕ′(sj)

1!
(σ − sj) + · · ·+ ϕ(r−1)(sj)

(r − 1)!
(σ − sj)

r−1.

Íà îñòàëüíûõ ñåãìåíòàõ [sk, sk+1) (k 6= j − 1, . . . , j + 4) ôóíêöèÿ ϕ(σ)
àïïðîêñèìèðóåòñÿ ïîëèíîìàìè

ϕN(σ) = ϕ(sk) +
ϕ′(sk)

1!
(σ − sk) + · · ·+ ϕ(r−1)(sk)

(r − 1)!
(σ − sk)

r−1.
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Îïðåäåëèì êâàäðàòóðíóþ ôîðìóëó âûðàæåíèåì

Sϕ =

1∫

0

ϕN(τ)dτ

τ γ(τ − t)
+ RN(ϕ). (4.4)

Òåîðåìà 4.2 [29]. Ïóñòü Ψ = W r(1). Ñðåäè âñåâîçìîæíûõ êâàäðàòóð-
íûõ ôîðìóë âèäà (4.2) ôîðìóëà (4.4) ÿâëÿåòñÿ îïòèìàëüíîé ïî ïîðÿäêó
â ïðåäïîëîæåíèè, ÷òî t ∈ [(b1/N)r/(r−γ), 1], ãäå b1 = 2γ−1/γr(r −
− γ)−1. Ïîãðåøíîñòü RN [Ψ] ýòîé ôîðìóëû ïðè t ∈ [sj, sj+1] ðàâíà

RN [Ψ] ³ (ln j + ln(N − j))N−r.

Ïóñòü Pr(ϕ, [−1, 1])− ïîëèíîì ñòåïåíè r−1, èíòåðïîëèðóþùèé ôóíê-
öèþ ϕ(t) íà ñåãìåíòå [−1, 1] ïî êîðíÿì ïîëèíîìà ×åáûøåâà
1-ãî ðîäà r-é ñòåïåíè. Òîãäà ÷åðåç Pr(ϕ, ∆k) (∆k = [sk, sk+1], k =
= 0, 1, . . . , N − 1), sk = ( k

N )
r

r−γ , îáîçíà÷èì ïîëèíîì, ïîëó÷àþùèéñÿ èç
Pr(ϕ, [−1, 1]) ïðè îòîáðàæåíèè ñåãìåíòà [−1, 1] íà ∆k. Ïîñòðîèì ê.ô.

Sϕ =

j−2∑

k=0

sk+1∫

sk

Pr(ϕ, ∆k)dτ

τ γ(τ − t)
+

N−1∑

k=j+2

sk+1∫

sk

Pr(ϕ, ∆k)dτ

τ γ(τ − t)
+

+

sj+2∫

sj−1

Pr(ϕ, [sj−1, sj+2])dτ

τ γ(τ − t)
+ RN(ϕ). (4.5)

Òåîðåìà 4.3 [29]. Ïóñòü Ψ = W r(1). Êâàäðàòóðíàÿ ôîðìóëà (4.5)
îïòèìàëüíà ïî ïîðÿäêó ñðåäè ôîðìóë âèäà (4.1) è åå ïîãðåøíîñòü ðàâíà
RN [Ψ] ³ (ln j + ln(N − j))N−r â ïðåäïîëîæåíèè, ÷òî t ∈ [sj, sj+1).

4.1.2. Äîêàçàòåëüñòâà òåîðåì

Äîêàçàòåëüñòâî òåîðåìû 4.1.Íàéäåì îöåíêó ñíèçó âåëè÷èíû ζN [Ψ]
ïðè 0 < α ≤ 1. Ðàçîáüåì ñåãìåíò [0, 1] íà 2N + 2 ÷àñòåé òî÷êàìè
vk = (k/(2N +2))α/(α−γ), k = 0, 1, . . . , 2N +2. Òàê êàê ê.ô. (4.1) èìååò N

óçëîâ, òî, ïî êðàéíåé ìåðå, â N èíòåðâàëàõ ∆k = (vk, vk+1) áóäóò îòñóò-
ñòâîâàòü óçëû ê.ô. Êàê è â ðàçä. 2 ýòè èíòåðâàëû íàçîâåì îòìå÷åííûìè.
Ïîâòîðÿÿ ðàññóæäåíèÿ, ïðèâåäåííûå ïðè äîêàçàòåëüñòâå òåîðåìû 2.7,
ìîæíî ïîêàçàòü, ÷òî, íà÷èíàÿ ñ íåêîòîðîãî íîìåðà k̄ < 3(N + 1)/2, îò-
íîøåíèå ÷èñëà îòìå÷åííûõ èíòåðâàëîâ ñðåäè èíòåðâàëîâ ∆k̄, . . . , ∆k̄+l ê
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îáùåìó ÷èñëó ýòèõ èíòåðâàëîâ áîëüøå èëè ðàâíî 1/3. Ïîëîæèì t = vk̄ è
â îòìå÷åííûõ èíòåðâàëàõ ïîñòðîèì ôóíêöèþ ϕ∗(τ) ïî ôîðìóëå ϕ∗(τ) =
( min
1≤k≤2N+2

|τ − vk|α)sgn(t − vk̄). Ïðîäåëàâ ðÿä äîñòàòî÷íî ãðîìîçêèõ âû-
êëàäîê, ïîëó÷àåì îöåíêó

sup
ϕ∈Hα(1)

max
t

Sϕ ≥ (Sϕ∗)(vk̄) ≥
(1 + o(1)) ln N

3 · 22α(1 + α)Nα

(
α

α− γ

)1+α

.

Ïîãðåøíîñòü ê.ô. (4.3) îïðåäåëÿåòñÿ èç íåðàâåíñòâà

|RN(ϕ)| ≤
j−2∑

k=0

|
sk+1∫

sk

ϕ(τ)− ϕ(s′k)
τ γ(τ − t)

dτ |+
N−1∑

k=j+5

|
sk+1∫

sk

ϕ(τ)− ϕ(s′k)
τ γ(τ − t)

dτ |+

+|
sj+5∫

sj−1

ϕ(τ)− ϕ(s′j)
τ γ(τ − t)

dτ | = r1 + r2 + r3. (4.6)

Îöåíèì ïåðâóþ ñóììó, ñòîÿùóþ â ïðàâîé ÷àñòè íåðàâåíñòâà (4.6):

r1 =

j−2∑

k=0

|
sk+1∫

sk

ϕ(τ)− ϕ(s′k)
τ γ(τ − t)

dτ | ≤ |
s1∫

s0

|ϕ(τ)− ϕ(s′0)|
τ γ|τ − t| dτ+

+

j−2∑

k=1

|
sk+1∫

sk

|ϕ(τ)− ϕ(s′k)|
τ γ|τ − t| dτ ≤

≤ 1

(1− γ)(jα/(α−γ) − 1)Nα
+

j−2∑

k=1

(
N

k

) αγ
α−γ 1

sj − sk+1

2

1 + α

(
sk+1 − sk

2

)1+α

≤

≤ 1

(1− γ)(jα/(α−γ) − 1)Nα
+

1

2α(1 + α)Nα

(
α

α− γ

)α j−2∑

k=1

(1+
1

k
)

αγ
α−γ

1

j − k − 1
.

Àíàëîãè÷íî ìîæåò áûòü ïîëó÷åíà îöåíêà

r2 =
N−1∑

k=j+5

|
sk+1∫

sk

ϕ(τ)− ϕ(s′k)
τ γ(τ − t)

dτ | ≤
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≤ 1

2α(1 + α)

(
α

α− γ

)1+α
1

Nα

(
1 +

1

j + 5

)(1+α)γ/(α−γ)

ln(N − j).

Îñòàëîñü îöåíèòü òðåòüå ñëàãàåìîå èç ïðàâîé ÷àñòè íåðàâåíñòâà (4.6).
Ïîêàæåì, ÷òî, íà÷èíàÿ ñî çíà÷åíèÿ j ≥ 1 + 3 · 21+1/γγ−1/γα×
×(α − γ)−1 = b, ñóùåñòâóåò ñåãìåíò ∆ ⊂ [sj−1, sj+5], ëåâûì êîíöîì êî-
òîðîãî ÿâëÿåòñÿ òî÷êà sj−1, òàêîé, ÷òî

∫

∆

τ−γ(τ − t)−1dτ ≥ 0. Äëÿ ñïðà-

âåäëèâîñòè ýòîãî óòâåðæäåíèÿ äîñòàòî÷íî äîêàçàòü, ÷òî
sj+5∫

sj−1

dτ

τ γ(τ − t)
> 0. (4.7)

Ïóñòü δ1 = |t− sj−1|, à δ2 = |sj+5 − t|. Òîãäà
sj+5∫

sj−1

dτ

τ γ(τ − t)
=

t+δ2∫

t−δ1

dτ

τ γ(τ − t)
=

t+δ1∫

t

1

(τ − t)

[
1

τ γ
− 1

(2t− τ)γ

]
dτ+

+

t+δ2∫

t+δ1

dτ

τ γ(τ − t)
= v1 + v2.

Î÷åâèäíî, ÷òî v1 ≤ 0, v2 > 0. Ñóììà v1 + v2 ≥ 0, åñëè v2 > |v1|.
Îöåíèì |v1| ñâåðõó, à v2 ñíèçó:

|v1| =
t+δ1∫

t

1

(τ − t)

∣∣∣∣
1

τ γ
− 1

(2t− τ)γ

∣∣∣∣ dτ ≤ 2γδγ
1

γtγ(t− δ1)γ
≤ 2γ(sj+1 − sj−1)

γ

γsγ
j s

γ
j−1

≤

≤ 21+γ

γ

(
α

α− γ

)γ
(j + 1)γ2/(α−γ)

s2γ
j−1N

αγ/(α−γ)
;

v2 =

t+δ2∫

t+δ1

dτ

τ γ(τ − t)
≥ δ2 − δ1

δ2(t + δ2)γ
>

sj+5 − sj+3

sγ
j+5(sj+5 − sj)

>
1

3sγ
j+5

.

Äëÿ ñïðàâåäëèâîñòè íåðàâåíñòâà v1+v2 ≥ 0 äîñòàòî÷íî, ÷òîáû s−γ
j+5 ≥

3 · 21+γαγ(j + 1)γ2/(α−γ)γ−1(α − γ)−γs2γ
j−1N

−αγ/(α−γ). Ëåãêî ïîêàçàòü, ÷òî
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ïîñëåäíåå íåðàâåíñòâî ñïðàâåäëèâî ïðè j ≥ b. Ñëåäîâàòåëüíî, ïðè t ∈
[(b/N)α/(α−γ), 1] ñïðàâåäëèâî íåðàâåíñòâî (4.7). Óñòàíîâèâ ñïðàâåäëèâîñòü
íåðàâåíñòâà (4.7), ëåãêî îöåíèòü r3:

r3 =

∣∣∣∣∣∣∣

sj+5∫

sj−1

ϕ(τ)− ϕ(s′j)
τ γ(τ − t)

dτ

∣∣∣∣∣∣∣
≤

∣∣∣∣∣∣

∫

∆

ϕ(τ)− ϕ(t)

τ γ(τ − t)
dτ

∣∣∣∣∣∣
+

+

∣∣∣∣∣∣∣

∫

[sj−1,sj+5]\∆

ϕ(τ)− ϕ(s′j)
τ γ(τ − t)

dτ

∣∣∣∣∣∣∣
= r′3 + r′′3 .

Íåòðóäíî âèäåòü, ÷òî

r′3 ≤
2

αNα

(
α

α− γ

)α (
j + 1

j − 1

)αγ/(α−γ)

;

r′′3 ≤
2

1 + α

(
α

α− γ

)α
1

Nα

(
j + 5

j − 1

)(α+1)γ/(α−γ)

.

Ñîáèðàÿ âìåñòå îöåíêè r1 − r3, ïðèõîäèì ê íåðàâåíñòâó

|RN(φ)| ≤ 1

(1− γ)(jα/(α−γ) − 1)N
+

+
1

2α(1 + α)

(
α

α− γ

)α
1

Nα

j−2∑

k=1

(1 +
1

k
)αγ/(α−γ) 1

j − k − 1
+

+
1

2α(1 + α)

(
α

α− γ

)1+α
1

Nα

(
1 +

1

j + 5

)(1+α)γ/(α−γ)

ln(N − j)+

+
2

αNα

(
α

α− γ

)α (
j + 1

j − 1

)αγ/(α−γ)

+
2

1 + α

(
α

α− γ

)α
1

Nα

(
j + 5

j − 1

)(α+1)γ/(α−γ)

,

ñïðàâåäëèâîìó ïðè t ∈ [(b/N)α/(α−γ), 1].
Åñëè ïðåäïîëîæèòü, ÷òî t ∈ [ε, 1], ãäå ε > 0 − ïðîèçâîëüíîå ôèêñè-

ðîâàííîå ÷èñëî, òî ïðè N →∞ ñïðàâåäëèâî àñèìïòîòè÷åñêîå ðàâåíñòâî

RN [Ψ] =
1 + o(1)

2α(1 + α)

(
α

α− γ

)α
ln j + ln(N − j))

Nα
.
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Òåîðåìà äîêàçàíà.
Äîêàçàòåëüñòâî òåîðåìû 4.2. Ïîãðåøíîñòü ê.ô. (4.4) ìîæåò áûòü

îöåíåíà íåðàâåíñòâîì

RN(t, ϕ) ≤
j−2∑

k=0

∣∣∣∣∣∣

sk+1∫

sk

ϕ(τ)− ϕN(τ)

τ γ(τ − t)
dτ

∣∣∣∣∣∣
+

N−1∑

k=j+5

∣∣∣∣∣∣

sk+1∫

sk

ϕ(τ)− ϕN(τ)

τ γ(τ − t)
dτ

∣∣∣∣∣∣
+

+

∣∣∣∣∣∣∣

sj+5∫

sj−1

ϕ(τ)− ϕN(τ)

τ γ(τ − t)
dτ

∣∣∣∣∣∣∣
= r1 + r2 + r3. (4.8)

Èç ôîðìóëû Òåéëîðà ñ îñòàòî÷íûì ÷ëåíîì â èíòåãðàëüíîé ôîðìå
ñëåäóåò, ÷òî íà ñåãìåíòå [sk, sk+1]

ϕ(τ)− ϕN(τ) =
1

(r − 1)!

τ∫

sk

(τ − t)r−1ϕ(r)(t)dt.

Ïîýòîìó

r1 ≤
j−2∑

k=0

1

(sj − sk+1)s
γ
k

sk+1∫

sk

|ϕ(τ)− ϕN(τ)|dτ ≤

≤ 2rγ

(r + 1)!

(
r

r − γ

)r+1
ln j

N r
(1 + o(1)).

Àíàëîãè÷íî îöåíèâàåòñÿ ñóììà r2:

r2 ≤ 1

(r + 1)!

(
r

r − γ

)r
1

N r

(
j + 2

j + 1

)(r+1)γ/(r−γ)

ln(N r/(r−γ)− (j +5)r/(r−γ)).

Ïðåæäå ÷åì ïðèñòóïèòü ê îöåíêå r3, íàïîìíèì, ÷òî ïðè äîêàçàòåëü-
ñòâå òåîðåìû 4.1 áûëî ïîêàçàíî, ÷òî äëÿ ñïðàâåäëèâîñòè íåðàâåíñòâà
(4.7) äîñòàòî÷íî âûïîëíåíèÿ íåðàâåíñòâà s−γ

j+5 > 3 · 2γ(sj+1 −
− sj−1)

γ/γsγ
j s

γ
j−1. Ïðîñòûå ïîäñ÷åòû ïîêàçûâàþò, ÷òî ýòî íåðàâåíñòâî

ñïðàâåäëèâî ïðè j ≥ b1 = 1 − 6γ−1/γr/(r − γ). Ñîõðàíÿÿ îáîçíà÷åíèÿ,
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èñïîëüçîâàííûå ïðè äîêàçàòåëüñòâå ïðåäûäóùåé òåîðåìû, èìååì

r3 =

∣∣∣∣∣∣∣

sj+5∫

sj−1

ϕ(τ)− ϕN(τ)

τ γ(τ − t)
dτ

∣∣∣∣∣∣∣
≤

∣∣∣∣∣∣

∫

∆

ϕ(τ)− ϕN(τ)− ϕ(t)− ϕN(t)

τ γ(τ − t)
dτ

∣∣∣∣∣∣
+

+

∣∣∣∣∣∣∣

∫

[sj−1,sj+5]\∆

ϕ(τ)− ϕN(τ)

τ γ(τ − t)
dτ

∣∣∣∣∣∣∣
= r′3 + r′′3 .

Ñëàãàåìûå âèäà r′′3 , ïî ñóòè äåëà, îöåíèâàëèñü âûøå è áûëà äîêàçàíà
ñïðàâåäëèâîñòü íåðàâåíñòâà

r′′3 ≤
1

(r + 1)!

(
r

r − γ

)r+1
1

N r

(j + 5)(r+1)γ/(r−γ)

(j + 1)rγ/(r−γ)((j + 1)r/(r−γ) − jr/(r−γ))
.

Çàìåòèì, ÷òî

(ϕ(τ)−ϕN(τ))−(ϕ(t)−ϕN(t)) =
1

(r − 1)!
[

t∫

sj

[(τ−v)r−1−(t−v)r−1]ϕ(r)(v)dv+

+

τ∫

t

(τ − v)r−1ϕ(r)(v)dv].

Çäåñü ïðåäïîëàãàåòñÿ, ÷òî τ > t. Ñëó÷àé t < τ ðàññìàòðèâàåòñÿ àíà-
ëîãè÷íî. Ïåðåõîäÿ ê ìîäóëÿì, èìååì

|(ϕ(τ)− ϕN(τ))− (ϕ(t)− ϕN(t))| ≤ 1

(r − 2)!
(sj+5 − sj)

r−1(τ − t)+

+
1

r!
(sj+5 − sj)

r−1(τ − t).

Òåïåðü ëåãêî äîêàçàòü ñïðàâåäëèâîñòü îöåíêè

r′3 ≤
2

N r

(
j + 5

j − 1

)rγ/(r−γ) (
r

r − γ

)r (
1

(r − 2)!
+

1

r!

)
.

Ñîáèðàÿ âìåñòå îöåíêè r1 − r3, èìååì

RN(t, ϕ) ≤ 2rγ

(r + 1)!

(
r

r − γ

)r+1
ln j

N r
+

+
1

(r + 1)!

(
r

r − γ

)r
1

N r

(
j + 2

j + 1

)(r+1)γ/(r−γ)

ln(N r/(r−γ) − (j + 5)r/(r−γ))+

195



+
2

N r

(
j + 5

j − 1

)rγ/(r−γ) (
r

r − γ

)r (
1

(r − 2)!
+

1

r!

)
+

+
1

(r + 1)!

(
r

r − γ

)r+1
1

N r

(j + 5)(r+1)γ/(r−γ)

(j + 1)rγ/(r−γ)((j + 1)r/(r−γ) − jr/(r−γ))
.

Ýòà îöåíêà ñïðàâåäëèâà ïðè j ≥ b1.
Ìîæíî ïîêàçàòü, ÷òî ïðè t ∈ [(j/N)r/(r−γ), ((j + 1)/N)r/(r−γ)) îöåíêà

ñíèçó ðàâíà RN(t, ϕ) ³ (ln j + ln(N − j))/N r. Íà äîêàçàòåëüñòâå ýòî-
ãî óòâåðæäåíèÿ íå îñòàíàâëèâàåìñÿ, òàê êàê îíî ïîäîáíî ïðèâîäèìîìó
â ñëåäóþùåì ðàçäåëå áîëåå ñëîæíîìó äîêàçàòåëüñòâó îöåíêè ñíèçó ïî-
ãðåøíîñòè êâàäðàòóðíûõ ôîðìóë íà êëàññå ôóíêöèé W r

p (1). Òåîðåìà
äîêàçàíà.

Äîêàçàòåëüñòâî òåîðåìû 4.3 ïðàêòè÷åñêè íå îòëè÷àåòñÿ îò äîêà-
çàòåëüñòâà ïðåäûäóùåé òåîðåìû. Åäèíñòâåííîå îòëè÷èå, çàêëþ÷àþùå-
åñÿ â çàìåíå òî÷íîñòè ïðèáëèæåíèÿ îòðåçêîì ðÿäà Òåéëîðà íà îöåíêó
ïðèáëèæåíèÿ èíòåðïîëÿöèîííûì ïîëèíîìîì ïî óçëàì ×åáûøåâà, óæå
îáñóæäàëîñü â ðàçä. 2.1.

4.2. Îïòèìàëüíûå ïî ïîðÿäêó ïàññèâíûå àëãîðèòìû íà êëàññå
Wr

p

4.2.1. Ôîðìóëèðîâêè òåîðåì

Òåîðåìà 4.4 [29]. Ïóñòü Ψ = W r
p (1) (1 < p < ∞). Êâàäðàòóðíàÿ

ôîðìóëà (4.4), ïðåäíàçíà÷åííàÿ äëÿ âû÷èñëåíèÿ èíòåãðàëà Sϕ íà ñåã-
ìåíòå [(b1/N)r/(r−γ), 1], b1 = 1 + 2γ−1/γ

(
2

r − γ

)
, ÿâëÿåòñÿ îïòèìàëü-

íîé ïî ïîðÿäêó ñðåäè âñåâîçìîæíûõ ôîðìóë âèäà (4.2). Åå ïîãðåø-
íîñòü â ïðåäïîëîæåíèè, ÷òî (j/N)r/(r−γ) ≤ t < ((j + 1)/N)r/(r−γ), ðàâíà
RN [Ψ] ³ N−(r−r/(r−γ)p)j−γ/(r−γ)p.

Äîêàçàòåëüñòâî. Ïðåæäå ÷åì ïåðåõîäèòü ê îöåíêàì ñíèçó, îòìåòèì
èçìåíåíèÿ, êîòîðûå ñëåäóåò ñäåëàòü ïðè îïðåäåëåíèè ïîãðåøíîñòè ê.ô.
(4.4) íà êëàññå ôóíêöèé W rLp(1) (1 < p < ∞). Ýòè èçìåíåíèÿ, â ïåðâóþ
î÷åðåäü, êàñàþòñÿ îöåíêè ðàçíîñòè ϕ(τ)−ϕN(τ), êîòîðàÿ áóäåò â äàííîì
ñëó÷àå èìåòü âèä
|ϕ(τ)− ϕN(τ)| ≤ 1

(r − 1)!(rq − q + 1)1/q
(τ − sk)

r−1+1/q||ϕ(r)||Lp(∆k).
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Ïîãðåøíîñòü ê.ô. (4.4) ïðåäñòàâèìà íåðàâåíñòâîì (4.8). Ñ ó÷åòîì
ëèøü ãëàâíîãî ÷ëåíà àñèìïòîòèêè èìååì

r1 =

j−2∑

k=0

|
sk+1∫

sk

ϕ(τ)− ϕN(τ)

τ γ(τ − t)
dτ | ≤

≤
j−2∑

k=0

(sk+1 − sk)
r+1/q||ϕ(r)||Lp(∆k)

(sj − sk+1)s
γ
k(r + 1/q)(r − 1)!

1

(rq − q + 1)1/q
≤

≤ 1

(r + 1/q)(r − 1)!(rq − q + 1)1/q

(
r

r − γ

)r+1/q
1

N r−r/(r−γ)p×

×
j−2∑

k=0

(k + 1)
γ

r−γ
1
q

jr/(r−γ) − (k + 1)r/(r−γ) ||ϕ(r)||Lp(∆k) ≤

≤ 1

(r + 1/q)(r − 1)!(rq − q + 1)1/q
×

× 1

(q − 1)1/qN r−r/(r−γ)p(jr/(r−γ) − (j − 2)r/(r−γ))1/p
(

r

r − γ
)r+1/q;

r2 =
N−1∑

k=j+5

|
sk+1∫

sk

ϕ(τ)− ϕN(τ)

τ γ(τ − t)
dτ | ≤ 1

(r + 1/q)(r − 1)!(rq − q + 1)1/q
×

×
(

r

r − γ

)r+1/q

(
j + 6

j
)

γ
r−γ (r+1/q) 1

N r−r/(r−γ)p

N−1∑

k=j+5

k
γ

r−γ
1
q ||ϕ(r)||Lp(∆k)

kr/(r−γ) − (j + 1)r/(r−γ) ≤

≤ 1

(r + 1/q)(r − 1)!(rq − q + 1)1/q(q − 1)1/q

(
r

r − γ

)r
1

N r−r/(r−γ)p×

×
(

j + 6

j

) γ
r−γ (r+1/q)

1

((j + 5)r/(r−γ) − (j + 1)r/(r−γ))1/p
.

Êàê è ïðè ðàññìîòðåíèè ïðåäûäóùåãî ñëó÷àÿ, ëåãêî ïîêàçàòü, ÷òî

r′3 ≤
[

r2 − 1/p

r!(r − 1/p)

](
r

r − γ

)r−1/p (
j + 5

j

) rγ
r−γ 1

N r−r/(r−γ)p(j + 5)γ/(r−γ)p ;

r′3 ≤
1

(r + 1/q)(r − 1)!(rq − q + 1)1/qjγ/(r−γ)p

(
r

r − γ

)r− 1
p

×
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×
(

j + 5

j

)γ(rq+1)
(r−γ)q (r+ 1

q )
1

N (r−γ)p .

Ñîáèðàÿ îöåíêè r1 − r3, ïîëó÷èì îöåíêó ïîãðåøíîñòè ê.ô. (4.4). Òàê
êàê ïîëó÷åííàÿ îöåíêà î÷åíü ãðîìîçäêà, òî çàïèøåì åå â ñëàáîé àñèìï-
òîòèêå: RN [Ψ] ³ 1

N r−r/(r−γ)pjγ/(r−γ)p . Îòñþäà ñëåäóåò, ÷òî åñëè j = O(N),

òî RN [Ψ] ³ 1

N r−1/p
. Ýòà îöåíêà ñîâïàäàåò ñ âåëè÷èíîé ïîãðåøíîñòè

êâàäðàòóðíûõ ôîðìóë âû÷èñëåíèÿ ñèíãóëÿðíûõ èíòåãðàëîâ íà êëàññå
ôóíêöèé W r

p (1) (ïðè îòñóòñòâèè âåñîâûõ ôóíêöèé).
Ïåðåéäåì ê îöåíêå ñíèçó. Ðàçîáúåì ñåãìåíò [0, 1] íà 2(N + 1) ÷àñòåé

òî÷êàìè vk =

(
k

2(N + 1)

)r/(r−γ)

, k = 0, 1, . . . , 2N+2 è âîçüìåì t = vk̄. Íà
îòìå÷åííûõ èíòåðâàëàõ, ëåæàùèõ ïðàâåå òî÷êè vk̄+1, îïðåäåëèì ôóíê-
öèþ ϕ∗(τ) ôîðìóëîé
ϕ∗(τ) = A(vk+1 − vk)

−rN−r(p−1)/(r−γ)p [(τ − vk)(vk+1 − τ)]r

τ − t
ïðè vk ≤ τ < vk+1. Ïðè îñòàëüíûõ çíà÷åíèÿõ τ ϕ∗(τ) = 0. Êîýôôèöèåíò
A ïîäáèðàåòñÿ èç óñëîâèÿ, ÷òîáû ||ϕ∗(r)||Lp

≤ 1. Ïîêàæåì, ÷òî òàêàÿ êîí-
ñòàíòà ñóùåñòâóåò. Äëÿ äîêàçàòåëüñòâà ýòîãî óòâåðæäåíèÿ äîñòàòî÷íî
ïîêàçàòü, ÷òî íîðìà ôóíêöèè ψ(τ), ðàâíîé (vk+1− vk)

−rN
−r(p−1)
(r−γ)p

(τ − vk)
r

τ − t
íà ñåãìåíòå [vk, vk+1], ÿâëÿåòñÿ êîíñòàíòîé, íå çàâèñÿùåé îò N . Â ñàìîì
äåëå,

||ψ(τ)||p = [
2N−1∑

k=k̄+1

′
vk+1∫

vk

|(vk+1 − vk)
−rN

−r(p−1)
(r−γ)p

(τ − vk)
r

τ − t
|pdτ ]1/p =

= [
2N−1∑

k=k̄+1

′N− r
(r−γ) (p−1) (vk+1 − vk)

−rp

|vk − vk̄|p
vk+1∫

vk

(τ − vk)
rpdτ ]1/p =

= [
2N−1∑

k=k̄+1

′ (vk+1 − vk)
−rp

|vk − vk̄|p(rp + 1)
N− r

(r−γ) (p−1)(vk+1 − vk)
rp+1]1/p =

=


 1

rp + 1

2N−1∑

k=k̄+1

′
(

r

r − γ

)
(k + 1)

γ
r−γ

(kr/(r−γ) − k̄r/(r−γ))p




1/p

= B.
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Çäåñü
∑′ îçíà÷àåò ñóììèðîâàíèå ïî îòìå÷åííûì ñåãìåíòàì.

Ïîäñòàâèì ôóíêöèþ ϕ∗(τ) â èíòåãðàë Sϕ ïðè t = vk̄. Â ðåçóëüòàòå
èìååì

Sϕ∗ =

1∫

0

ϕ∗(τ)dτ

τ γ(τ − t)
=

2N−1∑

k=k̄+1

vk+1∫

vk

ϕ∗(τ)dτ

τ γ(τ − t)
=

= AN− r(p−1)
(r−γ)p

2N−1∑

k=k̄+1

′(vk+1 − vk)
−r

vk+1∫

vk

[(τ − vk)(vk+1 − τ)]r

τ γ(τ − t)2 dτ ≥

≥ AA1N
− r(p−1)

(r−γ)p

2N−1∑

k=k̄+1

(vk+1 − vk)
r+1

vγ
k+1(vk+1 − vk̄)

r
= AA2N

− r(p−1)
(r−γ)p×

×
2N−1∑

k=k̄+1

k
γ

r−γ (r+1)

(k + 1)γr/(r−γ)((k + 1)r/(r−γ) − k̄r/(r−γ))2N r−r/(r−γ)
=

AA3

N r−r/p(r−γ) .

Îöåíêà ñíèçó ïîëó÷åíà. Èç ñîïîñòàâëåíèÿ ñ îöåíêîé ïîãðåøíîñòè ê.ô.
(4.4) ñëåäóåò ñïðàâåäëèâîñòü òåîðåìû.

5. Îïòèìàëüíûå ìåòîäû âîññòàíîâëåíèÿ ñîïðÿæåííûõ
ôóíêöèé

5.1. Âñïîìîãàòåëüíûå óòâåðæäåíèÿ
Ðàññìîòðèì ñèíãóëÿðíûé èíòåãðàë

G(t) = (Kg)(t) =

1∫

−1

g(τ)

τ − t
dτ, −1 < t < 1, (5.1)

â êîòîðîì íà ôóíêöèþ g(τ) íàëîæåíû ñëåäóþùèå óñëîâèÿ: g(−1) =
= g(1) = 0, g(τ) ∈ W r(1), t ∈ Ω = [−1, 1].

Ëåììà 5.1 [45]. Ïóñòü ôóíêöèÿ g(t) óäîâëåòâîðÿåò óñëîâèÿì:
g(−1) = g(1) = 0, g(τ) ∈ H1(1). Òîãäà â èíòåðâàëå (−1, 1)
|G(t1)−G(t2)| ≤ A|t1 − t2|| ln |t1 − t2|| ïðè t1 6= t2, ò.å. ω(G, δ) = δ| ln δ|.

Äîêàçàòåëüñòâî. Íåòðóäíî âèäåòü, ÷òî ïðè âñåõ t (−1 < t < 1)
ñïðàâåäëèâà ôîðìóëà

1∫

−1

g(τ)

τ − t
dτ =

1∫

−1

g(τ)− g(t)

τ − t
dτ + g(t)

1∫

−1

dτ

τ − t
,
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ïðè÷åì ïðè t = ±1 ïîñëåäíåå ñëàãàåìîå â ïðàâîé ÷àñòè ðàâíî íóëþ.
Ïîâòîðÿÿ äîêàçàòåëüñòâî òåîðåìû Ïðèâàëîâà ([63], ñ. 56-59), óáåæäà-

åìñÿ, ÷òî ôóíêöèÿ G1(t) =

1∫

−1

g(τ)− g(t)

τ − t
dτ óäîâëåòâîðÿåò íåðàâåíñòâó

|G1(t1)−G1(t2)| ≤ A|t1 − t2|| ln |t1 − t2||.
Íåòðóäíî âèäåòü, ÷òî ôóíêöèÿ G2(t) = g(t)(ln |1− t|− ln |1+ t|) òàêæå

óäîâëåòâîðÿåò íåðàâåíñòâó

|G2(t1)−G2(t2)| ≤ A|t1 − t2|| ln |t1 − t2||.
Â ñàìîì äåëå, ïóñòü −1 < t1 < t2 < 0. Äëÿ ïðîñòîòû îáîçíà÷åíèé

ðàññìîòðèì ôóíêöèþ G3(t) = g(t) ln |1 + t|.
Î÷åâèäíî,

|G3(t1)−G3(t2)| = |g(t2) ln |1 + t2| − g(t1) ln |1 + t1|| ≤
≤ |g(t2)− g(t1)|| ln |1 + t2||+ |g(t1)|| ln |1 + t2| − ln |1 + t1|| ≤

≤ A|t2 − t1|| ln |1 + t2||+ |g(t1)− g(−1)|
∣∣∣∣

|t2 − t1|
1 + t1 + θ(t2 − t1)

∣∣∣∣ ≤

≤ A|t2 − t1|| ln |t2 − t1||+ A

∣∣∣∣
t1 + 1

1 + t1 + θ(t2 − t1)

∣∣∣∣ |t2 − t1| ≤

≤ A|t2 − t1|| ln |t2 − t1||.
Èç ïîëó÷åííûõ ñîîòíîøåíé ñëåäóåò ñïðàâåäëèâîñòü ëåììû.
Ïóñòü g(t) ∈ W r(1), t ∈ Ω = [−1, 1], r ≥ 2, g(−1) = g(1) = 0.
Ëåììà 5.2 [45]. Ïóñòü g(t) ∈ W r(1), t ∈ Ω = [−1, 1], r ≥ 2, g(−1) =

= g(1) = 0. Ôóíêöèÿ G(t), îïðåäåëÿåìàÿ èíòåãðàëîì (5.1), ïðèíàäëåæèò
êëàññó Q∗

r,0,1,r−1(Ω,M).
Äîêàçàòåëüñòâî. Ïîñëåäîâàòåëüíî äèôôåðåíöèðóÿ ôóíêöèþ G(t),

èìååì ïðè −1 < t < 1

G′(t) =

1∫

−1

d

dt

(
g(τ)

τ − t

)
dτ = −

1∫

−1

g(τ)
d

dτ

(
1

τ − t

)
dτ =

= −g(τ)
1

τ − t

∣∣∣∣
1

−1
+

1∫

−1

g′(τ)

τ − t
dτ =

1∫

−1

g′(τ)

τ − t
dτ ;
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G′′(t) = g′(τ)
1

τ − t

∣∣∣∣
1

−1
−

1∫

−1

g′′(τ)

τ − t
dτ ;

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

G(r)(t) = g(1)
(r − 2)!

(1− t)r−1 + (−1)g(−1)
(r − 2)!

(1 + t)r−1 + · · ·+

+(−1)r−1

1∫

−1

g(r)(τ)

τ − t
dτ.

Ëåììà äîêàçàíà.
Òåîðåìà 5.1 [45]. Ïóñòü Ω = [−1, 1]. Ñïðàâåäëèâû îöåíêè

δN(Q∗
r,0,1,r−1(Ω,M)) ³ dN(Q∗

r,0,1,r−1(Ω,M)) ³ N−r.

Äîêàçàòåëüñòâî. Îöåíêà δN(Q∗
r,0,1,r−1(Ω,M)) ≥ AN−r ñëåäóåò èç òî-

ãî, ÷òî êëàññ ôóíêöèé W r âëîæåí â êëàññ Q∗
r,0,1,r−1(Ω,M), è èç îöåíêè

δN(W r(M)) ³ N−r ïîïåðå÷íèêîâ Áàáåíêî íà êëàññå W r (ñì.[145]).
Ïîñòðîèì íåïðåðûâíûé ëîêàëüíûé ñïëàéí, îöåíêà ïîãðåøíîñòè êîòî-

ðîãî ðàâíà AN−r. Ðàçîáúåì ñåãìåíò [−1, 1] íà 2N ÷àñòåé òî÷êàìè tk =
−1 + (k/N)v, τk = 1 − (k/N)v, k = 1, 2, . . . , N, v = r. Îáîçíà÷èì ÷åðåç
ξk(k = 1, 2, . . . , r) íóëè ïîëèíîìà Ëåæàíäðà ñòåïåíè r íà ñåãìåíòå [−1, 1].
Îòîáðàçèì ñåãìåíò [ξ1, ξr] íà ñåãìåíò ∆k = [tk, tk+1] (àíàëîãè÷íî, íà ñåã-
ìåíò ∆∗

k = [τk+1, τk]), k = 1, 2, . . . , N − 1. Óçëû, ïîëó÷åííûå â ðåçóëüòàòå
îòîáðàæåíèÿ, îáîçíà÷èì ÷åðåç ξk

1 , . . . , ξ
k
r (ξ∗k1 , . . . , ξ∗kr ), k = 0, 1, . . . , N−1.

Ïîëèíîì ñòåïåíè r − 1, èíòåðïîëèðóþùèé ôóíêöèþ f(t) â ñåãìåíòå ∆k

ïî óçëàì ξk
1 , . . . , ξ

k
r , îáîçíà÷èì ÷åðåç Lr(f, ∆k). Àíàëîãè÷íûì îáðàçîì

ââîäÿòñÿ ïîëèíîìû Lr(f, ∆∗
k).

Ðàçäåëèì ñåãìåíò [−1, t1] íà M = [ln N ] ðàâíûõ ÷àñòåé òî÷êàìè vk =
−1 + k/N vM, k = 0, 1, . . . , M è ââåäåì ñåãìåíòû ∆0,l, l =
= 0, 1, . . . , M − 1. Íà êàæäîì ñåãìåíòå ∆0,l ïîñòðîèì èíòåðïîëÿöèîí-
íûé ïîëèíîì Lr(f, ∆0,l), l = 0, 1, . . . , M − 1. Àíàëîãè÷íûì îáðàçîì ïî-
ñòðîèì ïîëèíîìû Lr(f, ∆∗

0,l), l = 0, 1, . . . , M − 1, íà ñåãìåíòå [τ1, 1].
Ëîêàëüíûé ñïëàéí, ñîñòàâëåííûé èç ïîëèíîìîâ Lr(f, ∆0,l), Lr(f, ∆∗

0,l),
l = 0, 1, . . . , M − 1, Lr(f, ∆k), Lr(f, ∆∗

k), k = 1, 2, . . . , N − 1, îáîçíà÷èì
÷åðåç fr(t). Îöåíèì âåëè÷èíó ‖f −fr‖C[−1,1]. Íà ñåãìåíòå ∆0,l (àíàëîãè÷-
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íî, íà ñåãìåíòå ∆∗
0,l), l = 0, 1, . . . ,M,

‖f(t)− Lr(f, ∆0,l)‖C ≤ Aω

(
f,

1

N vMr

)
λr ≤ A

1

N vM
ln(N vM) ≤ A

1

N v
,

ãäå λr−êîíñòàíòà Ëåáåãà. Íà ñåãìåíòàõ ∆k (àíàëîãè÷íî, íà ñåãìåíòàõ
∆∗

k), k = 1, 2, . . . , N − 1,

|f(t)− fr(t)| ≤ A max
t∈∆k

|f (r)(t)|
((

k + 1

N

)v

−
(

k

N

)v)r

≤

≤ A

(
N

k

)v(r−1)
k(v−1)r

N vr
≤ A

N r
.

Òàêèì îáðàçîì, ‖f − fr‖C[−1,1] ≤ AN−r. Òàê êàê ñïëàéí fr íåïðåðûâ-
íûé, òî dN(Q∗

r,0,1,r−1(Ω,M)) ≤ AN−r. Èç íåðàâåíñòâà δN ≤ 2dN , ïðèâå-
äåííîãî â êíèãå [145, ñ.20], è ïîëó÷åííûõ âûøå îöåíîê δN è dN ñëåäóåò
ñïðàâåäëèâîñòü òåîðåìû.

5.2. Ñèíãóëÿðíûå èíòåãðàëû ñ ÿäðàìè Êîøè
Ðàññìîòðèì ñèíãóëÿðíûé èíòåãðàë âèäà

Kϕ =

1∫

−1

ϕ(τ)

τ − t
dτ, −1 < t < 1, (5.2)

ãäå ϕ(τ) ∈ W r(1), τ ∈ Ω = [−1, 1].
Â êà÷åñòâå ìåòîäà âû÷èñëåíèÿ áóäåì èñïîëüçîâàòü êâàäðàòóðíûå ôîð-

ìóëû âèäà

Kϕ =
N∑

k=1

pk(t)ϕ(tk) + RN(ϕ) (5.3)

ñ ïðîèçâîëüíûìè âåñàìè pk(t) è óçëàìè tk (−1 ≤ tk ≤ 1), k = 1, 2, . . . , N.

Ïîñòðîèì îïòèìàëüíûå ïî ïîðÿäêó àëãîðèòìû âû÷èñëåíèÿ èíòåãðà-
ëîâ âèäà (5.2), êîòîðûå îêàçûâàþòñÿ áîëåå óäîáíûìè ïðè ïðàêòè÷åñêîì
ïðèìåíåíèè, ÷åì àñèìïòîòè÷åñêè îïòèìàëüíûå è îïòèìàëüíûå ïî ïîðÿä-
êó êâàäðàòóðíûå ôîðìóëû, ïðèâåäåííûå â ïðåäûäóùèõ ïàðàãðàôàõ.

Ïåðåéäåì ê âû÷èñëåíèþ ñèíãóëÿðíûõ èíòåãðàëîâ âèäà (5.2). Òàê êàê

Kϕ(t) =

1∫

−1

ϕ(τ)

τ − t
dτ =

1∫

−1

g(τ)

τ − t
dτ −

(
ϕ(1) +

1

2
ϕ(−1)

)
ln

∣∣∣∣
1− t

1 + t

∣∣∣∣−
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−ϕ(1)− ϕ(−1)

2

(
2 + t ln

∣∣∣∣
1− t

1 + t

∣∣∣∣
)

,

à, êàê ïîêàçàíî â ëåììàõ 5.1 è 5.2, ãëàäêîñòü ôóíêöèè G(t) çíà÷èòåëüíî
âûøå, ÷åì ãëàäêîñòü ôóíêöèè Kϕ(t), òî åñòåñòâåííî ïðèìåíèòü êâàä-

ðàòóðíûå ôîðìóëû âèäà (5.3) ê èíòåãðàëó
1∫

−1

g(τ)

τ − t
dτ, à íå ê èíòåãðàëó

1∫

−1

ϕ(τ)

τ − t
dτ. Çäåñü g(τ) = ϕ(τ)− τ + 1

2
[ϕ(1)− ϕ(−1)]− ϕ(−1).

Ïîñòðîèì òåïåðü îïòèìàëüíûé ïî ïîðÿäêó àëãîðèòì âîññòàíîâëåíèÿ
ôóíêöèè G(t) íà ñåãìåíòå [−1, 1]. Ïðè ýòîì âîñïîëüçóåìñÿ îáîçíà÷å-
íèÿìè, îïèñàííûìè ïðè äîêàçàòåëüñòâå òåîðåìû 5.1. Îáîçíà÷èì ÷åðåç
ξ0,l
k , k = 1, 2, . . . , r, l = 0, 1, . . . , M − 1, ξj

k, ξ∗jk , k = 1, 2, . . . , r, j =

0, 1, . . . , N − 1, ξ∗0,l
k , k = 1, 2, . . . , r, l = 0, 1, . . . , M − 1 óçëû èíòåð-

ïîëÿöèîííûõ ïîëèíîìîâ Lr(G, ∆0,l), Lr(G, ∆k), Lr(G, ∆∗
k), Lr(G, ∆∗

0,l),
k = 1, 2, . . . , N − 1, l = 0, 1, . . . , M − 1 ñîîòâåòñòâåííî. Ñïëàéí, ñîñòàâ-
ëåííûé èç çòèõ èíòåðïîëÿöèîííûõ ïîëèíîìîâ, îáîçíà÷èì ÷åðåç Gr(t).

Â êàæäîì óçëå ξ0,l
j , ξk

j , ξ∗kj , ξ∗0,l
j , j = 1, 2, . . . , r, k = 1, 2, . . . , N −

− 1, l = 0, 1, . . . , M − 1, âû÷èñëèì G(ξ0,l
j ), G(ξk

j ), G(ξ∗kj ), G(ξ∗0,l
j ) :

G(ξk
j ) =

N−1∑

l=0

wl+1∫

wl

Pr

(
g(τ)− g(ξk

j )

τ − ξk
j

, [wl, wl+1]

)
dτ+

+g(ξk
j ) ln

∣∣∣∣∣
1− ξk

j

1 + ξk
j

∣∣∣∣∣ + RN(ξk
j ), (5.4)

ãäå wl = −1 + 2l/N, l = 0, 1, . . . , N. Çíà÷åíèÿ G(ξ0,l
j ), G(ξ∗kj ), G(ξ∗0,l

j ),
j = 1, 2, . . . , r, k = 1, 2, . . . , N − 1, l = 0, 1, . . . , M − 1, âû÷èñëÿþòñÿ ïî
àíàëîãè÷íûì êâàäðàòóðíûì ôîðìóëàì.

Ïîñëå òîãî êàê âû÷èñëåíû çíà÷åíèÿ ôóíêöèè G(t) âî âñåõ òî÷êàõ
ξ0,l
j , ξk

j , ξ∗kj , ξ∗0,l
j , j = 1, 2, . . . , r, k = 1, 2, . . . , N − 1, l = 0, 1, . . . , M − 1,

ôóíêöèÿ G(t) âîññòàíàâëèâàåòñÿ ëîêàëüíûì ñïëàéíîì Gr(t), ïîñòðîåí-
íûì ïî çíà÷åíèÿì G(t) â óçëàõ ξ0,l

j , ξk
j , ξ∗kj , ξ∗0,l

j , j = 1, 2, . . . , r, k =
= 1, 2, . . . , N − 1, l = 0, 1, . . . , M − 1.
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Òåîðåìà 5.2 [45]. Ñðåäè âñåâîçìîæíûõ ìåòîäîâ âîññòàíîâëåíèÿ ôóíê-
öèè G(t) ïðè t ∈ [−1, 1] íà êëàññå W r(1), èñïîëüçóþùèõ rN çíà÷å-
íèé ïîäûíòåãðàëüíîé ôóíêöèè, îïòèìàëüíûì ïî ïîðÿäêó ÿâëÿåòñÿ ìå-
òîä, îñíîâàííûé íà âû÷èñëåíèè çíà÷åíèé G(ξ0,l

j ), G(ξk
j ), G(ξ∗kj ), G(ξ∗0,l

j ),
j = 1, 2, . . . , r, k = 1, 2, . . . , N − 1, l = 0, 1, . . . ,M − 1 ïî êâàäðà-
òóðíîé ôîðìóëå (5.4) è âîññòàíîâëåíèè ñîïðÿæåííîé ôóíêöèè G(t) ëî-
êàëüíûì ñïëàéíîì Gr(t), ïîñòðîåííûì ïî óçëàì ξ0,l

j , ξk
j , ξ∗kj , ξ∗0,l

j , j =
1, 2, . . . , r, k = 1, 2, . . . , N − 1, l = 0, 1, . . . , M − 1. Ïîãðåøíîñòü ýòîãî
àëãîðèòìà îöåíèâàåòñÿ íåðàâåíñòâîì

‖G(t)−Gr(t)‖C[−1,1] ≤
A ln N

N r
.

Äîêàçàòåëüñòâî. Âíà÷àëå îöåíèì ïîãðåøíîñòü êâàäðàòóðíîé ôîð-
ìóëû (5.4). Ýòà ïîãðåøíîñòü îöåíèâàåòñÿ íåðàâåíñòâîì

|RN(ξk
j )| ≤

N−1∑

l=0

∣∣∣∣∣∣

wl+1∫

wl

Rr

(
ϕ(τ)− ϕ(ξk

j )

τ − ξk
j

, [wl, wl+1]

)
dτ

∣∣∣∣∣∣
, (5.5)

ãäå

Rr

(
ϕ(τ)− ϕ(ξk

j )

τ − ξk
j

)
=

ϕ(τ)− ϕ(ξk
j )

τ − ξk
j

− Pr

(
ϕ(τ)− ϕ(ξk

j )

τ − ξk
j

)
.

Çäåñü íóæíî îöåíèòü îòäåëüíî èíòåãðàëû, îòâå÷àþùèå äâóì ñëó÷àÿì:
a)òî÷êà ξk

j íå ëåæèò â èíòåðâàëå èíòåãðèðîâàíèÿ,
á)òî÷êà ξk

j ëåæèò â èíòåðâàëå èíòåãðèðîâàíèÿ.
Â ïåðâîì ñëó÷àå

rl =

∣∣∣∣∣∣

wl+1∫

wl

Rr

(
ϕ(τ)− ϕ(ξk

j )

τ − ξk
j

, [wl, wl+1]

)
dτ

∣∣∣∣∣∣
=

=

∣∣∣∣∣∣

wl+1∫

wl

Rr

((
ϕ(τ)− ϕ(ξk

j )− ϕ′(ξk
j )

1!
(τ − ξk

j )− · · · − ϕ(r−1)(ξk
j )

(r − 1)!
(τ − ξk

j )r−1

)
×

× 1

τ − ξk
j

, [wl, wl+1]

)
dτ

∣∣∣∣∣ =
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=

∣∣∣∣∣∣∣∣∣∣

wl+1∫

wl

Rr




1
(r−1)!

τ∫
ξk
j

ϕ(r)(v)(τ − v)r−1dv

τ − ξk
j

, [wl, wl+1]




dτ

∣∣∣∣∣∣∣∣∣∣

≤

≤ 1

(r − 1)!

2rr!(wl+1 − wl)
r+1

(2r)!
max

wl≤τ≤wl+1

∣∣∣∣∣∣∣∣


 1

τ − ξk
j

τ∫

ξk
j

ϕ(r)(v)(τ − v)r−1dv




(r)
∣∣∣∣∣∣∣∣
≤

≤ A(wl+1 − wl)
r+1 max

(
1

|wl − ξk
j |

,
1

|wl+1 − ξk
j |

)
≤ A

1

N r

1

|l − k| . (5.6)

Àíàëîãè÷íûå îöåíêè èìåþò ìåñòî ïðè ðàçëè÷íûõ ðàñïîëîæåíèÿõ óç-
ëîâ ξ0,l

j , ξk
j , ξ∗kj , ξ∗0,l

j è ñåãìåíòîâ ∆0,l, ∆k, ∆∗
k, ∆∗

0,l.

Âî âòîðîì ñëó÷àå
∣∣∣∣∣∣∣

wj+1∫

wj

Rr

(
ϕ(τ)− ϕ(ξj

k)

τ − ξj
k

, [wl, wl+1]

)
dτ

∣∣∣∣∣∣∣
=

=

∣∣∣∣∣∣∣

wj+1∫

wj

Rr

((
ϕ(τ)− ϕ(ξj

k)−
ϕ′(ξj

k)

1!
(τ − ξj

k)− · · · −
ϕ(r−1)(ξj

k)

(r − 1)!
(τ − ξj

k)
r−1

)
×

× 1

τ − ξj
k

, [wl, wl+1]

)
dτ

∣∣∣∣∣ ≤

≤ 1

(r − 1)!

∣∣∣∣∣∣∣

wj+1∫

wj

Rr


 1

τ − ξj
k

τ∫

ξj
k

ϕ(r)(v)(τ − v)r−1dv, [wl, wl+1]


 dτ

∣∣∣∣∣∣∣
≤

≤ 2rr!

(r − 1)!(2r)!

r−1∑
i=0

C i
r−1

(r − 1)!

(r − i)
(wj+1 − wj)

r =

=
2rr!

(2r)!

r−1∑
i=0

C i
r−1

(r − i)

(
1

N

)r

=
A

N r
. (5.7)

Ïîäñòàâëÿÿ (5.6) è (5.7) â (5.5), ïîëó÷àåì |RN(ϕ)| ≤ AN r ln N.
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Ïîñëå òîãî, êàê ïî êâàäðàòóðíîé ôîðìóëå (5.4) âû÷èñëåíû çíà÷åíèÿ
ñèíãóëÿðíîãî èíòåãðàëà G(t) â óçëàõ ξ0,l

j , ξk
j , ξ∗kj , ξ∗0,l

j , j =
= 1, 2, . . . , r, k = 1, 2, . . . , N − 1, l = 0, 1, . . . , M − 1, ïðèñòóïàåì ê ïî-
ñòðîåíèþ ëîêàëüíîãî ñïëàéíà. Ýòî ïîñòðîåíèå áûëî îïèñàíî âûøå ïðè
äîêàçàòåëüñòâå òåîðåìû 5.1. Èç ïðèâåäåííûõ òàì îöåíîê ñëåäóåò, ÷òî åñ-
ëè áû çíà÷åíèÿ ôóíêöèè G(ξ0,l

j ), G(ξk
j ), G(ξ∗kj ), G(ξ∗0,l

j ), j = 1, 2, . . . , r,
k = 1, 2, . . . , N−1, l = 0, 1, . . . , M−1, áûëè âû÷èñëåíû òî÷íî, òî ïîãðåø-
íîñòü âîññòàíîâëåíèÿ ëîêàëüíûì ñïëàéíîì ôóíêöèè G(t) íà ñåãìåíòå
[−1, 1] îöåíèâàëàñü âåëè÷èíîé AN−r. Òàê êàê çíà÷åíèÿ G(ξ0,l

j ), G(ξk
j ),

G(ξ∗kj ), G(ξ∗0,l
j ), j = 1, 2, . . . , r, k = 1, 2, . . . , N − 1, l =

= 0, 1, . . . , M − 1, âû÷èñëåíû ñ òî÷íîñòüþ AN−r ln N, òî ýòî äàåò äîïîë-
íèòåëüíóþ ïîãðåøíîñòü AλrN

−r ln N, ãäå λr = Ar− êîíñòàíòà Ëåáåãà,
âîçíèêàþùàÿ ïðè èíòåðïîëèðîâàíèè ïî r óçëàì ïîëèíîìà Ëåæàíäðà.

Òàêèì îáðàçîì, îöåíêà âîññòàíîâëåíèÿ ôóíêöèè G(t) íà ñåãìåíòå [−1, 1]
èìååò ïîãðåøíîñòü AN−r ln N, ò.å. àëãîðèòì ÿâëÿåòñÿ îïòèìàëüíûì ïî
ïîðÿäêó.

Òåîðåìà äîêàçàíà.
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ÃËÀÂÀ 4

ÌÍÎÃÎÌÅÐÍÛÅ ÑÈÍÃÓËßÐÍÛÅ ÈÍÒÅÃÐÀËÛ

1. Èíòåãðàëû ñî ñòåïåííîé îñîáåííîñòüþ

1.1. Ïàññèâíûå àëãîðèòìû íà êëàññàõ Wr,sHω,ω è Wr,s
p

Èññëåäóåì ìåòîäû âû÷èñëåíèÿ èíòåãðàëîâ

Kϕ =

2π∫

0

2π∫

0

ϕ(σ1, σ2)

∣∣∣∣ctg
σ1 − s1

2

∣∣∣∣
γ1

∣∣∣∣ctg
σ2 − s2

2

∣∣∣∣
γ2

dσ1dσ2, (1.1)

0 ≤ s1, s2 ≤ 2π;

Fϕ =

2π∫

0

2π∫

0

ϕ(σ1, σ2)dσ1dσ2

(sin2 σ1−s1

2 + sin2 σ2−s2

2 )λ
,

0 ≤ s1, s2 ≤ 2π;

Tϕ =

1∫

−1

1∫

−1

ϕ(τ1, τ2)dτ1dτ2

((τ1 − t1)2 + (τ2 − t2)2)λ
,

−1 ≤ t1, t2 ≤ 1.
Äëÿ âû÷èñëåíèÿ èíòåãðàëà (1.1) èñïîëüçóþòñÿ ê.ô.

Kϕ =
m∑

k=1

n∑
i=1

pkl(s1, s2)ϕ(xk, yl) + Rmn(s1, s2, xk, yl, pkl, ϕ); (1.2)

Kϕ =
m∑

k=1

n∑

l=1

ρ1∑
i=0

ρ2∑
j=0

pklij(s1, s2)ϕ
(i,j)(xk, yl)+

+Rmn(s1, s2, xk, yl, pkl, ϕ), (1.3)

îïðåäåëÿåìûå âåêòîðàìè (X, Y, P ) óçëîâ 0 ≤ x1 < x2 < · · · < xm ≤ 2π;
0 ≤ y1 < y2 < · · · < yn ≤ 2π è êîýôôèöèåíòîâ pkl. Êðîìå ê.ô. (1.2) è
(1.3), äëÿ âû÷èñëåíèÿ èíòåãðàëà (1.1) áóäåì èñïîëüçîâàòü ôîðìóëó

Kϕ =
N∑

k=1

ϕ(Mk)pk(s1, s2) + RN(s1, s2,Mk, pk, ϕ), (1.4)

ãäå Mk = (ξk, ηk)− óçëû ê.ô., Mk ∈ [0, 2π]2.
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1.1.1. Ôîðìóëèðîâêè òåîðåì

Òåîðåìà 1.1 [29]. Ñðåäè ê.ô. âèäà (1.2) àñèìïòîòè÷åñêè îïòèìàëüíîé
íà êëàññàõ Hω1,ω2

(D) è Hω
3 (D) ÿâëÿåòñÿ ôîðìóëà

Kϕ =
m−1∑

k=0

n−1∑

l=0

ϕ(t′k, τ
′
l )

tk+1∫

tk

τl+1∫

τl

∣∣∣∣ctg
σ1 − s1

2

∣∣∣∣
γ1

∣∣∣∣ctg
σ2 − s2

2

∣∣∣∣
γ2

dσ1dσ2+

+Rmn(ϕ), (1.5)

ãäå tk = 2kπ/m, t′k = (2k + 1)π/m, k = 0, 1, . . . , m, τl = 2lπ/n, τ ′l = (2l +
+ 1)π/n, l = 0, 1, . . . , n. Åå ïîãðåøíîñòü ðàâíà

Rmn (Hω1,ω2
) =

4mn + O(mnγ2 + nmγ1)

cos(γ1π/2) cos(γ2π/2)


π

n

π/m∫

0

ω1(t)dt +
π

m

π/n∫

0

ω2(t)dt


 ,

Rmn (Hω
3 (D)) =

4mn + O(mnγ2 + nmγ1)

cos(γ1π/2) cos(γ2π/2)

π/m∫

0

π/n∫

0

ω
(√

t2 + τ 2
)

dtdτ.

Îáîçíà÷èì ÷åðåç lk1k2
(ϕ; [a, b; c, d]) =

k1∑
l1=1

k2∑
l2=1

pl1l2ϕ(tl1, tl2) àñèìïòîòè-

÷åñêè îïòèìàëüíóþ íà W r,s(1) ê.ô., à ÷åðåç
∏

m,n

(
ϕ(k,l)(ti, tj)

)− ôóíê-
öèîíàë, àïïðîêñèìèðóþùèé ϕ(k,l)(ti, tj) ñ òî÷íîñòüþ O(m−2(r−k)n−2(s−l))
è òî÷íûé äëÿ ïîëèíîìîâ tv1t

ω
2 , v = 0, 1, . . . , r−1, ω = 0, 1, . . . , s−1. Ôóíê-

öèîíàëû lk1k2
è

∏
m,n ïîñòðîåíû â �3 ãëàâû 1.

Ââåäåì îáîçíà÷åíèÿ tk = 2kπ/M, k = 0, 1, . . . , M, ∆kl = [tk, tk+1; tl, tl+1],
M = [m/L], L = [ln m], è ñôîðìóëèðóåì ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 1.2. Ïóñòü Ψ = W̃ r,r(1). Ñðåäè ê.ô. âèäà (1.2) àñèìïòîòè-
÷åñêè îïòèìàëüíîé ÿâëÿåòñÿ ôîðìóëà

Kϕ =
M−1∑

k=0

M−1∑

l=0

′lL,L(ϕ, ∆k,l)

∣∣∣∣ctg
tk − s1

2

∣∣∣∣
γ1

∣∣∣∣ctg
tl − s2

2

∣∣∣∣
γ2

+

+
M−1∑

k=0

M−1∑

l=0

′
∫

∆kl

∫ ∏
mm

(Tr−1ϕ(tk, tl))

∣∣∣∣ctg
τ1 − s1

2

∣∣∣∣
γ1

∣∣∣∣ctg
τ2 − s2

2

∣∣∣∣
γ2

dτ1dτ2+
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+RNN(ϕ),

ãäå Trϕ(tk, tl) = ϕ(tk, tl) + 1
1!dϕ(tk, tk+l) + · · ·+ 1

r!d
rϕ(tk, tl), (s1, s2) ∈

∈ ∆ij,
∑∑′ îçíà÷àåò ñóììèðîâàíèå ïî (k, l) 6= (i, j), èìåþùàÿ ïîãðåø-

íîñòü

RNN [Ψ] = (1 + o(1))(4πKrm
−r)/ cos(γ1π/2) cos(γ2π/2).

Ïóñòü êâàäðàò D = [0, 2π]2 ïîêðûò N ïðàâèëüíûìè øåñòèóãîëüíèêà-
ìè σk ñ öåíòðàìè â òî÷êàõ Mk, ÿâëÿþùèìèñÿ ñäâèãàìè øåñòèóãîëüíèêà
σ0 ñ öåíòðîì â òî÷êå θ = (0, 0). Ðàññìîòðèì ê.ô.

Kϕ =
N∑

k=1

ϕ(Mk)pk(s1, s2) + RN(ϕ),

ãäå
pk(s1, s2) =

∫

∆k

∫ ∣∣∣∣ctg
σ1 − s1

2

∣∣∣∣
γ1

∣∣∣∣ctg
σ2 − s2

2

∣∣∣∣
γ2

dσ1dσ2, (1.6)

∆k = σk ∩D.
Òåîðåìà 1.3 [29]. Ñðåäè êâàäðàòóðíûå ôîðìóëû âèäà (1.4) àñèìïòî-

òè÷åñêè îïòèìàëüíîé íà êëàññå Ψ = Hω
3 (D) ÿâëÿåòñÿ ôîðìóëà (1.6) ñ

ïîãðåøíîñòüþ

RN [Ψ] = (1 + o(1))N
1

cos(γ1π/2) cos(γ2π/2)

∫

σ0

∫
ω(ρ(σ, θ))dσ.

Òåîðåìà 1.4 [29]. Ïóñòü èíòåãðàë Kϕ âû÷èñëÿåòñÿ ïî ê.ô. âèäà (1.
4). Ñïðàâåäëèâû îöåíêè

ζN [Hα
ι ] ≥ (1 + o(1))Di(2π)2+α

cos(γ1π/2) cos(γ2π/2)Nα/2 , (1.7)

ζN [Zα
i ] ≥ 2 + o(1)

cos(γ1π/2) cos(γ2π/2)
Di(2π)2+α 1

Nα/2 . (1.8)

Çäåñü

D1 = 21−α/(2 + α); D2 = 21−α/2/(2 + α); D3 = 12(2
√

3)−(2+α)/2/(2 + α).

Ïîñòðîèì àñèìïòîòè÷åñêè îïòèìàëüíûå ê.ô. íà êëàññàõ ôóíêöèé Hα
ι ,

i = 1, 2, 3.
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Ïóñòü èíòåãðàë Kϕ âû÷èñëÿåòñÿ ïî ôîðìóëå

Kϕ =
n−1∑

k=0

n−1∑

l=0

ϕ(t′k, τ
′
l )

∫

∆kl

∫ ∣∣∣∣ctg
σ1 − s1

2

∣∣∣∣
γ1

∣∣∣∣ctg
σ2 − s2

2

∣∣∣∣
γ2

dσ1dσ2+

+RN(ϕ), (1.9)

ãäå t′k = τ ′k = (2k + 1)π/n, tk = 2kπ/n, N = n2, ∆kl = [tk, tk+1; tl, tl+1].
Òåîðåìà 1.5 [29]. Ñðåäè âñåâîçìîæíûõ êâàäðàòóðíûõ ôîðìóë âèäà

(1.4) ôîðìóëà (1.9) ÿâëÿåòñÿ àñèìïòîòè÷åñêè îïòèìàëüíîé íà êëàññå Ψ =
Hα

1 , (0 < α ≤ 1). Åå ïîãðåøíîñòü ðàâíà RN [Ψ] = 23π2+α(1 + o(1))/(2 +
α) cos(γ1π/2) cos(γ2π/2)Nα/2.

Ðàññìîòðèì êóáàòóðíóþ ôîðìóëó

Kϕ =
n−1∑

k=0

n−1∑

l=0


ϕ(ξk, ηl)

∫

gkl

∫ ∣∣∣∣ctg
σ1 − s1)

2

∣∣∣∣
γ1

∣∣∣∣ctg
σ2 − s2

2

∣∣∣∣
γ2

dσ1dσ2+

+ϕ(ξ′k, η
′
l)

∫

g′kl

∫ ∣∣∣∣ctg
σ1 − s1)

2

∣∣∣∣
γ1

∣∣∣∣ctg
σ2 − s2

2

∣∣∣∣
γ2

dσ1dσ2


 + RN(ϕ). (1.10)

Çäåñü N = 2n2; (ξk, ηl) = (2πk/n, 2πl/n); (ξ′k, η
′
l) = ((2k + 1)π/n), (2l +

+ 1)π/n); gkl = rkl ∩D; g′kl = r′kl ∩D; rkl è r′kl− ìíîæåñòâà òî÷åê, îïðåäå-
ëÿåìûõ íåðàâåíñòâàìè

|σ1 − ξk|+ |σ2 − ηl| ≤ π/n; |σ1 − ξ′k|+ |σ2 − η′2| ≤ π/n.

Òåîðåìà 1.6 [29]. Ñðåäè âñåâîçìîæíûõ êâàäðàòóðíûõ ôîðìóë âèäà
(1.4) ôîðìóëà (1.10) ÿâëÿåòñÿ àñèìïòîòè÷åñêè îïòèìàëüíîé íà êëàññå
Ψ = Hα

2 (0 < α ≤ 1). Åå ïîãðåøíîñòü

RN [Ψ] = 23+α/2π2+α(1 + o(1))/(2 + α) cos(γ1π/2) cos(γ2π/2)Nα/2.

1.2. Îïòèìàëüíûå ìåòîäû âû÷èñëåíèÿ èíòåãðàëîâ âèäà Fϕ

Èíòåãðàë Fϕ áóäåì âû÷èñëÿòü ïî êóáàòóðíûì ôîðìóëàì âèäà

Ff =

n1∑

k1=1

n2∑

k2=1

ρ1∑

l1=0

ρ2∑

l2=0

pk1k2l1l2(s1, s2)f
(l1,l2)(xk1

, xk2
)+
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+Rn1n2
(s1, s2; pk1k2l1l2; xk1

, xk2
; f) (1.11)

è

Ff =
N∑

k=1

pk(s1, s2)f(Mk) + RN(s1, s2; pk; Mk; f) (1.12)

íà êëàññàõ ôóíêöèé Ãåëüäåðà è Ñîáîëåâà.

Ôîðìóëèðîâêè òåîðåì

Òåîðåìà.1.7 [165]. Ïóñòü Ψ = Hω1,ω2
(D) èëè Ψ = Hω(D) è èíòåãðàë

Fϕ âû÷èñëÿåòñÿ ïî ê.ô. âèäà (1.11) ïðè ρ1 = ρ2 = 0. Òîãäà ñïðàâåäëèâà
îöåíêà

ζn1n2
[Ψ] ≥ C

π2n1n2[q

h∫

0

ω1(t)dt + h

q∫

0

ω2(t)dt],

ãäå q = π
n2

, h = π
n1

, C =
2π∫
0

2π∫
0

ds1ds2

(sin2(s1/2)+sin2(s2/2))λ .

Ñëåäñòâèå. Ïóñòü Ψ = Hαα(D) èëè Ψ = Hα(D) è èíòåãðàë Fϕ âû-
÷èñëÿåòñÿ ïî êóáàòóðíûì ôîðìóëàì âèäà (1.11) ïðè n1 = n2 = n è
ρ1 = ρ2 = 0. Òîãäà ñïðàâåäëèâà îöåíêà

ζnn[Ψ] ≥ 2Cπα

(1 + α)nα
.

Òåîðåìà 1.8 [165]. Ïóñòü Ψ = Hα
i èëè Ψ = Zα

i , i = 1, 2, 3, è èíòåãðàë
Fϕ âû÷èñëÿåòñÿ ïî êóáàòóðíûì ôîðìóëàì âèäà (1.12 ).

Òîãäà

ζN [Hα
i ] = 2ζN [Zα

i ] = (1 + o(1))C(4π2)2/αDiN
−α/2,

ãäå D1 = 12
2+α

(
1

2
√

3

)(α+2)/2 π/6∫
0

dϕ
cos2+α ϕ . D2 = 2

2α(2+α) , D3 = 21−α/2

2+α , C =

=
2π∫
0

2π∫
0

ds1ds2

(sin2(s1/2)+sin2(s2/2))λ .

Òåîðåìà 1.9 [165]. Ïóñòü Ψ = C̃r
2(1) è èíòåãðàë Fϕ âû÷èñëÿåòñÿ ïî

êóáàòóðíûì ôîðìóëàì âèäà (1.11) ïðè ρ1 = ρ2 = 0. Òîãäà ïðè n1 = n2 =
n ñïðàâåäëèâà îöåíêà

ζnn[Ψ] ≥ (1 + o(1))
2CKr

nr
,
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ãäå Kr− êîíñòàíòà Ôàâàðà.
Òåîðåìà 1.10 [165]. Ïóñòü Ψ = W r,r

p (1), r = 1, 2, . . . , 1 ≤ p ≤ ∞,

èíòåãðàë Fϕ âû÷èñëÿåòñÿ ïî êóáàòóðíîé ôîðìóëå (1.11) ïðè ρ1 =
= ρ2 = r − 1 è n1 = n2 = n. Òîãäà ñïðàâåäëèâà îöåíêà

ζnn[Ψ] ≥ (1 + o(1))
21/qπr−1/pRrq(1)

r!(rq + 1)1/q(n− 1 + [Rrq(1)]1/r)r
×

×
2π∫

0

2π∫

0

ds1ds2

(sin2(s1/2) + sin2(s2/2))λ
,

ãäå Rrq(t)− ïîëèíîì ñòåïåíè r, íàèìåíåå óêëîíÿþùèéñÿ îò íóëÿ â ìåò-
ðèêå ïðîñòðàíñòâà Lq([−1, 1]).

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ: xk = 2kπ/n, k = 0, 1, . . . , n, ∆kl =
= [xk, xk+1, xl, xl+1], k, l = 0, 1, . . . , n− 1, x′k = (xk+1 + xk)/2,
k = 0, 1, . . . , n− 1.

Ïóñòü (s1, s2) ∈ ∆ij, i, j = 0, 1, . . . , n − 1. Òîãäà èíòåãðàë Fϕ áóäåì
âû÷èñëÿòü ïî êóáàòóðíîé ôîðìóëå

Ff =
n−1∑

k=0

n−1∑

l=0

f(x′k, x
′
l)

∫ ∫

∆kl

dσ1dσ2(
sin2

(
σ−x′i

2

)
+ sin2

(
σ−x′j

2

))λ
+ Rnn(f).

(1.13)
Òåîðåìà 1.11 [165]. Ïóñòü Ψ = Hαα(D), 0 < α < 1. Ñðåäè âñåâîçìîæ-

íûõ êóáàòóðíûõ ôîðìóë âèäà (1.11) ïðè ρ1 = ρ2 = 0, àñèìïòîòè÷åñêè
îïòèìàëüíîé ÿâëÿåòñÿ ôîðìóëà (1.13), èìåþùàÿ ïîãðåøíîñòü

Rnn[Ψ] =
(2 + o(1))C

1 + α

(π

n

)α

, C =

2π∫

0

2π∫

0

dσ1dσ2(
sin2 σ1

2 + sin2 σ2

2

)λ
.

Ðàññìîòðèì ñëó÷àé, êîãäà f ∈ W̃ r,r(1).
Òåîðåìà 1.12 [165]. Ïóñòü Ψ = W̃ r,r(1) è èíòåãðàë Fϕ âû÷èñëÿåòñÿ

ïî êóáàòóðíûì ôîðìóëàì âèäà (1.11), ãäå ρ1 = r − 1, ρ2 =
= s − 1, n1 = n2 = n. Òîãäà àñèìïòîòè÷åñêè îïòèìàëüíîé ÿâëÿåòñÿ êó-
áàòóðíàÿ ôîðìóëà

Kϕ =

2π∫

0

2π∫

0

ϕmn(σ1, σ2)dσ1dσ2

(sin2(σ1 − s1)/2 + sin2(σ2 − s2)/2)λ
+ Rmn(ϕ). (1.14)
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Îïèøåì ïîñòðîåíèå ñïëàéíà ϕmn. Ðàçîáüåì ñòîðîíû êâàäðàòà Ω =
= [0, 2π; 0, 2π] íà n ðàâíûõ ÷àñòåé. ×åðåç ∆kl îáîçíà÷èì ïðÿìîóãîëü-
íèê ∆kl = [2kπ/n, 2(k + 1)π/n; 2lπ/n, 2(l + 1)π/n], k, l = 0, 1, . . . , n − 1.
Ïóñòü òî÷êà (s1, s2) ∈ ∆ij. Âíà÷àëå àïïðîêñèìèðóåì ôóíêöèþ ϕ(σ1, σ2)
ïî ïåðåìåííîé σ2 è ïîñòðîèì ñïëàéí ϕn(σ1, σ2) ïî ñëåäóþùåìó ïðàâè-
ëó. Ïóñòü σ1− ïðîèçâîëüíîå ôèêñèðîâàííîå ÷èñëî (0 ≤ σ1 ≤ 2π). Íà
ñåãìåíòàõ [2kπ/n, 2(k + 1)π/n] ïðè k 6= j − 2, . . . , j + 1

ϕn(σ1, σ2) =
s−1∑

l=0

[
ϕ(0,l)(σ1, 2kπ/n)

l!
(σ2 − 2kπ/n)l + Blδ

(l)(σ1, (k + 1)/n)

]
,

ãäå

δ(σ1, σ2) = ϕ(σ1, σ2)−
s−1∑

l=0

ϕ(0,l)(σ1, 2kπ/n)

l!
(σ2 − 2kπ/n)l.

Êîýôôèöèåíòû Bl îïðåäåëÿþòñÿ èç ðàâåíñòâà

(2(k + 1)π/n− σ2)
s −

s−1∑

l=0

Bls!

(s− l − 1)!

2π

n
(2π(k + 1)/n− σ2)

s−l−1 =

= (−1)sRs1 (2π(2k + 1)/2n; π/n; σ2) ,

ãäå Rs1(a, h, x)− ïîëèíîì ñòåïåíè s, íàèìåíåå óêëîíÿþùèéñÿ îò íóëÿ â
ìåòðèêå ïðîñòðàíñòâà L íà ñåãìåíòå [a−h, a+h]. Íà ñåãìåíòå [2π(j − 2)/n, 2π(j + 2)/n]
ôóíêöèÿ ϕn(σ1, σ2) îïðåäåëÿåòñÿ îòðåçêîì ðÿäà Òåéëîðà

ϕn(σ1, σ2) = ϕ(σ1, 2πj/n) +
ϕ(0,1)(σ1, 2πj/n)

1!
(σ2 − j/n) + · · ·+

+
ϕ(0,s−1)(σ1, 2πj/n)

(s− 1)!
(σ2 − 2πj/n)s−1.

Àíàëîãè÷íî ïî ôóíêöèè ϕn(σ1, σ2) ïîñòðîèì ôóíêöèþ ϕmn(σ1, σ2).
Ïîñòðîèì êóáàòóðíûå ôîðìóëû âû÷èñëåíèÿ èíòåãðàëîâ âèäà Ff íà

êëàññàõ ôóíêöèé W̃ rr(1), êîòîðûå áóäóò (â îòëè÷èå îò ôîðìóëû, ïðè-
âåäåííîé â ôîðìóëèðîâêå òåîðåìû 1.11) ìåíåå òî÷íû (íî òåì íå ìåíåå
îïòèìàëüíû ïî ïîðÿäêó), íî çàòî áîëåå óäîáíû â ïðèìåíåíèè.

Ïðåæäå âñåãî èññëåäóåì ãëàäêîñòü ôóíêöèè

ψ(t1, t2) =

2π∫

0

2π∫

0

f(τ1, τ2)dτ1dτ2(
sin2 τ1−t1

2 + sin2 τ2−t2
2

)λ
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â ïðåäïîëîæåíèè, ÷òî f(t1, t2) ∈ W̃ r,r. Ñäåëàâ â ïîñëåäíåì èíòåãðàëå
çàìåíó ïåðåìåííûõ, èìååì

ψ(t1, t2) =

2π∫

0

2π∫

0

f(τ1 + t1, τ2 + t2)dτ1dτ2(
sin2 τ1

2 + sin2 τ2

2

)λ
.

Îòñþäà âèäíî, ÷òî ψ(t1, t2) ∈ W r,r.

Çàìå÷àíèå. Èçâåñòíî [145], ÷òî ïîïåðå÷íèêè Áàáåíêî è Êîëìîãîðîâà
íà êëàññå ôóíêöèè W r,r(1) ðàâíû δn(W

r,r(1)) ³ dn(W
r,r(1), C) ³

³ 1
nr/2 . Ñëåäîâàòåëüíî, íè ïðè êàêîì àëãîðèòìå âîññòàíîâëåíèÿ ôóíêöèè

ψ(t1, t2), èñïîëüçóþùåì n ôóíêöèîíàëîâ, íåâîçìîæíî åå âîññòàíîâëåíèå
ñ òî÷íîñòüþ, áîëüøåé, ÷åì O

( 1
nr/2

)
.

Òàêèì îáðàçîì, äëÿ âîññòàíîâëåíèÿ ôóíêöèè ψ(t1, t2), (t1, t2) ∈
∈ [0, 2π]2 ñ òî÷íîñòüþ An−r/2 äîñòàòî÷íî âû÷èñëèòü çíà÷åíèå ôóíêöèè
ψ(t1, t2) â óçëàõ ñåòêè (vk, vl), vk = 2kπ/N, k, l = 0, 1, . . . , N, N 2 = n, è
ïî ýòèì óçëàì ïîñòðîèòü ëîêàëüíûé ñïëàéí ψN(t1, t2)
r-ãî ïîðÿäêà ïî êàæäîé ïåðåìåííîé.

Îïèøåì ïîñòðîåíèå ýòîãî ñïëàéíà.
Äëÿ ïðîñòîòû îáîçíà÷åíèé ïðåäïîëîæèì, ÷òî M (M = N/r)− öåëîå

÷èñëî. Ïîêðîåì îáëàñòü [0, 2π]2 êâàäðàòàìè ∆kl = [wk, wk+1, wl, wl+1],
k, l = 0, 1, . . . , M − 1, ãäå wk = 2kπ/M, k = 0, . . . , M. Â êàæäîé èç îáëà-
ñòåé ∆kl ôóíêöèþ ψ(t1, t2) áóäåì àïïðîêñèìèðîâàòü èíòåðïîëÿöèîííûì
ïîëèíîìîì ψN(t1, t2, ∆kl), ïîñòðîåííûì ïî óçëàì (xk

i , x
l
j),

i, j = 0, 1, . . . , r, xk
i = wk + 2π

Mr i, i = 0, 1, . . . , r.
Ëîêàëüíûé ñïëàéí, ñîñòàâëåííûé èç ïîëèíîìîâ ψN(t1, t2, ∆kl), îáî-

çíà÷èì ÷åðåç ψN(t1, t2).
Åñëè çíà÷åíèÿ ψ(vk, vl) âû÷èñëÿþòñÿ ïî êóáàòóðíîé ôîðìóëå (1.14) ñ

òî÷íîñòüþ A(n−r/2), òî

‖ψ(t1, t2)− ψN(t1, t2)‖C ≤ An−r/2.

Ñëåäîâàòåëüíî, ñïëàéí ψN(t1, t2) ÿâëÿåòñÿ îïòèìàëüíûì ïî ïîðÿä-
êó ìåòîäîì âîññòàíîâëåíèÿ ôóíêöèè ψ(t1, t2), èìåþùèì ïîãðåøíîñòü
An−r/2 â ðàâíîìåðíîé ìåòðèêå.
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1.2. Äîêàçàòåëüñòâà òåîðåì
Äîêàçàòåëüñòâà òåîðåì 1.1 − 1.12 ïðîâîäÿòñÿ ïî òîé æå ñõåìå,

÷òî è äîêàçàòåëüñòâà ïîäîáíûõ, íî áîëåå ñëîæíî äîêàçûâàåìûõ òåîðåì
èç ðàçä. 2 ýòîé ãëàâû.

Àíàëîãè÷íûå ðåçóëüòàòû ïîëó÷åíû äëÿ èíòåãðàëîâ ñ ëîãàðèôìè÷å-
ñêèìè îñîáåííîñòÿìè (ñì. [29]).

1.3. Îïòèìàëüíûå ìåòîäû âû÷èñëåíèÿ èíòåãðàëîâ âèäà Tf

Èíòåãðàë Tf áóäåì âû÷èñëÿòü ïî êóáàòóðíûì ôîðìóëàì

Tf =
n−1∑

k=0

m−1∑

l=0

ρ1∑
i=0

ρ2∑
j=0

pklij(t1, t2)f
(i,j)(xk, yl)+

+Rnm(t1, t2; xk, yl; pklij; f), (1.15)

Tf =
N−1∑

k=0

pk(t1, t2)f(Mk) + RN(t1, t2; Mk; pk; f), (1.16)

ãäå Mk, k = 0, 1, . . . , N − 1− óçëû êóáàòóðíîé ôîðìóëû (1.16), ðàñïîëî-
æåííûå â êâàäðàòå [−1, 1]2.

Îöåíèì ñíèçó ôóíêöèîíàë ζmn.

Âíà÷àëå îöåíèì ñíèçó ïîãðåøíîñòü êóáàòóðíûõ ôîðìóë âèäà (1.15)
(ïðè ρ1 = ρ2 = 0 è n1 = n2 = n) íà êëàññàõ ôóíêöèé Ãåëüäåðà.

Ïóñòü n− öåëîå ÷èñëî, L = [n/lnn]. Ââåäåì óçëû vk = −1 + 2k/L,

k = 0, 1, . . . , L. Îáîçíà÷èì ÷åðåç (ξk, ξl) ñåòêó, ÿâëÿþùóþñÿ îáúåäèíåíè-
åì óçëîâ (xi, yj), i, j = 1, 2, . . . , n, êóáàòóðíîé ôîðìóëû (1.15) è óçëîâ
(vi, vj), i, j = 1, 2, . . . , L. Ïóñòü ∆kl = [vk, vk+1; vl, vl+1], k, l =
= 0, 1, . . . , L− 1. Ââåäåì íåîòðèöàòåëüíóþ ôóíêöèþ ψ(t1, t2), ïðèíàäëå-
æàùóþ êëàññó Hαα(D), D = [−1, 1]2 è îáðàùàþùóþñÿ â íóëü â óçëàõ
(ξk, ξl), k, l = 0, 1, . . . , N, ãäå N = n + L.

Ðàññìîòðèì èíòåãðàë

(Tψ)(vi, vj) =

1∫

−1

1∫

−1

ψ(τ1, τ2)dτ1dτ2

((τ1 − vi)2 + (τ2 − vj)2)λ
=

=




L−1∑

k=i

L−1∑

l=j

+
L−1∑

k=i

j−1∑

l=0

+
i−1∑

k=0

L−1∑

l=j

+
i−1∑

k=0

j−1∑

l=0


×
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×
∫ ∫

∆kl

ψ(τ1, τ2)dτ1dτ2

((τ1 − vi)2 + (τ2 − vj)2)λ
≥

≥
L−i−1∑

k=0

L−j−1∑

l=0

(
L

2

)2λ
1

((k + 1)2 + (l + 1)2)λ

∫ ∫

∆k+i,l+j

ψ(τ1, τ2)dτ1dτ2+

+
L−i−1∑

k=0

j−1∑

l=0

(
L

2

)2λ
1

((k + 1)2 + (l + 1)2)λ

∫ ∫

∆k+i,j−l−1

ψ(τ1, τ2)dτ1dτ2+

+
i−1∑

k=0

L−j−1∑

l=0

(
L

2

)2λ
1

((k + 1)2 + (l + 1)2)λ

∫ ∫

∆i−k−1,j+l

ψ(τ1, τ2)dτ1dτ2+

+
i−1∑

k=0

j−1∑

l=0

(
L

2

)2λ
1

((k + 1)2 + (l + 1)2)λ

∫ ∫

∆i−k−1,j−l−1

ψ(τ1, τ2)dτ1dτ2 =

=
L−1∑

k=0

L−1∑

l=0

(
L

2

)2λ
U(L− i− 1− k)U(L− j − 1− l)

((k + 1)2 + (l + 1)2)λ

∫ ∫

∆k+i,l+j

ψ(τ1, τ2)dτ1dτ2+

+
L−1∑

k=0

L−1∑

l=0

(
L

2

)2λ
U(L− i− 1− k)U(j − 1− l)

((k + 1)2 + (l + 1)2)λ

∫ ∫

∆k+i,j−l−1

ψ(τ1, τ2)dτ1dτ2+

+
L−1∑

k=0

L−1∑

l=0

(
L

2

)2λ
U(i− 1− k)U(L− j − 1− l)

((k + 1)2 + (l + 1)2)λ

∫ ∫

∆i−k−1,j+l

ψ(τ1, τ2)dτ1dτ2+

+
L−1∑

k=0

L−1∑

l=0

(
L

2

)2λ
U(i− 1− k)U(j − 1− l)

((k + 1)2 + (l + 1)2)λ

∫ ∫

∆i−k−1,j−l−1

ψ(τ1, τ2)dτ1dτ2.

Çäåñü U(k) = 1 ïðè k ≥ 0, U(k) = 0 ïðè k < 0.
Îñðåäíèì ïðåäûäóùåå íåðàâåíñòâî ïî âñåì i è j (i, j = 0, 1, . . . , L−

− 1). Â ðåçóëüòàòå èìååì

Rnn(pkl; xk, yl, ψ) ≥ 1

L2

L−1∑
i=0

L−1∑
j=0

T (ψ)(ξi, ηj) ≥
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≥ 1

L2−2λ22λ

L−1∑

k=0

L−1∑

l=0

1

((k + 1)2 + (l + 1)2)λ

[
L−1∑
i=0

L−1∑
j=0

U(L− i− 1− k)×

×U(L− j − 1− l)Int(∆k+i,l+j)+

+
L−1∑

i=0

L−1∑

j=0

U(L− i− 1− k)U(j − 1− l)Int(∆k+i,j−l−1)+

+
L−1∑
i=0

L−1∑
j=0

U(i− 1− k)U(L− j − 1− l)Int(∆i−k−1,j+l)+

+
L−1∑
i=0

L−1∑
j=0

U(i− 1− k)U(j − 1− l)Int(∆i−k−1,j−l−1)

]
≥

≥ 1

L2−2λ22λ

L−1∑

k=0

L−1∑

l=0

1

((k + 1)2 + (l + 1)2)λ




1∫

vk

1∫

vl

ψ(τ)dτ+

+

1∫

vk

vL−l−2∫

−1

ψ(τ)dτ +

vL−k−2∫

−1

1∫

vl

ψ(τ)dτ +

vL−k−2∫

−1

vL−l−2∫

−1

ψ(τ)dτ


 ≥

≥ 1

L2−2λ22λ

L−1∑

k=0

L−1∑

l=0

1

((k + 1)2 + (l + 1)2)λ

1∫

−1

1∫

−1

ψ(τ)dτ. (1.17)

Èç íåðàâåíñòâà (1.17) ñëåäóåò, ÷òî

ζnn[Hαα(D)] ≥ 1 + o(1)

L2−2λ22λ

L−1∑

k=1

L−1∑

l=1

1

(k2 + l2)λ

1∫

−1

1∫

−1

ψ(τ1, τ2)dτ1dτ2 =

=
1 + o(1)

422λ

1∫

−1

1∫

−1

dt1dt2
(t21 + t22)

λ

1∫

−1

1∫

−1

ψ(τ1, τ2)dτ1dτ2. (1.18)

Èç òåîðèè îïòèìàëüíûõ êâàäðàòóðíûõ ôîðìóë (ñì. ðàçä. 3 ãëàâû 1 è
ëåììó Ñìîëÿêà) ñëåäóåò, ÷òî ïðè ëþáîì âåêòîðå âåñîâ è óçëîâ (X,Y, P )
íà êëàññå Hαα(D) ñïðàâåäëèâî íåðàâåíñòâî

1∫

−1

1∫

−1

ψ(τ1, τ2)dτ1dτ2 ≥ 4

1 + α

1

nα
. (1.19)
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Èç íåðàâåíñòâ (1.18) è (1.19) âûòåêàåò ñëåäóþùåå óòâåðæäåíèå.
Òåîðåìà 1.13 [165]. Ïóñòü Ψ = Hαα(D) è èíòåãðàë Tf âû÷èñëÿåòñÿ

ïî êóáàòóðíûì ôîðìóëàì âèäà (1.15) ïðè n1 = n2 = n è ρ1 = ρ2 = 0.
Òîãäà ñïðàâåäëèâà îöåíêà

ζnn[Ψ] ≥ (1 + o(1))

22λ(1 + α)nα

1∫

−1

1∫

−1

dt1dt2
(τ 2

1 + t21)
λ
.

Ïîñòðîèì êóáàòóðíóþ ôîðìóëó äëÿ âû÷èñëåíèÿ èíòåãðàëà Tf íà
êëàññå ôóíêöèé Ãåëüäåðà Hαα(D). Ââåäåì îáîçíà÷åíèå xk = −1 +
+ 2k/n, k = 0, 1, . . . , n, x′k = (xk+1 + xk)/2, k = 0, 1, . . . , n− 1, ∆kl =
= [xk, xk+1; xl, xl+1], k, l = 0, 1, . . . , n− 1.

Èíòåãðàë Tf áóäåì âû÷èñëÿòü ïî ôîðìóëå

Tf =
n−1∑

k=0

n−1∑

l=0

f(x′k, x
′
l)

∫ ∫

∆kl

dτ1dτ2

((τ1 − t1)2 + (τ2 − t2)2)λ
+ Rnn(f). (1.20)

Ðàññìîòðèì åùå îäíó êóáàòóðíóþ ôîðìóëó âû÷èñëåíèÿ èíòåãðàëà
Tf.

Ïóñòü òî÷êà (t1, t2) ∈ ∆ij. Îáîçíà÷èì ÷åðåç ∆∗ îáúåäèíåíèå êâàäðàòà
∆ij è òåõ êâàäðàòîâ èç ∆kl, êîòîðûå èìåþò îáùèå òî÷êè ñ ∆ij. Ââåäåì
êóáàòóðíóþ ôîðìóëó

Lf = f(x′i, x
′
j)

∫ ∫

∆∗

dτ1dτ2

((τ1 − t1)2 + (τ2 − t2)2)λ
+

+
n−1∑

k=0

n−1∑

l=0

′f(x′k, x
′
l)

∫ ∫

∆kl

dτ1dτ2

((τ1 − t1)2 + (τ2 − t2)2)λ
+ Rnn(f), (1.21)

ãäå
∑∑ ′ îçíà÷àåò ñóììèðîâàíèå ïî êâàäðàòàì, íå âõîäÿùèì â ∆∗.
Îöåíèì ïîãðåøíîñòü êóáàòóðíûõ ôîðìóë (1.20) è (1.21).
Ïîãðåøíîñòü êóáàòóðíîé ôîðìóëû (1.20) ìîæíî ïðåäñòàâèòü íåðà-

âåíñòâîì

|Rnn(f)| ≤
n−1∑

k=0

n−1∑

l=0

′
∫ ∫

∆kl

|f(τ1, τ2)− f(x′i, x
′
j)|

((τ1 − t1)2 + (τ2 − t2)2)λ
dτ1dτ2+
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+
n−1∑

k=0

n−1∑

l=0

′′
∫ ∫

∆kl

|f(τ1, τ2)− f(x′k, x
′
l)|

((τ1 − t1)2 + (τ2 − t2)2)λ
dτ1dτ2 = r1 + r2. (1.22)

Çäåñü
∑∑′ îçíà÷àåò ñóììèðîâàíèå ïî òàêèì k è l, ÷òî êâàäðàòû ∆kl

âõîäÿò â ∆∗,
∑∑′′ îçíà÷àåò ñóììèðîâàíèå ïî îñòàëüíûì êâàäðàòàì.

Îöåíèì âûðàæåíèÿ r1 è r2:

r1 ≤ 8

nα

∫ ∫

∆∗

dτ1dτ2

((τ1 − t1)2 + (τ2 − t2)2)λ
≤ A

n2−2λ+α
= o(n−α); (1.23)

r2 ≤ 4

1 + α

1

n2+α

n−1∑

k=0

n−1∑

l=0

′′h(∆kl). (1.24)

Çäåñü ÷åðåç h(∆kl) îáîçíà÷åíî íàèáîëüøåå çíà÷åíèå, ïðèíèìàåìîå ôóíê-
öèåé ((τ1− t1)

2 + (τ2− t2)
2)−λ â êâàäðàòå ∆kl. Ïóñòü ýòî çíà÷åíèå äîñòè-

ãàåòñÿ ïðè τ1 = xk è τ2 = xl. Îöåíèì ìîäóëü ðàçíîñòè
∣∣∣∣∣∣

∫ ∫

∆kl

[
1

((τ1 − t1)2 + (τ2 − t2)2)λ
− h(∆kl)

]
dτ1dτ2

∣∣∣∣∣∣
=

=

∣∣∣∣∣∣

∫ ∫

∆kl

[
1

((τ1 − t1)2 + (τ2 − t2)2)λ
− 1

((xk − t1)2 + (xl − t2)2)λ

]
dτ1dτ2

∣∣∣∣∣∣
≤

≤
∫ ∫

∆kl

∣∣∣∣
2λ(xk − t1 + q1(τ1 − xk))(τ1 − xk))

((xk − t1 + q1(τ1 − xk))2 + (τ2 − t2)2)λ+1dτ1dτ2

∣∣∣∣ +

+

∫ ∫

∆kl

∣∣∣∣
2λ(xl − t2 + q2(τ2 − xl))(τ2 − xl))

((xk − t1) + (xl − t2 + q2(τ2 − xl))2)λ+1dτ1dτ2

∣∣∣∣ ≤

≤
∫ ∫

∆kl

2λ(τ1 − xk)

((xk − t1 + q1(τ1 − xk))2 + (τ2 − t2)2)λ+1/2dτ1dτ2

∣∣∣∣∣∣
+

+

∫ ∫

∆kl

2λ(τ2 − xl))

((τ1 − t1)2 + (xl − t2 + q2(τ2 − xl))2)λ+1/2dτ1dτ2

∣∣∣∣∣∣
≤
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≤ 24λ

n3

n2λ+1

(k2 + l2)λ+1/2 =
24λ

n2−2λ

1

(k2 + l2)λ+1/2 .

Çäåñü ïðåäïîëàãàëîñü, ÷òî k ≥ i+1, l ≥ j+1. Ïðè îñòàëüíûõ ñî÷åòàíèÿõ
k è l îöåíêè ïðîâîäÿòñÿ àíàëîãè÷íî è íà ýòîì íå îñòàíàâëèâàåìñÿ.

Ñëåäîâàòåëüíî,

r2 ≤ 1

(1 + α)

1

nα

n−1∑

k=0

n−1∑

l=0

′′
∫ ∫

∆kl

dτ1dτ2

((τ1 − t1)2 + (τ2 − t2)2)λ
+

+
1

(1 + α)

23λ

n2−2λ+α

n−1∑

k=0

n−1∑

l=0

′′ 1

(k2 + l2)λ+1/2 . (1.25)

Îöåíèì ïîñëåäíåå ñëàãàåìîå â ïðåäûäóùåì íåðàâåíñòâå.
Î÷åâèäíî,

n−1∑

k=0

n−1∑

l=0

′′ 1

(k2 + l2)λ+1/2 ≤
n/2∑

k=−[n/2]

n/2∑

l=−[n/2]

∗ 1

(k2 + l2)λ+1/2 ≤

≤ A





1, λ > 1/2;
ln n, λ = 1/2;

n1−2λ, λ < 1/2.
(1.26)

Çäåñü
∑∑∗ îçíà÷àåò ñóììèðîâàíèå ïî k è l òàêèì, ÷òî (k, l) 6=

6= (0, 0).
Ïðè ïîëó÷åíèè ýòîãî íåðàâåíñòâà èñïîëüçîâàíî óòâåðæäåíèå ([53],

òåîðåìà 56) î òîì, ÷òî ÷èñëî òî÷åê ñ öåëî÷èñëåííûìè êîýôôèöèåíòà-
ìè, ðàñïîëîæåííûìè â êðóãå x2 + y2 = r2, ðàâíî r2 + O(r).

Èç íåðàâåíñòâ (1.25), (1.26) ñëåäóåò, ÷òî

r2 ≤ (1 + o(1))

(1 + α)

1

nα

n−1∑

k=0

n−1∑

l=0

′′
∫ ∫

∆kl

dτ1dτ2

((τ1 − t1)2 + (τ2 − t2)2)λ

è âìåñòå ñ íåðàâåíñòâîì (1.23) ýòî äàåò îöåíêó

Rnn[Hαα(D)] ≤ 1 + o(1)

(1 + α)nα
sup

(t1,t2)∈D

1∫

−1

1∫

−1

dτ1dτ2

((τ1 − t1)2 + (τ2 − t2)2)λ
≤
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≤ 1 + o(1)

(1 + α)nα

1∫

−1

1∫

−1

dτ1dτ2

((τ1)2 + (τ2)2)λ
. (1.27)

Èç ñîïîñòàâëåíèÿ îöåíîê ζ[Hα,α(D)] è Rnn[Hα,α(D)] âûòåêàåò ñëåäó-
þùåå óòâåðæäåíèå.

Òåîðåìà 1.14 [165]. Ñðåäè âñåâîçìîæíûõ êóáàòóðíûõ ôîðìóë âèäà
(1.15) ïðè ρ1 = ρ2 = 0 è n1 = n2 = n îïòèìàëüíîé ïî ïîðÿäêó ÿâëÿåòñÿ
ôîðìóëà (1.20), èìåþùàÿ ïîãðåøíîñòü (1.27).

Çàìå÷àíèå. Àíàëîãè÷íîå óòâåðæäåíèå ñïðàâåäëèâî è äëÿ êóáàòóðíîé
ôîðìóëû (1.21).

Ïîñòðîèì àñèìïòîòè÷åñêè îïòèìàëüíóþ êóáàòóðíóþ ôîðìóëó âû÷èñ-
ëåíèÿ èíòåãðàëîâ âèäà Tf íà êëàññàõ ôóíêöèé W rr. Ïðè ïîñòðîåíèè êó-
áàòóðíîé ôîðìóëû (1.14) áûë ïîñòðîåí ëîêàëüíûé ñïëàéí ϕmn(t1, t2), àï-
ïðîêñèìèðóþùèé ôóíêöèþ ϕ(t1, t2) â îáëàñòè [0, 2π; 0, 2π]. Àíàëîãè÷íûì
îáðàçîì ìîæíî ïîñòðîèòü ñïëàéí fnn(t1, t2), àïïðîêñèìèðóþùèé ôóíê-
öèþ f(t1, t2) â îáëàñòè [−1, 1;−1, 1]. Èíòåãðàë Tf áóäåì âû÷èñëÿòü ïî
êóáàòóðíîé ôîðìóëå

Tf =

1∫

−1

1∫

−1

fnn(τ1, τ2)dτ1dτ2

((τ1 − t1)2 + (τ2 − t2)2)λ
+ Rnn(f). (1.28)

Òåîðåìà 1.15 [165]. Ïóñòü Ψ = W r,r
p (1), 1 ≤ p ≤ ∞ è èíòåãðàë Tf

âû÷èñëÿåòñÿ ïî êóáàòóðíûì ôîðìóëàì âèäà (1.15), ãäå ρ1 = r− 1, ρ2 =
= r−1, n1 = n2 = n. Òîãäà îïòèìàëüíîé ïî ïîðÿäêó ÿâëÿåòñÿ êóáàòóðíàÿ
ôîðìóëà (1.28), èìåþùàÿ ïîãðåøíîñòü

Rnn(Ψ) = (1 + o(1))
4Rrq(1)

2rr!(rq + 1)1/q(n− 1 + [Rrq(1)]1/r)r

1∫

−1

1∫

−1

dτ1dτ2

(τ 2
1 + τ 2

2 )λ
,

ãäå Rrq(t)− ïîëèíîì ñòåïåíè r, íàèìåííåå óêëîíÿþùèéñÿ îò íóëÿ â ìåò-
ðèêå ïðîñòðàíñòâà Lq([−1, 1]).

2. Èíòåãðàëû ñ ïåðåìåííîé ñèíãóëÿðíîñòüþ

2.1. Àñèìïòîòè÷åñêè îïòèìàëüíûå ïàññèâíûå àëãîðèòìû íà
êëàññàõ Ãåëüäåðà è Çèãìóíäà
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2.1.1. Ïðÿìîóãîëüíûå ñåòêè

2.1.1.1. Ôîðìóëèðîâêè òåîðåì
Ðàññìîòðèì áèñèíãóëÿðíûé èíòåãðàë

Fϕ =
1

(2π)2

2π∫

0

2π∫

0

ϕ(σ1, σ2) ctg
σ1 − s1

2
ctg

σ2 − s2

2
dσ1dσ2, (2.1)

äëÿ âû÷èñëåíèÿ êîòîðîãî ïðèìåíèì ê.ô.

Fϕ =
m∑

k=1

n∑
i=1

pki(s1, s2)ϕ(xk, yi) + Rmn(s1, s2, xk, yi, pki, ϕ), (2.2)

îïðåäåëÿåìóþ âåêòîðîì (X, Y, P ) óçëîâ 0 ≤ x1 < · · · < xm ≤ 2π, 0 ≤
≤ y1 < y2 < · · · < yn ≤ 2π è êîýôôèöèåíòîâ pki. Íèæå èñïîëüçóåòñÿ
îáîçíà÷åíèå D = [0, 2π]2.

Òåîðåìà 2.1 [29], [36]. Ïóñòü Ψ = Hα,α(D) èëè Ψ = Hα
3 (D) è èíòåãðàë

Fϕ âû÷èñëÿåòñÿ ïî ê.ô. âèäà (2.2) ïðè α1 = α2 = α è n = m. Ïîëîæèì
N = n2. Òîãäà

ζN [Hα,α(D)] ≥ (1 + o(1))8πα−2

(1 + α)nα
ln2 n

è

ζN [Hα
3 (D)] ≥ (4 + o(1))

π4 n2 ln2 n

π/n∫

0

π/n∫

0

(t2 + τ 2)α/2dtdτ.

Êâàäðàòóðíàÿ ôîðìóëà

Fϕ =
1

4π2

n−1∑

k=0

m−1∑

l=0

ϕ(t′k, τ
′
l )

∫

dkl

∫
ctg

σ1 − s1

2
ctg

σ2 − s2

2
dσ1dσ2+

+Rnm(ϕ), (2.3)

ãäå dkl = ∆kl ∩ C∆0
, ∆kl = [tk, tk+1; τl, τl+1] , tk = 2kπ/n, t′k = (2k +

+ 1)π/n, τl = 2lπ/m, τ ′l = (2l + 1)π/m, k = 0, 1, . . . , n, l = 0, 1, . . . , m;
∆0 = [s1 − 4π/n, s1 + 4π/n; 0, 2π] ∪ [0, 2π; s2 − 4π/m, s2 + 4π/m] ; C∆0

−
äîïîëíåíèå ∆0 äî êâàäðàòà D = [0, 2π; 0, 2π], èìååò ïîãðåøíîñòü

Rnm(ϕ) ≤ 4 (ln n + o(ln n)) (ln m + o(ln m))

π2

(
πα1

(1 + α1)nα1
+

πα2

(1 + α2)mα2

)
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ïðè ϕ ∈ Hα1α2
(D) è

|Rnm(ϕ)| ≤ 4 (ln n + o(ln n)) (ln m + o(ln m))

π2

π/n∫

0

π/m∫

0

(t2 + τ 2)α/2dtdτ+

+
8πα−2

α2nα1/2mα2/2

ïðè ϕ ∈ Hα
3 (D).

Â ñëó÷àå α1 = α2 ê.ô. (2.3) ïðè n = m ÿâëÿåòñÿ àñèìïòîòè÷åñêè
îïòèìàëüíîé íà êëàññàõ Hαα(D) è Hα

3 (D) è åå ïîãðåøíîñòü ðàâíà

Rnn[Hαα(D)] =
8(1 + o(1)) ln2 n

(1 + α)π2−αnα

è

Rnn[H
α
3 (D)] =

4(1 + o(1))n2 ln2 n

π4

π/n∫

0

π/m∫

0

(t2 + τ 2)α/2dtdτ.

Òåîðåìà 2.2 [29], [36]. Ïóñòü
π∫
0

t−1[ω(t)]1/2dt < ∞. Ñðåäè ê.ô. âèäà

(2.2) àñèìïòîòè÷åñêè îïòèìàëüíîé íà êëàññàõ Hωω(D) è Hω
3 (D) ÿâëÿåòñÿ

ôîðìóëà (2.3) ïðè n = m. Ïîãðåøíîñòü ýòîé ôîðìóëû ðàâíà

Rnn[Hωω(D)] = (1 + o(1))
8n ln2 n

π3

π/n∫

0

ω(t)dt,

Rnn[H
ω
3 (D)] = (1 + o(1))

4n ln2 n

π4

π/n∫

0

π/n∫

0

ω
(√

t2 + τ 2
)

dtdτ.

Çàìå÷àíèå. Òåîðåìû 2.1 è 2.2 ñïðàâåäëèâû äëÿ ëþáîãî êîíå÷íîãî ÷èñ-
ëà ïåðåìåííûõ. Èçëîæåíèå âåäåòñÿ òîëüêî äëÿ äâóõ ïåðåìåííûõ èç-çà
ïðîñòîòû îáîçíà÷åíèé.

2.1.1.2. Äîêàçàòåëüñòâà òåîðåì

Äîêàçàòåëüñòâî òåîðåìû 2.1. Îãðàíè÷èìñÿ ðàññìîòðåíèåì êëàññà
ôóíêöèé Hα1α2

(D). Äëÿ ïðîñòîòû âûêëàäîê áóäåì ïîëàãàòü m =
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= n, α1 = α2. Ïðè íàõîæäåíèè îöåíêè ñíèçó ïîãðåøíîñòè ê.ô. (2.2)
îñòàíîâèìñÿ íà äâóõ ñëó÷àÿõ:
1) ñóùåñòâóåò êâàäðàò ðàçìåðîì h× h, h = 2πα 1

n ln2/α n
(
2π2α 1

1+α

)1/α
, â

êîòîðîì íåò óçëîâ ê.ô. (2.2);
2) â ëþáîì êâàäðàòå ñî ñòîðîíîé, èìåþùåé äëèíó h, åñòü õîòÿ áû îäèí
óçåë ê.ô. (2.2).

Ðàññìîòðèì ïåðâóþ âîçìîæíîñòü. Åñëè åñòü êâàäðàò ∆ (áåç îãðàíè-
÷åíèÿ îáùíîñòè, ìîæíî ïîëîæèòü ∆ = [0, h; 0, h]), â êîòîðîì íåò óçëîâ
ê.ô. (2.2), òî èõ íåò è â ïðÿìîóãîëüíèêå [0, h; 0, 2π]. Ïîñòðîèì â ýòîì
ïðÿìîóãîëüíèêå ôóíêöèþ ϕ∗(σ1, σ2) = (2/π)αϕ∗1(σ1)ϕ

∗
2(σ2), ãäå

ϕ∗1(σ1) =





σα
1 0 ≤ σ1 ≤ h/2,

(h− σ1)
α h/2 ≤ σ1 ≤ h,

0 σ1,

ϕ∗2(σ2) =





σα
2 0 ≤ σ2 ≤ π/2,

(π − σ2)
α π/2 ≤ σ2 ≤ π,

0 π ≤ σ2 ≤ 2π.

Ïîäñòàâèâ ôóíêöèþ ϕ∗(σ1, σ2) â èíòåãðàë (2.1) è ïðîèçâåäÿ íåñëîæ-
íûå ïîäñ÷åòû, èìååì

sup
ϕ∈Hα,α(D)

max
s1,s2

(Fψ)(s1, s2) ≥ (Fψ∗)(0, 0) ≥

≥ 2α−1π−2(2α−1hα + π−12−αhα ln 2) ≥ 8πα(1 + α)−1n−α ln2 n.

Ïåðåéäåì êî âòîðîìó ñëó÷àþ. Ðàçîáüåì êâàäðàò [0, 2π; 0, 2π] íà M 2

ðàâíûõ êâàäðàòîâ: ∆ks = [xk, xk+1; ys, ys+1], k, s = 0, 1, . . . , M − 1, ãäå
xk = yk = 2πk/M,M = [2π/h] + 1. Ïî ïðåäïîëîæåíèþ, â êàæäîì êâàä-
ðàòå ∆ks íàéäåòñÿ, ïî êðàéíåé ìåðå, ïî îäíîìó óçëó ê.ô. (2.2). Âûáåðåì
â êàæäîì êâàäðàòå òî÷íî ïî îäíîìó óçëó (x∗k, y

∗
s). Êàæäîìó óçëó (x∗i , y

∗
j )

ïîñòàâèì â ñîîòâåòñòâèå ôóíêöèþ ψ∗ij(σ1, σ2), îïðåäåëåííóþ ôîðìóëîé

ψ∗ij(σ1, σ2) =





ϕ(σ1, σ2), (σ1, σ2) ∈ ∪1
k=0[xi−a + kπ, xi+a + kπ; 0, 2π]×

× ∪1
l=0 [0, 2π; yj−a + lπ, yj+a + lπ];

ψ(σ1, σ2)sgn
(
ctg σ1−x∗i

2 ctg
σ2−y∗j

2

)

D,

ãäå a = [21/α]+1, ψ(σ1, σ2) = (min
i
|σ1−xi|α)+(min

j
|σ2−yj|α)− ôóíêöèÿ,

ââåäåííàÿ Í.Ï.Êîðíåé÷óêîì [89], à ϕ(σ1, σ2)− ôóíêöèÿ, îáðàùàþùàÿñÿ
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â íóëü íà ïðÿìûõ σ1 = x∗i ± kπ, σ2 = y∗j ± kπ, óäîâëåòâîðÿþùàÿ íåðàâåí-
ñòâó

ϕ(σ1, σ2) ctg
σ1 − x∗i

2
ctg

σ2 − y∗j
2

≥ 0

âñþäó â îáëàñòè D è òàêàÿ, ÷òî ψ∗ij(σ1, σ2) ∈ Hαα(D). Ïîêàæåì, ÷òî
òàêàÿ ôóíêöèÿ âñåãäà ñóùåñòâóåò. Äëÿ ýòîãî äîñòàòî÷íî äîîïðåäåëèòü
ôóíêöèþ ψ(σ1, σ2) â îáëàñòè ∪1

k=0[xi−a + kπ, xi+a + kπ; 0, 2π]∪1
l=0

∪1
l=0[0, 2π; yj−a + lπ, yj+a + lπ] ñëåäóþùèì îáðàçîì. Ïîëîæèì ϕ(σ1, σ2) =

= 0 íà ïðÿìûõ σ1 = xi±kπ è σ2 = yj±lπ, k, l = 0, 1. Ñîåäèíèì îòðåçêàìè
ïðÿìûõ êàæäóþ òî÷êó, ëåæàùóþ íà ïðÿìîé xi±kπ èëè íà ïðÿìîé yj±lπ,

ñ áëèæàéøèìè òî÷êàìè ãðàíèöû îáëàñòè ∪1
k=0[xi−a + kπ,

xi+a + kπ; 0, 2π]∪1
l=0 [0, 2π; yj−a + lπ, yj+a + lπ].

Äëÿ îïðåäåëåííîñòè ðàññìîòðèì îáëàñòü Ga = [x−a, xa; 0, 2π]
⋃

⋃
[0, 2π; y−a, ya]. Âîçüìåì òî÷êó (0, 0), ïðèíàäëåæàùóþ ýòîé îáëàñòè. Áëè-

æàéøèìè ê íåé òî÷êàìè ãðàíèöû îáëàñòè Ga áóäóò òî÷êè ñ êîîðäèíà-
òàìè (xa, ya), (xa, y−a), (x−a, y−a), (x−a, ya). Ïðîâåäåì îòðåçêè ïðÿìûõ,
ñîåäèíÿþùèõ òî÷êó (0, 0, 0) ñ òî÷êàìè (xa, ya, ψ(xa, ya)), (xa, y−a,

ψ(xa, y−a)), (x−a, y−a, ψ(x−a, y−a)), (x−a, ya, ψ(x−a, ya)). Àíàëîãè÷íûå ïîñòðî-
åíèÿ ïðîäåëàåì ñ êàæäîé òî÷êîé, ëåæàùåé íà ïðÿìûõ σ1 = 0 è σ2 = 0.
Ïîâåðõíîñòü, ñîñòàâëåííàÿ èç òàêèõ îòðåçêîâ ïðÿìûõ, îïðåäåëÿåò ôóíê-
öèþ ϕ(σ1, σ2) â îáëàñòè Gα. Ïîâåðõíîñòü, ïîñòðîåííàÿ òàêèì îáðàçîì âî
âñåé îáëàñòè ∪1

k=0[xi−a + kπ, xi+a + kπ; 0, 2π]∪1
l=0

∪1
l=0[0, 2π; yj−a + lπ, yj+a + lπ], îïðåäåëÿåò ôóíêöèþ ϕ(σ1, σ2).
Çàôèêñèðóåì ïðîèçâîëüíûé óçåë (x∗i , y

∗
j ) è ðàññìîòðèì èíòåãðàë

(Fψ∗ij)(x
∗
i , y

∗
j ) =

1

(2π)2

2π∫

0

2π∫

0

ψ∗ij(σ1, σ2) ctg
σ1 − x∗i

2
ctg

σ2 − y∗j
2

dσ1dσ2 ≥

≥
[M/2]−1∑

k=a

[M/2]−1∑

l=a

1

4π2


ctg

π(k + 1)

M
ctg

π(l + 1)

M

xk+i+1∫

xk+i

yl+j+1∫

yl+j

ψ(σ1, σ2)dσ1dσ2+

+ ctg
π(k + 1)

M
ctg

π(l + 2)

M

xk+i+1∫

xk+i

yj−l∫

yj−l−1

ψ(σ1, σ2)dσ1dσ2+
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+ ctg
π(k + 2)

M
ctg

π(l + 1)

M

xi−k∫

xi−k−1

yj+l+1∫

yj+l

ψ(σ1, σ2)dσ1dσ2+

+ ctg
π(k + 2)

M
ctg

π(l + 2)

M

xi−k∫

xi−k−1

yj−l∫

yj−l−1

ψ(σ1, σ2)dσ1dσ2


 .

Óñðåäíÿÿ ïîëó÷åííóþ îöåíêó ïî i è j, èìååì

sup
ϕ∈Hαα(D)

max
s1s2

(Fϕ)(s1, s2) ≥ 1

M 2

M−1∑
i=0

M−1∑
j=0

(Fψ∗ij)(x
∗
i , y

∗
j ) ≥

≥ 1

π2

2π∫

0

2π∫

0

ψ(σ1, σ2)dσ1dσ2
1

M 2

[M/2]−1∑

k=a

[M/2]−1∑
j=a

ctg
π(k + 2)

M
ctg

π(j + 2)

M
=

=
1 + o(1)

π4 ln2 n

2π∫

0

2π∫

0

ψ(σ1, σ2)dσ1dσ2.

Ïîýòîìó îêîí÷àòåëüíî

sup
ϕ∈Hαα(D)

max
s1s2

(Fϕ)(s1, s2) ≥ 8πα−2

(1 + α)nα
ln2 n.

Îöåíêà ñíèçó ïîëó÷åíà.
Ïåðåéäåì ê èññëåäîâàíèþ ïîãðåøíîñòè ê.ô. (2.3) íà êëàññå Hαα(D).

Ïðåäïîëîæèì, ÷òî(s1, s2) ∈ ∆ij. Íåòðóäíî âèäåòü, ÷òî

|Rnm(ϕ)| ≤

≤
∣∣∣∣∣∣

1

4π2

n−1∑

k=0

m−1∑

l=0

∫

dkl

∫
(ϕ(σ1, σ2)− ϕ(t′k, τ

′
l )) ctg

σ1 − s1

2
ctg

σ2 − s2

2
dσ1dσ2

∣∣∣∣∣∣
+

+

∣∣∣∣∣∣
1

4π2

∫

∆0

∫
(ϕ(σ1, σ2)− ϕ(s1, σ2)− ϕ(σ1, s2) + ϕ(s1, s2))×

× ctg
σ1 − s1

2
ctg

σ2 − s2

2
dσ1dσ2

∣∣∣∣ = I1 + I2. (2.4)
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Îöåíèì ñóììó I1

I1 ≤ 4

π2

π/n∫

0

π/m∫

0

(σα1
1 + σα2

2 ) dσ1dσ2

n/2∑

k=0

m/2∑

l=1

ctg
kπ

n
ctg

kπ

m
=

=
4

π2

[
πα1

(1 + α1)nα1
+

πα2

(1 + α2)mα2

]
(ln n + o(ln n))(ln m + o(ln m)). (2.5)

Â îáëàñòè ∆0 èñïîëüçóåì íåðàâåíñòâî
|ϕ(σ1, σ2)− ϕ(s1, σ2)− ϕ(σ1, s2) + ϕ(s1, s2)| ≤ 2|σ1 − s1|α/2|σ2 − s2|α/2.

Â ðåçóëüòàòå èìååì

I2 ≤ 8π(α1+α2)/2−2 1

α1

1

α2

1

nα1/2

1

mα2/2 . (2.6)

Èç íåðàâåíñòâ (2.4) − (2.6) ñëåäóåò ñïðàâåäëèâîñòü ïðèâåäåííîé â
òåîðåìå îöåíêè Rnm íà êëàññå Hα1α2

(D). Î÷åâèäíî, ïðè α1 = α2 è n = m

Rnn[Hα1α2
(D)] = (8 + o(1))πα−2(1 + α)−1n−α ln2 n.

Èç ñîïîñòàâëåíèÿ ýòîé îöåíêè è îöåíêè ñíèçó ñëåäóåò ñïðàâåäëèâîñòü
òåîðåìû ïðè ϕ ∈ Hαα(D).

Òåîðåìà äîêàçàíà äëÿ ñëó÷àÿ ϕ ∈ Hα1α2
(D). Íà êëàññå ôóíêöèé Hα

3 (D)
îíà äîêàçûâàåòñÿ àíàëîãè÷íî.

Äîêàçàòåëüñòâî òåîðåìû 2.2 ïðàêòè÷åñêè íå îòëè÷àåòñÿ îò äîêà-
çàòåëüñòâà ïðåäûäóùåé òåîðåìû.

2.1.2. Ïðîèçâîëüíûå ñåòêè
Ðàññìîòðèì ïîëèñèíãóëÿðíûé èíòåãðàë

Kϕ =
1

(2π)m

2π∫

0

· · ·
2π∫

0

ϕ(σ1, . . . , σm) ctg
σ1 − s1

2
· · · ctg σm − sm

2
dσ1 . . . dσm,

0 ≤ s1, . . . , sm ≤ 2π, (2.7)

êîòîðûé áóäåì âû÷èñëÿòü ïî ê.ô. âèäà

Kϕ =
N∑

k=1

pk(s1, . . . , sm)ϕ(Mk) + RN(s1, s2, pk,Mk, ϕ), (2.8)

èñïîëüçóþùèì N çíà÷åíèé ïîäûíòåãðàëüíîé ôóíêöèè. Çäåñü Mk =
= (ξ

(k)
1 , . . . , ξ

(k)
m )− óçëû ê.ô.(2.8).
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2.1.2.1. Ôîðìóëèðîâêè òåîðåì

Òåîðåìà 2.3 [29]. Ïóñòü Ψ = Hα
i èëè Ψ = Zα

i , i = 1, 2, 3 (ïðè i = 2, 3
ïðåäïîëàãàåòñÿ, ÷òî m = 2) è èíòåãðàë Kϕ âû÷èñëÿåòñÿ ïî ê.ô. âèäà
(2.8). Òîãäà

ζN(Hα
i ) = 2ζN(Zα

i ) =
(1 + o(1))2m+αDiπ

α−m

mmNα/m
lnm N,

ãäå

D1 =
m

2α(m + α)
, D2 =

21−α/2

2 + α
,D3 =

12

2 + α

(
1

2
√

3

)(α+2)/2
π/6∫

0

dϕ

cosα+2 ϕ
.

Òåîðåìà 2.4 [29]. Ïóñòü Ψ = Hα
1 (0 < α ≤ 1). Êóáàòóðíàÿ ôîðìóëà

Kϕ =
n−1∑

k1=0

· · ·
n−1∑

km=0

ϕ(t′k1
, . . . , t′km

)×

×
∫

dk1...km

. . .

∫
ctg

σ1 − s1

2
. . . ctg

σm − sm

2
dσ1 . . . dσm + RN(ϕ), (2.9)

ãäå n = [N 1/m]; tki
= 2kiπ/n, t′ki

= (2ki + 1)π/n(i = 0, 1, . . . , m);
dk1···km

= ∆k1···km
∩ C∆0

; ∆k1···km
= [tk1

, tk1+1; . . . ; tkm
, tkm+1] ; ∆0 = [s1 −

− 6π/n, s1 + 6π/n; 0, 2π; . . . ; 0, 2π]∪ · · · ∪ [0, 2π; . . . ; 0, 2π; sm− 6π/n, sm +
6π/n], C∆0

− äîïîëíåíèå ∆0 äî D = [0, 2π; . . . ; 0, 2π], ÿâëÿåòñÿ àñèìï-
òîòè÷åñêè îïòèìàëüíîé ñðåäè âñåâîçìîæíûõ ê.ô. âèäà (2.8). Åå ïîãðåø-
íîñòü ðàâíà

RN [Ψ] = (1 + o(1))2mπα−mm1−m(m + α)−1N−α/m lnm N.

Òåîðåìà 2.5 [29]. Ïóñòü N = 2n2,m = 2. Òîãäà íà êëàññàõ Hα
2 (0 <

< α ≤ 1) è D̃1,c
2 àñèìïòîòè÷åñêè îïòèìàëüíîé ÿâëÿåòñÿ ê.ô.

Kϕ =
1

4π2

n−1∑

k=0

n−1∑

l=0


ϕ(ξk, ηl)

∫

dkl

∫
ctg

σ1 − s1

2
ctg

σ2 − s2

2
dσ1σ2+

+ϕ(ξ′k, η
′
l)

∫

gkl

∫
ctg

σ1 − s1

2
ctg

σ2 − s2

2
dσ1σ2


 + Rnn(ϕ), (2.10)
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ãäå (ξk, ηl) = (2kπ/n, 2πl/n), (ξ′k, η
′
l) = ((2k + 1)π/n; (2l + 1)π/n); dkl =

= ∆kl ∩ C∆0
, gkl = ∇kl ∩ C∆0

; ∆kl è ∇kl− îáëàñòè, õàðàêòåðèçóþùèåñÿ
óðàâíåíèÿìè |σ1− ξk|+ |σ2− ηl| ≤ π/n è |σ1− ξ′k|+ |σ2− η′l| ≤ π/n; ∆0 =
[s1−2π/n, s1+2π/n; 0, 2π]∪ [0, 2π; s2−2π/n, s2+2π/n]; C∆0

− äîïîëíåíèå
∆0 äî êâàäðàòà D = [0, 2π; 0, 2π]. Ïîãðåøíîñòü ýòîé ôîðìóëû ðàâíà
RN = (1+o(1))21+α/2πα−2(2+α)−1N−α/2 ln2 N íà îáîèõ êëàññàõ ôóíêöèé.

2.1.2.2. Äîêàçàòåëüñòâà òåîðåì
Äîêàçàòåëüñòâî òåîðåìû 2.3. Îãðàíè÷èìñÿ îöåíêîé ñíèçó âåëè-

÷èíû ζN [Hα
1 ]. Ðàññìîòðèì äâå âîçìîæíîñòè:

1) íàéäåòñÿ ïàðàëëåëåïèïåä ñ ðåáðîì äëèíû h = 2πN−1 lnm/α N, â êîòî-
ðîì íåò óçëîâ ê.ô. (2.8);
2) â ëþáîì ïàðàëëåëåïèïåäå ñ ðåáðîì äëèíû h ñîäåðæèòñÿ, ïî êðàéíåé
ìåðå, îäèí óçåë ê.ô. (2.8).

Îñòàíîâèìñÿ íà ïåðâîé âîçìîæíîñòè. Íå îãðàíè÷èâàÿ îáùíîñòè, ìîæ-
íî ñ÷èòàòü, ÷òî â ïàðàëëåëåïèïåäå ∆ = [0, h; 0, h; . . . ; 0, h] íåò óçëîâ ê.ô.
(2.8). Ââåäåì â ýòîì ïàðàëëåëåïèïåäå ôóíêöèþ ϕ∗(σ1, . . . , σm) =
= (m−1)(2/h)(m−1)αϕ∗1(σ1) · · ·ϕ∗m(σm), ãäå

ϕ∗i (σi) =





σα
i 0 ≤ σi ≤ h/2,

(h− σi)
α h/2 ≤ σi = h,

0 σi.

Íåòðóäíî âèäåòü, ÷òî ýòà ôóíêöèÿ âõîäèò â êëàññ Hα
1 . Ïîäñòàâëÿÿ åå

â èíòåãðàë Kϕ, èìååì

sup
ϕ∈Hα

1

max
s1,s2,...,sm

(Kϕ)(s1, . . . , sm) ≥ (Kϕ∗)(0, . . . , 0) ≥

≥ 2mm1−mπα−m(m + α)−1N−α/m lnm N.

Ïåðåéäåì êî âòîðîé âîçìîæíîñòè. Îáëàñòü D = [0, 2π; . . . ; 0, 2π] ðàç-
äåëèì ïðÿìûìè x

(k)
j = 2πk/M, j = 1, 2, . . . , m, k = 0, 1, . . . , M, M =

= [2π/h] íà êóáû ∆i1,...,im. Ïî ïðåäïîëîæåíèþ â êàæäîì êóáå ∆i1,...,im =

=
[
xi1

1 , xi1+1
1 , . . . , xim

m , x
im+1
m

]
íàéäåòñÿ, ïî êðàéíåé ìåðå, ïî îäíîìó óçëó

ê.ô. (2.8). Âûáåðåì â êàæäîì êóáå ∆i1,...,im ïî îäíîìó óçëó ê.ô. (2.8)
è âûáðàííûé óçåë îáîçíà÷èì ÷åðåç x∗i1,...,im =

(
x∗i11 , . . . , x∗imm

)
. Êàæäîìó

óçëó x∗i1,...,im ïîñòàâèì â ñîîòâåòñòâèå ôóíêöèþ

ϕ∗i1,...,im(σ1, . . . , σm) =
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=





ϕi1,...,im(σ1, . . . , σm)

x
ij−a
j ≤ σj ≤ x

ij+a
j , x

ij+[M/2]−a
j ≤ σj ≤ x

ij+[M/2]+a
j , j = 1, 2, . . . , m;

ψ(σ1, . . . , σm)sgn

(
m∏

k=1
ctg

σk−x
∗ik
k

2

)

σj(j = 1, 2, . . . , m),

ãäå ψ(σ1, . . . , σm)− ôóíêöèÿ, îïðåäåëåííàÿ â ñòàòüå Â.Ô.Áàáåíêî [5] ôîð-
ìóëîé ψ(σ1, . . . , σm) =

[
min

1≤k≤N
ρ1(σ,Mk)

]α

, σ = (σ1, . . . , σm), a =

= [21/α]+1. Ôóíêöèÿ ϕi1,...,im(σ1, . . . , σm) ïîäáèðàåòñÿ òàê, ÷òîáû ϕ∗i1,...,im ∈

∈ Hα
1 è

ϕi1,...,im(σ1, . . . , σm)sgn

(
m∏

k=1

ctg
σk − x∗jk

k

2

)
≥ 0.

Íåòðóäíî âèäåòü, ÷òî òàêîé ïîäáîð ìîæíî îñóùåñòâèòü.
Ôóíêöèþ ϕ∗i1,...,im(σ1, . . . , σm) ïîäñòàâèì â èíòåãðàë (2.7), ïîëàãàÿ (s1, . . . , sm) =

(x∗i11 , . . . , x∗imm ), è îöåíèì ñíèçó èíòåãðàë
(Kϕ∗i1,...,im) (x∗i11 , . . . , x∗imm ). Èìååì

(Kϕ∗i1,...,im)(x∗i11 , . . . , x∗imm ) ≥ 1

πm

[M/2]−1∑

k1=a

· · ·
[M/2]−1∑

k1=a

(
M

π

)m [
1

k1 + 1
· · · 1

km + 1
×

×
xi1+k1+1∫

xi1+k1

· · ·
xim+km+1∫

xim+km

ϕ∗i1,...,im(σ1, . . . , σm)dσ1 · · · dσm + · · ·+

+
1

k1 + 1
· · · 1

km + 1

xi1−k1∫

xi1−k1−1

· · ·
xim−km∫

xim−km−1

ϕ∗i1,...,im(σ1, . . . , σm)dσ1 · · · dσm


 .

Îñðåäíÿÿ çíà÷åíèÿ (Kϕ∗i1,...,im)(x∗i11 . . . x∗imm ) ïî çíà÷åíèÿì
1 ≤ i1, . . . , im ≤ M, èìååì

sup
ϕ∈Hα

1

max
s1,...,sm

(Kϕ)(s1, . . . , sm) ≥ lnm M

π2m

2π∫

0

· · ·
2π∫

0

ψ(σ1, . . . , σm)dσ1 · · · dσm.
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Â.Ô.Áàáåíêî [5], [6] ïîêàçàíî, ÷òî íà êëàññå ôóíêöèé Hα
1

2π∫

0

· · ·
2π∫

0

ψ(σ1, . . . , σm) ≥ 2m−1mπm+α

(m + α)Nα/m
.

Òàêèì îáðàçîì, âåðõíÿÿ ãðàíü îöåíêè ñíèçó èìååò âèä

sup
ϕ∈Hα

1

max
s1,...,sm

(Kϕ)(s1, . . . , sm) ≥ 2m−1m1−mπα−m(m + α)−1N−α/m lnm N.

Íà êëàññå ôóíêöèé Hα
1 òåîðåìà äîêàçàíà.

Ðàññóæäåíèÿ, íåîáõîäèìûå äëÿ ïîëó÷åíèÿ îñòàëüíûõ îöåíîê, ïðèíöè-
ïèàëüíî íå îòëè÷àþòñÿ îò ïðîâåäåííûõ âûøå. Îòëè÷èå ñîñòîèò ëèøü â
ðàçëè÷íûõ çíà÷åíèÿõ âåðõíèõ ãðàíåé ïîãðåøíîñòè ê.ô. äëÿ ðåãóëÿðíîãî
èíòåãðàëà

2π∫
0
· · ·

2π∫
0

ϕ(σ1, . . . , σm)dσ1 · · · dσm íà ðàçëè÷íûõ êëàññàõ ôóíê-
öèé Hα

i , Zα
i . Ýòè îöåíêè ïðèâåäåíû â ñòàòüÿõ Â.Ô.Áàáåíêî [5, 6]. Ïîëü-

çóÿñü èìè, óáåæäàåìñÿ â ñïðàâåäëèâîñòè òåîðåìû 2.3.
Äîêàçàòåëüñòâî òåîðåìû 2.4. Íåòðóäíî âèäåòü, ÷òî ïîãðåøíîñòü

ê.ô. (2.9) îöåíèâàåòñÿ íåðàâåíñòâîì

|RN(ϕ)| ≤

∣∣∣∣∣∣∣

n−1∑

k1=0

· · ·
n−1∑

km=0

1

(2π)m

∫

dk1···km

· · ·
∫ (

ϕ(σ1, . . . , σm)− ϕ(t′k1
, . . . , t′km

)
)×

× ctg
σ1 − s1

2
· · · ctg σm − sm

2
dσ1 · · · dσm

∣∣∣∣ +

+

∣∣∣∣∣∣
1

(2π)m

∫

∆0

. . .

∫
ϕ(σ1, . . . , σm) ctg

σ1 − s1

2
. . . ctg

σm − sm

2
dσ1 · · · dσm

∣∣∣∣∣∣
=

= I1 + I2.

Òàê êàê ϕ ∈ Hα
1 , òî

I1 ≤

≤ nm

π2m

[n/2]−1∑

k1=3

· · ·
[n/2]−1∑

km=3

∫

∆k1···km

∣∣ϕ(σ1, . . . , σm)− ϕ(t′k1
, . . . , t′km

)
∣∣ dσ1 · · · dσm ≤
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≤ N lnm N

π2mmm

∫

∆1

max (|σ1|α, . . . , |σm|α) dσ1 · · · dσm,

ãäå ∆0 = [−π/n, π/n; . . . ;−π/n, π/n].
Â ñòàòüå Â.Ô.Áàáåíêî [6] ïîêàçàíî, ÷òî

∫

∆0

max (|σ1|α, . . . , |σm|α) dσ1 · · · dσm =
(1 + o(1))2mπm+αm

(m + α)N 1+α/m
.

Ñëåäîâàòåëüíî, I1 ≤ (1 + o(1))2mπα−mm1−m(m + α)−1N−α/m lnm N.

Ïåðåéäåì ê îöåíêå I2. Ïóñòü ñíà÷àëà m = 2. Òîãäà
2π∫

0

2π∫

0

ϕ(σ1, σ2) ctg
σ1 − s1

2
ctg

σ2 − s2

2
dσ1dσ2 =

=

2π∫

0

2π∫

0

ψ(σ1, σ2) ctg
σ1 − s1

2
ctg

σ2 − s2

2
dσ1dσ2,

ãäå ψ(σ1, σ2) = ϕ(σ1, σ2)− ϕ(s1, σ2)− ϕ(σ1, s2) + ϕ(s1, s2).
Èçâåñòíî ([63, ñ.90]), ÷òî |ψ(σ1, σ2)| ≤ 2|σ1− s1|α/2|σ2− s2|α/2. Ðàññóæ-

äàÿ àíàëîãè÷íûì îáðàçîì, ìîæíî ïîêàçàòü, ÷òî

|ψ(σ1, . . . , σm)| = |ϕ(σ1, . . . , σm)−ϕ(s1, σ2, . . . , σm)+ · · ·+ϕ(s1, . . . , sm)| ≤
≤ m(|σ1 − s1| · · · |σm − sm|)α/m.

Òîãäà

I3 =
1

(2π)m

∣∣∣∣∣∣

∫

∆

ψ(σ1, . . . σm) ctg
σ1 − s1

2
· · · ctg σm − sm

2
dσ1 · · · dσm

∣∣∣∣∣∣
≤

≤ 2mm

(2π)m




6π/n∫

0

2dσ

σ1−α/m




m

≤ 6α2mmm+1

αmπm−αNα/m
.

Èç îöåíîê I1 − I2 ñëåäóåò ñïðàâåäëèâîñòü òåîðåìû.
Äîêàçàòåëüñòâî òåîðåìû 2.5. Ïîãðåøíîñòü ê.ô. (2.10) îöåíèâàåòñÿ

íåðàâåíñòâîì
|RN(ϕ)| ≤

232



≤ 1

4π2

n−1∑

k=0

n−1∑

l=0

∣∣∣∣∣∣

∫

dkl

∫
(ϕ(σ1, σ2)− ϕ(ξk, ηl)) ctg

σ1 − s1

2
ctg

σ2 − s2

2
dσ1dσ2

∣∣∣∣∣∣
+

+
1

4π2

n−1∑

k=0

n−1∑

l=0

∣∣∣∣∣∣

∫

gkl

∫
(ϕ(σ1, σ2)− ϕ(ξ′k, η

′
l)) ctg

σ1 − s1

2
ctg

σ2 − s2

2
dσ1dσ2

∣∣∣∣∣∣
+

+
1

4π2

∣∣∣∣∣∣

∫

∆0

∫
ϕ(σ1, σ2) ctg

σ1 − s1

2
ctg

σ2 − s2

2
dσ1dσ2

∣∣∣∣∣∣
= I1 + I2 + I3.

Íåòðóäíî âèäåòü, ÷òî

I1 ≤ n2

π4

[n/2]−1∑

k=3

[n/2]−1∑

l=3

1

kl

∣∣∣∣∣∣∣

∫

d0,0

∫
(ϕ(σ1, σ2)− ϕ(0, 0))dσ1dσ2

∣∣∣∣∣∣∣
≤

≤ (1 + o(1))2α/2 ln2 N

π2−α(2 + α)Nα/2 .

Ñóììà I2 îöåíèâàåòñÿ àíàëîãè÷íî. Ñëàãàåìîå I3 îöåíèâàåòñÿ òàê æå,
êàê îöåíèâàëîñü ñëàãàåìîå I3 ïðè äîêàçàòåëüñòâå ïðåäûäóùåé òåîðåìû.
Èç îöåíîê I1, I2, I3 ñëåäóåò, ÷òî

RN [Hα
2 (1)] = (1 + o(1))21+α/2πα−2N−α/2(2 + α)−1.

Òåîðåìà äîêàçàíà íà êëàññå Hα
2 . Íà êëàññå D̃1,c

2 îíà äîêàçûâàåòñÿ àíà-
ëîãè÷íî.

2.2. Àñèìïòîòè÷åñêè îïòèìàëüíûå ïàññèâíûå àëãîðèòìû íà
êëàññå C̃r

m

2.2.1. Ïðÿìîóãîëüíûå ñåòêè

2.2.1.1. Ôîðìóëèðîâêè òåîðåì

Òåîðåìà 2.6 [36]. Ïóñòü Ψ = W̃ r,r(1). Ñðåäè ê.ô. âèäà (2.2) ïðè n = m

àñèìïòîòè÷åñêè îïòèìàëüíîé ÿâëÿåòñÿ ôîðìóëà

Fϕ =
M−1∑

k=0

′
M−1∑

l=0

′lL,Lϕ(∆kl) ctg
tk − s1

2
ctg

tl − s2

2
+
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+
M−1∑

k=0

′
M−1∑

l=0

′∏
n,n

(Tr−1ϕ(tk, tl))ψ(∆k,l)+

+
M−1∑

k=0

′∏
n,n

(Tr−1ϕ(tk, tj−1))ψ(∆k,j−1 ∩ · · · ∩∆k,j+2)+

+
M−1∑

l=0

′∏
n,n

(Tr−1ϕ(ti−1, tl))ψ(∆i−1,l ∩ · · · ∩∆i+2,l)+

+
∏
n,n

(Tr−1ϕ(ti−1, tj−1))ψ([ti−1, ti+2; tj−1, tj+2]) + Rnn(ϕ),

ãäå tk = 2kπ/M, k = 0, 1, . . . , M, M = [n/L], L = [ln1/r n],

∆kl = [tk, tk+1; tl, tl+1], Kψ(∆kl) =

∫

∆kl

∫
K ctg

σ1 − s1

2
ctg

σ2 − s2

2
dσ1dσ2,

(s1, s2) ∈ ∆ij,
∑
k

′(
∑
l

′) îçíà÷àåò ñóììèðîâàíèå ïî k 6= i− 1, . . . , i+2(l 6=
6= j − 1, . . . , j + 2). Ïîãðåøíîñòü ýòîé ôîðìóëû ðàâíà Rnn[Ψ] = (1 +
+ o(1))8Kr ln2 n/π2nr.

Íàðÿäó ñ èíòåãðàëîì (2.1) ðàññìîòðèì èíòåãðàë

Fϕ =

1∫

0

1∫

0

ϕ(σ1, σ2) ctg π(σ1 − s1) ctg π(σ2 − s2)dσ1dσ2, (2.11)

êîòîðûé áóäåì âû÷èñëÿòü ïî ê.ô.

Fϕ =
m∑

k=1

n∑

l=1

ρ1∑
i=0

ρ2∑
j=0

pij
kl(s1, s2)ϕ

(i,j)(xk, yl)+

+Rnn(s1, s2, xk, yl, pkl, ϕ). (2.12)

Òåîðåìà 2.7 [29]. Ïóñòü Ψ = C̃r
2(1) è èíòåãðàë Fϕ âû÷èñëÿåòñÿ ïî

ê.ô. (2.12) ïðè ρ1 + ρ2 ≤ r − 1, m = n. Òîãäà

ζN [Ψ] ≥ (1 + o(1))4Rr1(1) ln2 n/(r + 1)!(2n)rπ2.

Òåîðåìà 2.8 [29]. Ïóñòü Ψ = W̃ r,s(1) è èíòåãðàë Fϕ âû÷èñëÿåòñÿ ïî
ê.ô. (2.12), ãäå ρ1 = r − 1, ρ2 = s− 1. Òîãäà

ζN [Ψ] ≥ (1 + o(1))
4

π2

[
Rr1(1)((2m)r

(r + 1)!
+

Rs1(1)((2n)s

(s + 1)!

]
ln m ln n.
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Â êà÷åñòâå ê.ô., ðåàëèçóþùåé îöåíêó òåîðåìû 2.8, âîçüìåì

Fϕ =

1∫

0

1∫

0

ϕmn(σ1, σ2) ctg π(σ1−s1) ctg π(σ2−s2)dσ1dσ2+Rmn(ϕ). (2.13)

Îïèøåì ïîñòðîåíèå ñïëàéíà ϕmn. Ðàçîáüåì ñòîðîíû êâàäðàòà Ω =
= [0, 1; 0, 1] íà m è n ðàâíûõ ÷àñòåé. ×åðåç ∆kl îáîçíà÷èì ïðÿìîóãîëü-
íèê ∆kl = [k/m, (k + 1)/m; l/n, (l + 1)/n], k = 0, 1, . . . , m− 1,
l = 0, 1, . . . , n − 1. Ïóñòü òî÷êà (s1, s2) ∈ ∆ij. Âíà÷àëå àïïðîêñèìèðó-
åì ôóíêöèþ ϕ(σ1, σ2) ïî ïåðåìåííîé σ2 è ïîñòðîèì ñïëàéí ϕn(σ1, σ2)
ïî ñëåäóþùåìó ïðàâèëó. Ïóñòü σ1− ïðîèçâîëüíîå ôèêñèðîâàííîå ÷èñëî
(0 ≤ σ1 ≤ 1). Íà ñåãìåíòàõ [k/n, (k + 1)/n] ïðè k 6= j − 2, . . . , j + 1
ïîëîæèì

ϕn(σ1, σ2) =
s−1∑

l=0

[
ϕ(0,l)(σ1, k/n)

l!
(σ2 − k

n
)l + Blδ

(l)(σ1,
(k + 1)

n

]
,

ãäå

δ(σ1, σ2) = ϕ(σ1, σ2)−
s−1∑

l=0

ϕ(0,l)(σ1, k/n)

l!
(σ2 − k

n
)l.

Êîýôôèöèåíòû Bl îïðåäåëÿþòñÿ èç ðàâåíñòâà
(

k + 1

n
− σ1

)s

−
s−1∑

l=0

Bls!

(s− l − 1)!

1

n

(
k + 1

n
− σ2

)s−l−1

=

= (−1)sRs1

(
2k + 1

2n
;

1

2n
; σ2

)
,

ãäå Rs1(a, h, x)− ïîëèíîì ñòåïåíè s, íàèìåíåå óêëîíÿþùèéñÿ îò íóëÿ â
ìåòðèêå ïðîñòðàíñòâà L íà ñåãìåíòå [a−h, a+h]. Íà ñåãìåíòå [(j − 2)/n, (j + 2)/n]
ôóíêöèÿ ϕn(σ1, σ2) îïðåäåëÿåòñÿ îòðåçêîì ðÿäà Òåéëîðà

ϕn(σ1, σ2) = ϕ(σ1,
j

n
) +

ϕ(0,1)(σ1, j/n)

1!
(σ2 − j

n
) + · · ·+

+
ϕ(0,s−1)(σ1, j/n)

(s− 1)!
(σ2 − j

n
)s−1.

Àíàëîãè÷íî ïî ôóíêöèè ϕn(σ1, σ2) ïîñòðîèì ôóíêöèþ ϕmn(σ1, σ2).
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Òåîðåìà 2.9 [29]. Ñðåäè âñåâîçìîæíûõ ê.ô. âèäà (2.12) àñèìïòîòè-
÷åñêè îïòèìàëüíîé íà êëàññå ôóíêöèé Ψ = W̃ r,s(1) ÿâëÿåòñÿ ôîðìóëà
(2.13). Åå ïîãðåøíîñòü ïðè n è m, íåçàâèñèìî ñòðåìÿùèõñÿ ê ∞, ðàâíà

Rmn[Ψ] = (1 + o(1)) 4 ln m ln n

(
Rr1(1)

π2(r + 1)!(2m)r
+

Rs1(1)

π2(s + 1)!(2n)s

)
.

2.2.1.2. Äîêàçàòåëüñòâà òåîðåì

Äîêàçàòåëüñòâî òåîðåìû 2.6. Íóæíî ðàññìîòðåòü äâå âîçìîæíî-
ñòè:
1) èìååòñÿ êâàäðàò ñ äëèíîé ñòîðîíû h = O(n−1 ln2/r n), â êîòîðîì íåò
óçëîâ ê.ô. (2.2);
2) â êàæäîì êâàäðàòå ñ äëèíîé ñòîðîíû h èìååòñÿ, ïî êðàéíåé ìåðå, ïî
îäíîìó óçëó ê.ô. (2.2).

Èññëåäîâàíèå ïåðâîé âîçìîæíîñòè ìàëî îòëè÷àåòñÿ îò àíàëîãè÷íûõ
èññëåäîâàíèé, íåîäíîêðàòíî ïðèâåäåííûõ âûøå. Îñòàíîâèìñÿ íà èññëå-
äîâàíèè âòîðîé âîçìîæíîñòè. Ðàçäåëèì êâàäðàò D = [0, 2π; 0, 2π] íà
áîëåå ìåëêèå êâàäðàòû ∆ij = [vi, vi+1; wj, wj+1](vi = 2iπ/B,wj =
= 2jπ/B, i, j = 0, 1, . . . , B, B = [2π/h] è â êàæäîì êâàäðàòå ∆ij âûáåðåì
ïî óçëó M ∗

ij = (x∗i , y
∗
j ) ê.ô. (2.2). Êàæäîìó óçëó M ∗

ij ïîñòàâèì â ñîîòâåò-
ñòâèå ôóíêöèþ

ψij(σ1, σ2) = (ψ(σ1) + ψ(σ2) + ψ(σ1)ψ(σ2)) lij(σ1, σ2). (2.14)

Çäåñü ψ(σ)− îïèñàííàÿ â ðàçä. 3 ãëàâû 1 ôóíêöèÿ, ïðèíàäëåæàùàÿ
êëàññó W̃ r(1), îáðàùàþùàÿñÿ â íóëü â óçëàõ x1, . . . , xm è òàêàÿ, ÷òî
2π∫
0

ψ(σ)dσ ≥ 2πKr/N
r.

×åðåç lij(σ1, σ2) îáîçíà÷åíà ñðåäíÿÿ ôóíêöèÿ ñ áåñêîíå÷íî äèôôåðåíöè-
ðóåìûì ÿäðîì óñðåäíåíèÿ è ðàäèóñîì óñðåäíåíèÿ R = h ln n ïî ïåðå-
ìåííûì σ1 è σ2, ïîñòðîåííàÿ ïóòåì îñðåäíåíèÿ ôóíêöèè, ðàâíîé

sgn

(
ctg

σ1 − x∗i
2

ctg
σ2 − y∗j

2

)

ïðè

(σ1, σ2) ∈ D \ ∪1
k=0 [x∗i − 2R + kπ, x∗i + 2R + kπ; 0, 2π]∪1

l=0

∪1
l=0

[
0, 2π; y∗j − 2R + lπ, y∗j + 2R + lπ

]
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è ðàâíîé íóëþ âî âñåõ îñòàëüíûõ òî÷êàõ êâàäðàòà D.

Èçâåñòíî (ñì. Ñ.Ë.Ñîáîëåâ [136, ñ.697]), ÷òî
∣∣∣l(k,l)

ij (σ1, σ2)
∣∣∣ ≤ AR−kR−l,

ãäå A− àáñîëþòíàÿ êîíñòàíòà. Ìîæíî ïîêàçàòü, ÷òî ôóíêöèÿ ψij ïðè-
íàäëåæèò êëàññó W r,r(1+o(1)). Óñðåäíÿÿ çíà÷åíèÿ èíòåãðàëîâ (Fψij)(x

∗
i , y

∗
j )

ïî âñåì çíà÷åíèÿì i, j, óáåæäàåìñÿ â ñïðàâåäëèâîñòè íåðàâåíñòâà

sup
(i,j)

sup
(s1,s2)

(Fψij)(s1, s2) ≥ (1 + o(1))8Kr ln2 n/π2nr.

Îöåíêà RN [Ψ] âûâîäèòñÿ èç ðàññóæäåíèé, àíàëîãè÷íûõ ïðîâåäåííûì
ïðè äîêàçàòåëüñòâå òåîðåìû 2.8. Òåîðåìà äîêàçàíà.

Äîêàçàòåëüñòâî òåîðåìû 2.7. Êàê è ïðè äîêàçàòåëüñòâå òåîðåìû
2.6, îãðàíè÷èìñÿ âòîðîé âîçìîæíîñòüþ. Êàê è â òåîðåìå 2.6, äîêàçûâàåò-
ñÿ, ÷òî â êàæäîì êâàäðàòå âèäà ∆ij èìååòñÿ, ïî êðàéíåé ìåðå, ïî îäíîìó
óçëó ê.ô. (2.12). Âûáðàâ â êàæäîì êâàäðàòå ∆ij ïî óçëó M ∗

ij, ïîñòàâèì
â ñîîòâåòñòâèå âûáðàííûì óçëàì ôóíêöèþ ψij(σ1, σ2) =
= ψi(σ1)lj(σ2). Çäåñü ψi(σ)− ôóíêöèÿ, ïðèíàäëåæàùàÿ êëàññó W̄ r(1),
îáðàùàþùàÿñÿ â íóëü âìåñòå ñî ñâîèìè ïðîèçâîäíûìè äî r− 1 ïîðÿäêà
â óçëàõ xk è òàêàÿ, ÷òî

1∫

0

ψi(σ) ctg π(σ − xi)dσ ≥ 21−rRr1(1)

π(r + 1)!nr
ln n.

Â çàçä. 2 ãëàâû 3 ïîêàçàíî, ÷òî òàêèå ôóíêöèè ñóùåñòâóþò. ×åðåç
lj(σ) îáîçíà÷åíà ñðåäíÿÿ ôóíêöèÿ ñ áåñêîíå÷íî äèôôåðåíöèðóåìûì ÿä-
ðîì óñðåäíåíèÿ è ñ ðàäèóñîì óñðåäíåíèÿ R = h ln n ïî ïåðåìåííîé σ,

ïîñòðîåííàÿ ïóòåì îñðåäíåíèÿ ôóíêöèè, ðàâíîé sgn ctg π(σ − y∗j ) ïðè
σ ∈ [0, 1]\ ∪1

k=0

[
y∗j − 2R + k

2 ; y
∗
j − 2R + k

2

]
è ðàâíîé íóëþ ïðè

σ ∈ ∪1
k=0[y

∗
j −2R+ k

2 ; y
∗
j +2R+ k

2 ]. Î÷åâèäíî, ψij ∈ Cr
2(1+o(1)). Ïîäñòàâ-

ëÿÿ ôóíêöèþ ψij â èíòåãðàë (Fψij)(x
∗
i , y

∗
j ) è îñðåäíÿÿ ïî âñåì çíà÷åíèÿì

i è j, èìååì

sup
(i,j)

sup
(s∗1,s

∗
2)
(Fψij)(s1, s2) ≥ (1 + o(1))

4Rr1(1) ln2 n

(r + 1)!(2n)r
. (2.15)

Òåîðåìà äîêàçàíà.
Äîêàçàòåëüñòâî òåîðåìû 2.8 ïðèíöèïèàëüíî íå îòëè÷àåòñÿ îò äî-

êàçàòåëüñòâ ïðåäûäóùèõ òåîðåì.
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Äîêàçàòåëüñòâî òåîðåìû 2.9. Îïðåäåëèì ïîãðåøíîñòü ê.ô. (2.13),
ïîëàãàÿ (s1, s2) ∈ ∆ij. Î÷åâèäíî,

|Rmn(ϕ)| ≤ I1 + I2 =

=

∣∣∣∣∣∣

1∫

0

1∫

0

[ψn(σ1, σ2)] ctg π(σ1 − s1) ctg π(σ2 − s2)dσ1dσ2

∣∣∣∣∣∣
+

+

∣∣∣∣∣∣

1∫

0

1∫

0

[ψmn(σ1, σ2)] ctg π(σ1 − s1) ctg π(σ2 − s2)dσ1dσ2

∣∣∣∣∣∣
, (2.16)

ãäå ψn(σ1, σ2) = ϕ(σ1, σ2)− ϕn(σ1, σ2), ψmn(σ1, σ2) = ϕn(σ1, σ2)−
−ϕmn(σ1, σ2).

Îöåíêà

max
σ1,s2

|ψ(σ1, s2)| = max
σ1,s2

∣∣∣∣∣∣

1∫

0

(ϕ(σ1, σ2)− ϕn(σ1, σ2)) ctg π(σ2 − s2)dσ2

∣∣∣∣∣∣
≤

≤ (1 + o(1)) 2Rs1(1) ln n/π(s + 1)!(2n)s (2.17)

áûëà ïîëó÷åíà â ðàçä. 2 ãëàâû 3.
Îöåíèì òåïåðü

I1 =

∣∣∣∣∣∣

1∫

0

ψ(σ1, s2) ctg π(σ1 − s1)dσ1

∣∣∣∣∣∣
=

∣∣∣∣∣∣∣

s1+1/2∫

s1−1/2

ψ(σ1, σ2) ctg π(σ1 − s1)dσ1

∣∣∣∣∣∣∣
≤

≤
∣∣∣∣∣∣

∫

∆

ψ(σ1, s2) ctg π(σ1 − s1)dσ1

∣∣∣∣∣∣
+

+

∣∣∣∣∣∣∣

∫

[s1−1/2,s1+1/2]\∆

ψ(σ1, s2) ctg π(σ1 − s1)dσ1

∣∣∣∣∣∣∣
= I11 + I12, (2.18)

ãäå ∆ = [s1 − 1/2m, s1 + 1/2m] .
Íåòðóäíî âèäåòü, ÷òî

I11 =

∣∣∣∣∣∣

∫

∆

(ψn(σ1, s2)− ψn(s1, s2)) ctg π(σ1 − s1)dσ1

∣∣∣∣∣∣
= O

(
ln n

mn

)
; (2.19)
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I12 ≤ max
σ1,s2

|ψn(σ1, s2)|2
π

ln m (2.20)

è, îêîí÷àòåëüíî, èç íåðàâåíñòâ (2.18) − (2.20) èìååì

I1 ≤ (1 + o(1))4Rs1(1) ln n ln m/π2(s + 1)!(2n)s + O(m−1n−s ln n). (2.21)

Ïåðåõîäÿ ê îöåíêå I2, çàìåòèì, ÷òî ôóíêöèÿ ϕmn(σ1, σ2) èìååò ïðî-
èçâîäíóþ ϕ

(r,0)
mn (σ1, σ2) ïî ìîäóëþ, ðàâíóþ 1 + o(1). Ïîýòîìó, ïîâòîðÿÿ

ïðåäûäóùèå âûêëàäêè, èìååì

I2 = (1+o(1))4Rr1(1) ln n ln m/π2(r+1)!(2m)r +O(n−1m−r ln m). (2.22)

Èç îöåíîê I1 è I2 ñëåäóåò ñïðàâåäëèâîñòü òåîðåìû.

2.3. Îïòèìàëüíûå àëãîðèòìû íà êëàññàõ Hα,α,Wr,s

2.3.1. Êëàññû Hα1α2
(D),Hα

i (i = 1,2)

Íåäîñòàòêîì ê.ô. (2.3), (2.9) ÿâëÿåòñÿ íåîáõîäèìîñòü âû÷èñëÿòü èíòå-
ãðàëû âèäà

∫

∆kl

∫
ctg

σ1 − s1

2
ctg

σ2 − s2

2
dσ1dσ2 ïðè ðàçëè÷íûõ çíà÷åíèÿõ

(s1, s2). Ïðåäñòàâëÿåò èíòåðåñ ïîñòðîåíèå àëãîðèòìîâ, ëèøåííûõ ýòîãî
íåäîñòàòêà.
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2.3.1.1. Ôîðìóëèðîâêè òåîðåì

Òåîðåìà 2.10 [29]. Ïóñòü Ψ = Hα,α(D) èëè Ψ = Hα
3 (D) (0 < α ≤

≤ 1). Ñðåäè âñåâîçìîæíûõ ê.ô. âèäà (2.2) ôîðìóëà

(Fϕ)(s1, s2) =

=
1

4π2

n−1∑

k=0

n−1∑

l=0

ϕ(t′k, t
′
l)

∫

∆kl

∫
ctg

σ1 − t′i
2

ctg
σ2 − t′j

2
dσ1dσ2+Rnn(ϕ), (2.23)

ãäå ∆kl = [tk, tk+1; tl, tl+1], tk = 2kπ/n, k, l = 0, 1, . . . , n, (s1, s2) ∈ ∆ij;
t′k = (tk + tk+1)/2, ÿâëÿåòñÿ àñèìïòîòè÷åñêè îïòèìàëüíîé ïðè 0 < α <

< 1 è îïòèìàëüíîé ïî ïîðÿäêó ïðè α = 1. Åå ïîãðåøíîñòü ðàâíà

Rnn[Ψ] =
8(1 + o(1)) ln2 n

(1 + α)π2−αnα

Ψ =∈ Hαα(D), 0 < α < 1;

Rnn[Ψ] =
4(1 + o(1))n2 ln2 n

π4

π/n∫

0

π/n∫

0

(t2 + τ 2)α/2dtdτ

Ψ ∈ Hα
3 (D), 0 < α < 1;

Rnn[Ψ] = 12(1 + o(1))
ln2 n

πn
ϕ ∈ H11(D);

Rnn[Ψ] =
4(1 + o(1))n2 ln2 n

π4

2π/n∫

0

2π/n∫

0

(t2 + τ 2)1/2dtdτ Ψ ∈ H1
3(D).

Òåîðåìà 2.11 [29]. Ïóñòü Ψ = Hα
1 (0 < α ≤ 1). Ñðåäè âñåâîçìîæíûõ

ê.ô. âèäà (2.2) ôîðìóëà (2.23), â êîòîðîé n = [
√

N ], ÿâëÿåòñÿ àñèìïòîòè-
÷åñêè îïòèìàëüíîé ïðè 0 < α < 1 è îïòèìàëüíîé ïî ïîðÿäêó ïðè α = 1.
Åå ïîãðåøíîñòü ðàâíà

RN [Ψ] = (1 + o(1))2πα−2(2 + α)−1N−α/2 ln2 N α < 1

è
RN [Ψ] ≤ (1 + o(1))8π−1N−1/2 ln2 N α = 1.
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Ïóñòü N = 2n2. Ââåäåì îáîçíà÷åíèÿ (ξk, ηl) =

(
2πk

n
,
2πl

n

)
, (ξ′k, η

′
l) =

=

(
2πk

n
+

π

n
,
2πl

n
+

π

n

)
. ×åðåç gkl è g′kl îáîçíà÷èì îáëàñòè

(|σ1 − ξk|+ |σ2 − ηl|) ≤ π
n è (|σ1 − ξ′k|+ |σ2 − η′l|) ≤ π

n .
Ïóñòü (s1, s2) ∈ gij. Áóäåì âû÷èñëÿòü èíòåãðàë Fϕ ïî ê.ô.

Fϕ =
1

(2π)2

n∑

k=0

n∑

l=0

′ϕ(ξk, ηl)

∫

gkl∩D

∫
ctg

σ1 − ξi

2
ctg

σ2 − ηj

2
dσ1dσ2+

+
1

(2π)2

n∑

k=0

n∑

l=0

′′ϕ(ξ′k, η
′
l)

∫

g′kl∩D

∫
ctg

σ1 − ξi

2
ctg

σ2 − ηj

2
dσ1dσ2+

+RN(ϕ). (2.24)

Çäåñü ïðåäïîëàãàåòñÿ, ÷òî îáëàñòü D çàêîëüöîâàíà ïî îáåèì ïåðåìåí-
íûì, ò.å. ÿâëÿåòñÿ òîðîì.

Òåîðåìà 2.12 [29]. Ïóñòü N = 2n2, Ψ = Hα
2 . Ñðåäè âñåâîçìîæíûõ

ê.ô. âèäà (2.8) ôîðìóëà (2.24) ÿâëÿåòñÿ àñèìïòîòè÷åñêè îïòèìàëüíîé
ïðè 0 < α < 1 è îïòèìàëüíîé ïî ïîðÿäêó ïðè α = 1. Åå ïîãðåøíîñòü
ðàâíà

RN [Ψ] = (1 + o(1))

{
21+α/2πα−2(2 + α)−1N−α/2 ln2 N α < 1

9
√

2 ln2 N/πN 1/2 α = 1.

2.3.1.2. Äîêàçàòåëüñòâà òåîðåì

Äîêàçàòåëüñòâî òåîðåìû 2.10. Ðàññìîòðèì ñëó÷àé, êîãäà α <

< 1. Ïóñòü (s1, s2) ∈ ∆ij. Ïîãðåøíîñòü ê.ô. (2.23) ìîæíî ïðåäñòàâèòü â
âèäå

|Rnn(ϕ)| ≤
∣∣(Sϕ)(s1, s2)− (Sϕ)(t′i, t

′
j)

∣∣ +

+

∣∣∣∣∣∣
(Sϕ)(t′i, t

′
j)−

1

4π2

n−1∑

k=0

n−1∑

l=0

ϕ(t′k, t
′
l)

∫

∆kl

∫
ctg

σ1 − t′i
2

ctg
σ2 − t′j

2
dσ1dσ2

∣∣∣∣∣∣
=

= I1 + I2. (2.25)

Âûðàæåíèå I2 áûëî îöåíåíî ïðè äîêàçàòåëüñòâå òåîðåìû 2.1. Äëÿ
îöåíêè I1 âîñïîëüçóåìñÿ ñëåäóþùèì óòâåðæäåíèåì, ïðèíàäëåæàùèì Ë.×åçàðè.
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Ëåììà 2.1. Åñëè ϕ(t1, t2) ∈ Hαα(0 < α < 1), òî

|(Sϕ)(t1, t2)− (Sϕ)(t′1, t
′
2)| =

= O (|t1 − t′1| ln (π/|t1 − t′1|) + |t2 − t′2|α ln (π/|t2 − t′2|)) . (2.26)

Ñëåäîâàòåëüíî, åñëè ϕ ∈ Hαα, òî I1 = O(n−α ln n).
Åñëè ϕ ∈ Hα

3 , òî Hα
3 ⊂ Hαα(2α/2) è I1 = O(n−α ln n). Ïðè α < 1 òåîðå-

ìà äîêàçàíà. Ïðè α = 1 ïðîâîäÿòñÿ âûêëàäêè, ïîäîáíûå ïðèâåäåííûì
ïðè äîêàçàòåëüñòâå òåîðåìû 2.1.

Äîêàçàòåëüñòâî òåîðåìû 2.12 ïîäîáíî äîêàçàòåëüñòâó ïðåäûäó-
ùåé òåîðåìû. Íåòðóäíî âèäåòü, ÷òî Hα

1 ⊂ Hαα(1). Èñïîëüçóÿ âûêëàä-
êè, ïðîâåäåííûå ïðè äîêàçàòåëüñòâå òåîðåìû 2.3, è íåðàâåíñòâo (2.26),
óáåæäàåìñÿ â ñïðàâåäëèâîñòè òåîðåìû ïðè α < 1. Ïðè α = 1 ñëåäóåò
ïîâòîðèòü âûêëàäêè, ïðîâåäåííûå ïðè äîêàçàòåëüñòâå òåîðåìû 2.3.

Äîêàçàòåëüñòâî òåîðåìû 2.13 ïîäîáíî äîêàçàòåëüñòâó ïðåäûäó-
ùåé òåîðåìû. Íåòðóäíî âèäåòü, ÷òî Hα

2 ⊂ Hαα(2α). Èñïîëüçóÿ âûêëàä-
êè, ïðèâåäåííûå ïðè äîêàçàòåëüñòâå òåîðåìû 2.5, è íåðàâåíñòâî (2.26),
óáåæäàåìñÿ â ñïðàâåäëèâîñòè òåîðåìû ïðè α < 1. Ïðè α = 1 ñëåäóåò
ïîâòîðèòü âûêëàäêè, ïðèâåäåííûå ïðè äîêàçàòåëüñòâå òåîðåìû 2.5.

2.3.2. Êëàññû Wr,s
p è Wr+α,s+β

p

Ðàññìîòðèì èíòåãðàë (2.1), êîòîðîìó ïîñòàâèì â ñîîòâåòñòâèå ê.ô.

Fϕ =
n∑

k=1

m∑

l=1

ρ1∑
i=0

ρ2∑
j=0

pklij(s1, s2)ϕ
(i,j)(xk, yl) + Rnm(ϕ); (2.27)

Fϕ =
N∑

k=1

ρ1∑

i=0

ρ2∑

j=0

pkij(s1, s2)ϕ
(i,j)(Mk) + RN(ϕ), (2.28)

ãäå Mk = (ξk, ηk). Îòìåòèì, ÷òî âñå ïîëó÷åííûå íèæå ðåçóëüòàòû ñïðà-
âåäëèâû äëÿ ëþáîãî êîíå÷íîãî ÷èñëà ïåðåìåííûõ.
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2.3.2.1. Ôîðìóëèðîâêè òåîðåì

Òåîðåìà 2.14 [29]. Êàêîâ áû íè áûë âåêòîð (X,Y, P ) óçëîâ è âåñîâ,
ïðè ëþáûõ 0 ≤ ρ1 ≤ r − 1, 0 ≤ ρ2 ≤ s − 1 íàéäåòñÿ òàêàÿ ôóíêöèÿ
ϕ∗ ∈ W̃ r,s

p (1), íà êîòîðîé ïîãðåøíîñòü ê.ô. (2.27)

|Rnm(ϕ∗)| = O
(
(mn)1/p(n−r + m−s)

)
.

Òåîðåìà 2.15 [29]. Êàêîâ áû íè áûë âåêòîð (X,Y, P ) óçëîâ è âåñîâ
ê.ô. (2.27), ïðè ëþáûõ 0 ≤ ρ1 ≤ r − 1, 0 ≤ ρ2 ≤ s − 1 íàéäåòñÿ òàêàÿ
ôóíêöèÿ ϕ∗ ∈ W̃ r+α,s+β

p (1), ÷òî ïîãðåøíîñòü ýòîé ôîðìóëû

|Rnm(ϕ∗)| = O(n−r−α+1/pm1/p + m−s−β+1/pn1/p).

Òåîðåìà 2.16 [29]. Ïðè ëþáîì íàáîðå (pk,Mk) âåñîâ è óçëîâ ê.ô.
(2.28) åå ïîãðåøíîñòü íà êëàññå ôóíêöèé W̃ r

p (1) íå ìåíüøå âåëè÷èíû
O(N−r/2+1/p).

Òåîðåìà 2.17 [29]. Ïðè ëþáîì íàáîðå (pk,Mk) âåñîâ è óçëîâ ê.ô.
(2.28) åå ïîãðåøíîñòü íà êëàññå ôóíêöèé W̃ r,r

p (1) íå ìåíüøå âåëè÷èíû
O(N−r+1/p).

Òåîðåìà 2.18 [29]. Ïðè ëþáîì íàáîðå (pk,Mk) âåñîâ è óçëîâ ê.ô.
(2.28) åå ïîãðåøíîñòü íà êëàññå ôóíêöèé W̃ r+α

Lp[0,2π;0,2π](1) íå ìåíüøå âåëè-
÷èíû O(N−(r+α)/2+1/p).

Òåîðåìà 2.19 [29]. Ïðè ëþáîì íàáîðå (pk,Mk) âåñîâ è óçëîâ ê.ô.
(2.28) åå ïîãðåøíîñòü íà êëàññå ôóíêöèé W̃ r+α,r+α

p (1) íå ìåíüøå âåëè-
÷èíû O(N−r−α+1/p).

Òåîðåìà 2.20 [29]. Ïîãðåøíîñòü ê.ô.

Fϕ =
1

4π2

2π∫

0

2π∫

0

Pnm [ϕ(σ1, σ2)] ctg
σ1 − s1

2
ctg

σ2 − s2

2
dσ1dσ2+

+Rnm(ϕ), (2.29)

ãäå Pnm [ϕ(x, y)] = P x
n [P y

m[ϕ(x, y)]] , P x
n− îïåðàòîð ïðîåêòèðîâàíèÿ ïî ïå-

ðåìåííîé x íà ìíîæåñòâî èíòåðïîëÿöèîííûõ òðèãîíîìåòðè÷åñêèõ ïîëè-
íîìîâ ñòåïåíè n ïî óçëàì sk = 2kπ/(2n + 1), k = 0, 1, . . . , 2n, íà êëàññå
W̃ r,s

p (1) ðàâíà |Rnm| = O
(
(nm)1/p(n−r + m−s)

)
.
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2.3.2.2. Äîêàçàòåëüñòâà òåîðåì

Äîêàçàòåëüñòâî òåîðåìû 2.14. Ðàçäåëèì êâàäðàò [0, 2π]2 ïî îñè
àáñöèññ íà 2n, à îñü îðäèíàò íà 2m ðàâíûõ ÷àñòåé òî÷êàìè s

(1)
k = kπ/n, k =

0, 1, . . . , 2n è s
(2)
k = kπ/m, k = 0, 1, . . . , 2m. Òîãäà íàéäåòñÿ, ïî êðàéíåé

ìåðå, n ñòîëáöîâ è m ñòðîê, â êîòîðûõ íåò óçëîâ ê.ô. (2.27). Íàçîâåì
ýòè ñòðîêè è ñòîëáöû îòìå÷åííûìè. Òàêèì îáðàçîì, èìååòñÿ ïî êðàé-
íåé ìåðå n îòìå÷åííûõ ñòîëáöîâ è m îòìå÷åííûõ ñòðîê. Îáîçíà÷èì ÷å-
ðåç θ1(k, l)(θ2(k, l)) îòíîøåíèå ÷èñëà îòìå÷åííûõ ñòîëáöîâ (ñòðîê) ñðå-
äè ñòîëáöîâ (ñòðîê) ñ íîìåðàìè k, k + 1, . . . , l ê îáùåìó ÷èñëó (l − k)
ñòîëáöîâ (ñòðîê). Ïîâòîðÿÿ ðàññóæäåíèÿ, ïðèâåäåííûå ïðè äîêàçàòåëü-
ñòâå òåîðåìû 2.7 ãëàâû 3, ìîæíî ïîêàçàòü, ÷òî ñóùåñòâóåò òàêîé íîìåð
k̄i(k̄1 ≤ 3n/4, k̄2 ≤≤ 3m/4), ÷òî
θi(k̄i, l) > 1/3, i = 1, 2. Ïîëîæèì s1 = πk̄1/n, s2 = πk̄2/m è îïðåäå-
ëèì ôóíêöèþ ϕ∗(σ1, σ2) ñëåäóþùèì îáðàçîì. Íà âñåõ êâàäðàòàõ ∆kj =[
s
(1)
k , s

(1)
k+1; s

(2)
j , s

(2)
j+1

]
, ó êîòîðûõ èëè èíäåêñ k ≤ k̄1 − 1 èëè èíäåêñ j ≤

k̄2 − 1, ôóíêöèÿ ϕ∗(σ1, σ2) = 0. Îíà òàêæå ðàâíà íóëþ íà êâàäðàòàõ, íå
ÿâëÿþùèõñÿ ïåðåñå÷åíèÿìè îòìå÷åííûõ ñòðîê è ñòîëáöîâ. Íà êâàäðàòàõ
∆kj, ó êîòîðûõ k ≥ k̄1 è j ≥ k̄2 è êîòîðûå ÿâëÿþòñÿ ïåðåñå÷åíèÿìè îòìå-
÷åííûõ ñòðîê è ñòîëáöîâ, ôóíêöèÿ ϕ∗(σ1, σ2) îïðåäåëÿåòñÿ ïî ôîðìóëå

ϕ∗(σ1, σ2) = ϕ1(σ1)ϕ2(σ2) + ϕ3(σ1)ϕ4(σ2),

ãäå

ϕ1(σ1) = A1n
r−1/q

(
(σ1 − s

(1)
k )(s

(1)
k+1 − σ1)

)r

(σ1 − s1)
−1 sin2 n(σ1 − s1);

ϕ2(σ2) =





0, 0 ≤ σ2 ≤ s2 + 2π/m;

((σ2 − s2 − 2π/m)(2π − σ2))
s (σ2 − s2)

−1m−1/q,

s2 + 2π/m ≤ σ2 ≤ 2π;

ϕ3(σ1) =





0, 0 ≤ σ1 ≤ s1 + 2π/n;

((σ1 − s1 − 2π/n)(2π − σ1))
r (σ1 − s1)

−1n−1/q,
s1 + 2π/n ≤ σ1 ≤ 2π;

ϕ4(σ2) = A2m
s−1/q

(
(σ2 − s

(2)
j )(s

(2)
j+1 − σ2)

)r

(σ2 − s2)
−1 sin2 m(σ2 − s2).

Êîíñòàíòû A1 è A2 ïîäáèðàþòñÿ èç óñëîâèÿ, ÷òîáû ||ϕ∗(r,s)||Lp
≤

≤ 1. Íåòðóäíî âèäåòü, ÷òî òàêèå êîíñòàíòû ñóùåñòâóþò. Ïîäñòàâëÿÿ

244



ôóíêöèþ ϕ∗(σ1, σ2) â ôîðìóëó (2.27) è ïðîâîäÿ ñîîòâåòñòâóþùèå âû-
êëàäêè, ïîëó÷àåì îöåíêó |Rnm(ϕ∗)| = O

(
(nm)1/p(n−r + m−s)

)
. Òåîðåìà

äîêàçàíà.
Äîêàçàòåëüñòâî òåîðåìû 2.15 ïðîâîäèòñÿ àíàëîãè÷íî.
Äîêàçàòåëüñòâî òåîðåìû 2.16. Ïóñòü n =

[√
2N

]
+ 1. Ðàçäåëèì

êàæäóþ èç ñòîðîí êâàäðàòà D = [0, 2π; 0, 2π] íà n ðàâíûõ ÷àñòåé òî÷êà-
ìè s

(1)
k = 2kπ/n, s

(2)
k = 2kπ/n, k = 0, 1, . . . , n. Ïðîâåäåì ÷åðåç ýòè òî÷êè

ïðÿìûå, ïàðàëëåëüíûå êîîðäèíàòíûì îñÿì. Â ðåçóëüòàòå ïîëó÷àåì n2

êâàäðàòîâ. Òàê êàê n2 > 2N, òî íàéäåòñÿ, ïî êðàéíåé ìåðå, N êâàäðàòîâ,
â êîòîðûõ íåò óçëîâ ê.ô. (2.28). Áóäåì íàçûâàòü êâàäðàòû, â êîòîðûõ
îòñóòñòâóþò óçëû Mk, îòìå÷åííûìè, è ñòðîêó îòìå÷åííîé, åñëè ñðåäè
âñåõ êâàäðàòîâ, âõîäÿùèõ â ñòðîêó,
n/4+1 êâàäðàò ÿâëÿåòñÿ îòìå÷åííûì. Íåòðóäíî âèäåòü, ÷òî ñóùåñòâóþò
îòìå÷åííûå ñòðîêè. Â ñàìîì äåëå, åñëè áû îíè íå ñóùåñòâîâàëè, òî îáùåå
÷èñëî îòìå÷åííûõ êâàäðàòîâ áûëî áû ìåíüøå, íåæåëè n2/4 = 2N/4 =
N/2, â òî âðåìÿ êàê èõ ÷èñëî ðàâíî N.

Ïåðåéäåì òåïåðü ê îòìå÷åííûì ñòðîêàì. Êàê áûëî îïðåäåëåíî âû-
øå, â îòìå÷åííîé ñòðîêå èìååòñÿ íå ìåíåå n/4 + 1 îòìå÷åííûõ êâàäðà-
òîâ. Îáîçíà÷èì ÷åðåç Θ1(k, l) îòíîøåíèå ÷èñëà îòìå÷åííûõ êâàäðàòîâ
Kk+1, . . . , Kl ê îáùåìó ÷èñëó (l − k) êâàäðàòîâ. Êàê è ïðè äîêàçàòåëü-
ñòâå òåîðåìû 2.7 ãëàâû 3, ìîæíî ïîêàçàòü, ÷òî ñóùåñòâóåò k̄1 = 5n/6,
äëÿ êîòîðîãî minl>kΘ1(k, l) ≥ 1/10.

Îïðåäåëèì ìèíèìàëüíîå ÷èñëî îòìå÷åííûõ ñòðîê. Äëÿ ýòîãî ïðåä-
ïîëîæèì, ÷òî â îòìå÷åííûõ ñòðîêàõ ñîäåðæèòñÿ ìàêñèìàëüíîå ÷èñëî
îòìå÷åííûõ êâàäðàòîâ −n. Îáîçíà÷èì ÷èñëî òàêèõ ñòðîê ÷åðåç x è ïðåä-
ïîëîæèì òàêæå, ÷òî â îñòàëüíûõ ñòðîêàõ ñîäåðæèòñÿ n/4 îòìå÷åííûõ
êâàäðàòîâ. Òîãäà nx + (n − x)n/4 = N. Îòñþäà ñëåäóåò, ÷òî x = n/3.
Òàêèì îáðàçîì, ÷èñëî îòìå÷åííûõ ñòðîê íå ìåíåå n/3. Îáîçíà÷èì ÷åðåç
Θ(k, l) îòíîøåíèå ÷èñëà îòìå÷åííûõ ñòðîê ñðåäè sk+1, . . . , sl ê îáùåìó
÷èñëó ñòðîê (l−k). Çäåñü k = 0, 1, . . . , n−1, l = k+1, . . . , n−1. Äîêàæåì,
÷òî ñóùåñòâóåò k̄ < 4n/5, äëÿ êîòîðîãî minl>k̄Θ(k̄, l) ≥ 1/8.

Ïðåäïîëîæèì ïðîòèâíîå. Òîãäà äëÿ íåêîòîðîãî l1 áóäåò Θ(l1, l2) <

< 1/8. Ýòîò ïðîöåññ ìîæíî ïðîäîëæèòü äî òåõ ïîð, ïîêà íå íàéäåòñÿ òà-
êîå ÷èñëî µ, ÷òî Θ(lµ−1, lµ) < 1/8, à lµ > 4n/5. Òîãäà ÷èñëî îòìå÷åííûõ
ñòðîê íå ìîæåò ïðåâûñèòü lµ8

−1 + (n− lµ) < 10−1n + n− 8× 10−1n =
= 3 × 10−1n, ÷òî ïðîòèâîðå÷èò äîêàçàííîìó âûøå óòâåðæäåíèþ î òîì,
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÷òî êîëè÷åñòâî îòìå÷åííûõ ñòðîê íå ìåíåå n/3. Òàêèì îáðàçîì, äîêàçà-
íî, ÷òî ñóùåñòâóåò ÷èñëî k̄, k̄ = 4n/5, òàêîå, ÷òî
minl>k̄Θ(k̄, l) ≥ 1/8.

Î÷åâèäíî, ïðèâåäåííûå ðàññóæäåíèÿ ðàñïðîñòðàíÿþòñÿ íà ñëó÷àé ëþ-
áîãî êîíå÷íîãî m.

Ïîëîæèì â èíòåãðàëå (2.1) çíà÷åíèÿ s1 è s2 ðàâíûìè s1 = (k̄1 −
− 1)2π/n, s2 = (k̄2− 1)2π/n. Îïðåäåëèì ôóíêöèþ ϕ∗(σ1, σ2) ñëåäóþùèì
îáðàçîì. Íà âñåõ íåîòìå÷åííûõ êâàäðàòàõ, íà âñåõ ñòðîêàõ ñ íîìåðàìè
ìåíüøå k̄1 è íà âñåõ ñòîëáöàõ ñ íîìåðàìè ìåíüøå k̄2 ïîëîæèì ϕ∗(σ1, σ2) =
0. Â îñòàâøèõñÿ îòìå÷åííûõ êâàäðàòàõ ôóíêöèþ ϕ∗(σ1, σ2) îïðåäåëÿåì
ïî ôîðìóëå

ϕ∗(σ1, σ2) = An3r−2+2/p
(
(σ1 − s

(1)
k )(s

(1)
k+1 − σ1)

)r

(σ1−s1)
−1 sin2 n(σ1−s1)×

×
(
(σ2 − s

(2)
j )(s

(2)
j+1 − σ2)

)r

(σ2 − s2)
−1 sin2 n(σ2 − s2)

ïðè s
(1)
k ≤ σ1 ≤ s

(1)
k+1, s

(2)
j ≤ σ2 ≤ s

(2)
j+1, åñëè k ≥ k̄1 + 1, j ≥ k̄2 + 1.

Êîíñòàíòà A ïîäáèðàåòñÿ èç óñëîâèÿ, ÷òîáû ||ϕ∗(r)(σ1, σ2)||Lp
≤ 1.

Ïîäñòàâèâ ôóíêöèþ ϕ∗(σ1, σ2) â ê.ô. (2.28), ïîñëå íåñëîæíûõ âû÷èñëå-
íèé ïîëó÷àåì îöåíêó ïîãðåøíîñòè:|RN(ϕ∗)| ≥ A1n

−r+2/p = A2N
−r/2+1/p.

Òåîðåìà äîêàçàíà.
Äîêàçàòåëüñòâî òåîðåìû 2.17 ïðîâîäèòñÿ ïî àíàëîãèè ñ äîêàçà-

òåëüñòâîì ïðåäûäóùåé òåîðåìû ñ òîé ëèøü ðàçíèöåé, ÷òî â êà÷åñòâå
ôóíêöèè ϕ∗(σ1, σ2) áåðåòñÿ

ϕ∗(σ1, σ2) = An2r−2+2/p
(
(σ1 − s

(1)
k )(s

(1)
k+1 − σ1)

)r

(σ1−s1)
−1 sin2 n(σ1−s1)×

×
(
(σ2 − s

(2)
j )(s

(2)
j+1 − σ2)

)r

(σ2 − s2)
−1 sin2 n(σ2 − s2).

Äîêàçàòåëüñòâà òåîðåì 2.18 è 2.19 ïðîâîäÿòñÿ ïî àíàëîãèè ñ äî-
êàçàòåëüñòâîì òåîðåìû 2.16.

Äîêàçàòåëüñòâî òåîðåìû 2.20. Èç íåðàâåíñòâà Ñ.Ì.Íèêîëüñêîãî,
ïðèâåäåííîãî â ðàçä. 3 ãëàâû 1, ñëåäóåò, ÷òî

|Rnm(ϕ)| =
∣∣∣∣∣∣

2π∫

0

2π∫

0

Dnm[ϕ(σ1, σ2)] ctg
σ1 − s1

2
ctg

σ2 − s2

2
dσ1dσ2

∣∣∣∣∣∣
≤
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≤ A(nm)1/p

∥∥∥∥∥∥

2π∫

0

2π∫

0

Dnm[ϕ(σ1, σ2)] ctg
σ1 − s1

2
ctg

σ2 − s2

2
dσ1dσ2

∥∥∥∥∥∥
≤

≤ A(nm)1/p ‖Dnm[ϕ(σ1, σ2)]‖Lp
,

ãäå Dnm = E − Pnm, E− òîæäåñòâåííûé îïåðàòîð. Òåîðåìà äîêàçàíà.

2.4. Óñòîé÷èâîñòü ïàññèâíûõ àëãîðèòìîâ

Ïðè âû÷èñëåíèè ñèíãóëÿðíûõ èíòåãðàëîâ Fϕ è Kϕ ïî ê.ô. âèäà
(2.2) è (2.8), êàê ïðàâèëî, îêàçûâàåòñÿ, ÷òî çíà÷åíèÿ ïîäûíòåãðàëüíîé
ôóíêöèè â óçëàõ ê. ô. çàäàíû ñ òî÷íîñòüþ ε. Ýòî çíà÷èò, ÷òî ïðè èñ-
ïîëüçîâàíèè ê.ô. (2.2) âìåñòî ìàòðèöû Inm = {ϕij}i=1,n,j=1,m çíà÷åíèé
ϕij = ϕ(ti, τj) çàäàíà ìàòðèöà Ĩnm = {ϕ̃ij}i=1,n,j=1,m, ãäå ϕ̃ij = ϕ̃(tj, τj)
è |ϕij − ϕ̃ij| ≤ ε äëÿ ∀i, j. Â ñëó÷àå ê.ô. (2.8) ýòî îçíà÷àåò, ÷òî âìå-
ñòî âåêòîðà IN = (ϕ1, . . . , ϕN) çíà÷åíèé ϕi = ϕ(Mi) çàäàí âåêòîð ĨN =
(ϕ̃1, . . . , ϕ̃N), ãäå ϕ̃i = ϕ̃(Mi) è |ϕi − ϕ̃i| ≤ ε äëÿ ∀i.

Ïðåäñòàâëÿåò çíà÷èòåëüíûé èíòåðåñ ïîñòðîåíèå ïðè ýòèõ ïðåäïîëî-
æåíèÿõ îïòèìàëüíûõ ê.ô.

2.4.1. Ôîðìóëèðîâêè òåîðåì

Òåîðåìà 2.21 [29]. Âåðõíÿÿ ãðàíü îöåíêè ñíèçó ïîãðåøíîñòè ê.ô.
âèäà (2.2) ïðè n = m íà êëàññå Hαα(D) ïðè çàäàíèè ìàòðèöû Inn ñ
ïîãðåøíîñòüþ ε íå ìåíüøå âåëè÷èíû, ðàâíîé

γ(ε, n) =
4 ln2 n

(1 + α)π2−αnα
(1 + o(1)) +

2(2 + α)ε ln2 ε

π2+αα3 +
4(1 + 2α)ε| ln ε|

π2+αα3 .

Òåîðåìà 2.22 [29]. Ïðè çàäàíèè ìàòðèöû Inm ñ òî÷íîñòüþ ε ê.ô. (2.3)
íà êëàññå Ψ = Hαα(D) èìååò ïîãðåøíîñòü

Rnm[Ψ] ≤ r1 + r2 =

{
4

π2

[
πα1

(1 + α1)nα1
+

πα2

(1 + α2)mα2

]
×

×(4 + (ln n + o(ln n))(ln m + o(ln m))) +
8

nα1/2mα2/2α1α2π2−(α1+α2)/2

}
+

+

{
4ε

π2

(
1 + o(1) +

∣∣∣ln sin
π

n

∣∣∣
) (

1 + o(1) +
∣∣∣ln sin

π

m

∣∣∣
)

+
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+
ε

mn

[
n

(
1 + o(1) +

∣∣∣ln sin
π

n

∣∣∣
)

+ m
(
1 + o(1) +

∣∣∣ln sin
π

m

∣∣∣
)]}

.

Çàìå÷àíèå 1. Òåîðåìà îñòàåòñÿ ñïðàâåäëèâîé, åñëè Ψ = Hω,ω(D). Â
ýòîì ñëó÷àå ïîãðåøíîñòü ê.ô. (2.3) îöåíèâàåòñÿ íåðàâåíñòâîì

RN [Ψ] ≤ (1 + o(1))
8n

π3 ln2 n

π/n∫

0

ω(t)dt + r2.

Çàìå÷àíèå 2. Òåîðåìà ñïðàâåäëèâà ïðè ëþáîì êîíå÷íîì ÷èñëå ïåðå-
ìåííûõ.

Òåîðåìà 2.23 [29]. Âåðõíÿÿ ãðàíü îöåíêè ñíèçó ïîãðåøíîñòè ê.ô.
âèäà (2.8) íà êëàññå Hα

i , i = 1, 2 (ïðè i = 2 ïðåäïîëàãàåòñÿ, ÷òî m =
= 2) ïðè çàäàíèè âåêòîðà IN c ïîãðåøíîñòüþ ε íå ìåíüøå âåëè÷èíû,
ðàâíîé

ζN [Hα
i ] ≥ Di(1 + o(1))2m+αm−mπα−mN−α/m lnm N + o(ε| lnm ε|),

ãäå D1 = 2−αm/(m + α), D2 = 2−α/22/(2 + α).
Òåîðåìà 2.24 [29]. Ïðè çàäàíèè âåêòîðà I ñ òî÷íîñòüþ ε ê.ô. (2.9)

íà êëàññå Ψ = Hα
1 èìååò ìåñòî ïîãðåøíîñòü

RN [Ψ] ≤

≤ (1+o(1))

(
2m lnm N

πm−αmm−1(m + α)Nα/m
+

(
2

πm

)m

ε lnm N +
2m+1

πm
ε ln N

)
.

Òåîðåìà 2.25 [29]. Ïðè çàäàíèè âåêòîðà IN ñ òî÷íîñòüþ ε ê.ô. (2.9)
íà êëàññå Ψ = Hα

2 èìååò ìåñòî ïîãðåøíîñòü

RN [Ψ] ≤ (1 + o(1))

(
21+α/2 ln2 N

π2−α(2 + α)Nα/2 +
ε

π2 (ln
2 N + 4 ln N)

)
.

Èññëåäóåì óñòîé÷èâîñòü ê.ô. âèäà (2.2) è (2.8) â ïðåäïîëîæåíèè, ÷òî
âåñà ρkl(s1, s2) è ρi(s1, s2) çàäàíû ñ òî÷íîñòüþ ε.

Òåîðåìà 2.26 [29]. Âåðõíÿÿ ãðàíü îöåíêè ñíèçó ïîãðåøíîñòè ê.ô.
âèäà (2.2) íà êëàññå Hα1α2

(D) è âèäà (2.8) íà êëàññàõ Hα
i , Zα

i (i = 1, 2, 3)
ðàâíà áåñêîíå÷íîñòè.

Òåîðåìà 2.27 [29]. Ïóñòü Ψ = Hα1α2
(D). Åñëè âåñà

pkl =

∫

dkl

∫
ctg

σ1 − s1

2
ctg

σ2 − s2

2
dσ1dσ2
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âû÷èñëÿþòñÿ ñ òî÷íîñòüþ ε, (s1, s2) ∈ ∆ij, òî ê.ô.

Fϕ =
1

4π2

n−1∑

k=0

m−1∑

l=0

(
ϕ(t′k, τ

′
l )− ϕ(t′i, τ

′
l )− ϕ(t′k, τ

′
j) + ϕ(t′i, τ

′
j)

)
pkl+

+Rnm(ϕ), (2.30)

â êîòîðîé èñïîëüçîâàíû îáîçíà÷åíèÿ òåîðåìû 2.1, èìååò ïîãðåøíîñòü

RN [Ψ] ≤ 8π2nm

(2 + α)2ε +
4

π2

(
πα1

(1 + α1)nα1
+

πα2

(1 + α2)mα2

)
×

×(ln n + o(ln n))(ln m + o(ln m))+

+

(
4 · 6α1

π2−α1nα1
+

4 · 6α2

π2−α2nα2
+

4

π2−α2(1 + α2)mα2
+

4

π2−α1(1 + α1)mα1

)
+

+
1

π2

((
6π

n

)α1

+

(
6π

m

)α2
)

(ln n + o(1))(ln m + o(1)).

Çàìå÷àíèå. Àíàëîãè÷íàÿ òåîðåìà ñïðàâåäëèâà è íà êëàññå Hα
1 .

Òåîðåìà 2.28 [29]. Ïóñòü Ψ = Hα
2 (D). Åñëè âåñà

pkl =

∫

dkl

∫
ctg

σ1 − s1

2
ctg

σ2 − s2

2
dσ1dσ2,

p∗kl =

∫

gkl

∫
ctg

σ1 − s1

2
ctg

σ2 − s2

2
dσ1dσ2

âû÷èñëÿþòñÿ ñ òî÷íîñòüþ ε, (s1, s2) ∈ ∆ij, òî ê.ô.

Fϕ =
1

4π2

n−1∑

k=1

n−1∑

l=1

[(ϕ(ζk, ηl)− ϕ(ζi, ηl)− ϕ(ζk, ηj) + ϕ(ζi, ηj)) pkl+

+(ϕ(ζ ′k, η
′
l)− ϕ(ζ ′i, η

′
l)− ϕ(ζ ′k, η

′
j) + ϕ(ζ ′i, η

′
j)p

∗
kl

]
+ RN(ϕ), (2.31)

â êîòîðîé èñïîëüçîâàíû îáîçíà÷åíèÿ òåîðåìû 2.5, èìååò ìåñòî ïîãðåø-
íîñòü

RN [Ψ] ≤ (1 + o(1))
2 ln2 N

π2−αNα/2

(
2α/2

2 + α
+ 21+2α+α/2 + 3α2α/2−1

)
+

22+αn2ε

(1 + α)
.
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2.4.2. Äîêàçàòåëüñòâà òåîðåì

Äîêàçàòåëüñòâî òåîðåìû 2.21. Äëÿ âû÷èñëåíèÿ ïîãðåøíîñòè ê.ô.
ïîñòóïèì ñëåäóþùèì îáðàçîì. Ïðåäïîëîæèì, ÷òî ìàòðèöà Ĩnm íóëåâàÿ,
è ïîñòðîèì ïî ýòîé ìàòðèöå ôóíêöèþ ϕ∗(t, τ) ∈ Hα1α2

(D) è òàêóþ, ÷òî
|ϕ∗(xk, yl)| ≤ ε. Òîãäà

RN [Ψ] = sup
ϕ∗∈Hα1α2 ,Ĩnm=0

max
s

Fϕ∗.

Íóæíî ðàññìîòðåòü äâå âîçìîæíîñòè:
1) ñóùåñòâóåò êâàäðàò ñ äëèíîé ñòîðîíû h, h = O

(
(n−α ln2 n + ε)1/α

)
, â

êîòîðîì íåò óçëîâ ê.ô. (2.2);
2) â êàæäîì êâàäðàòå ñ äëèíîé ñòîðîíû h èìååòñÿ, ïî êðàéíåé ìåðå,
îäèí óçåë ê.ô. (2.2).

Îñòàíîâèìñÿ íà ïåðâîé âîçìîæíîñòè. Íå îãðàíè÷èâàÿ îáùíîñòè, ìîæ-
íî ñ÷èòàòü, ÷òî â ïðÿìîóãîëüíèêå [0, h; 0, h] íåò óçëîâ ê.ô. (2.2). Ïðè äî-
êàçàòåëüñòâå òåîðåìû 2.1 áûëà ïîñòðîåíà ôóíêöèÿ ϕ∗(σ1, σ2) è áûëî ïî-
êàçàíî, ÷òî max(Fϕ∗)(s1, s2) ≥ A23−2απαhα. Ñëåäîâàòåëüíî, max

s1,s2

(Fϕ∗)(s1, s2) ≥
γ(ε, n).

Ïåðåéäåì êî âòîðîé âîçìîæíîñòè. Ðàçäåëèì ñòîðîíó êâàäðàòà D =
= [0, 2π; 0, 2π], ïàðàëëåëüíóþ îñè àáñöèññ, íà N = [2π/h] ðàâíûõ ÷àñòåé
òî÷êàìè vk = 2kπ/N, k = 0, 1, . . . , N, à ñòîðîíó, ïàðàëëåëüíóþ îñè îð-
äèíàò, íà N = [2π/h] ðàâíûõ ÷àñòåé òî÷êàìè wk = 2kπ/N, k =
= 0, 1, . . . , N. ×åðåç ∆kj îáîçíà÷èì ïðÿìîóãîëüíèê [vk, vk+1; wj, wj+1]. Ïî
ïðåäïîëîæåíèþ, â êàæäîì ïðÿìîóãîëüíèêå ∆kj íàéäåòñÿ, ïî êðàéíåé
ìåðå, ïî îäíîìó óçëó ê.ô. (2.2). Âûáåðåì â êàæäîì êâàäðàòå ïî îäíîìó
óçëó è âûáðàííûé óçåë îáîçíà÷èì ÷åðåç M ∗

kj = (x∗k, y
∗
j ). Êàæäîìó óçëó

M ∗
kj ïîñòàâèì â ñîîòâåòñòâèå ôóíêöèþ

ψ̃∗kj(σ1, σ2) = A

[
ψ∗kj(σ1, σ2) +

1

πα
sgn

(
ctg

σ1 − x∗k
2

ctg
σ2 − y∗j

2

)
×

×min
(
ε, |σ1 − x∗k − v1π|α1|σ2 − y∗j − v2π|α2

)]
, v1, v2 = 0,±1,

ãäå ψ∗kj(σ1, σ2)− ôóíêöèÿ, ââåäåííàÿ â ï.2.1.2. Êîíñòàíòà A ïîäáèðàåòñÿ
èç òðåáîâàíèÿ, ÷òîáû ψ̃∗kj ∈ Hα1α2

. Íåòðóäíî âèäåòü, ÷òî ýòà êîíñòàíòà
ìîæåò áûòü âçÿòà ðàâíîé 1/2.
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Îöåíèì ñíèçó èíòåãðàë

(Fψ̃∗kj)(x
∗
k, y

∗
j ) ≥ A(Fψ∗kj)(x

∗
k, y

∗
j ) +

2(2 + α)ε ln2 ε

π2+αα3 +

+
4(1 + 2α)ε| ln ε|

π2+αα3 .

Óñðåäíÿÿ ýòó îöåíêó ïî âñåì çíà÷åíèÿì k è j, èìååì

sup
k,j

sup
s1,s2

(Fψ̃∗kj)(x
∗
k, y

∗
j ) ≥ γ(ε, n).

Òåîðåìà äîêàçàíà.
Äîêàçàòåëüñòâî òåîðåìû 2.22. Ïîãðåøíîñòü ê.ô. (2.3) ïðè íåòî÷-

íî çàäàííîé ìàòðèöå Inm çíà÷åíèé ïîäûíòåãðàëüíîé ôóíêöèè ìîæíî
îöåíèòü, ïîâòîðÿÿ äîêàçàòåëüñòâî òåîðåìû 2.1. Ïðè ýòîì

I1 ≤ 4ε

π2

(
1 + o(1) +

∣∣∣ln sin
π

n

∣∣∣
) (

1 + o(1) +
∣∣∣ln sin

π

m

∣∣∣
)

+

+
4

π2

[
πα1

(1 + α1)nα1
+

πα2

(1 + α2)mα2

]
(ln n + o(ln n))(ln m + o(ln m)),

I2 ≤ 4επ

nm
((1 + o(1))(n + m) + | ln sin

π

n
|+ | ln sin

π

m
|)+

+
4πα1−2

(1 + α1)nα1
ln n +

4πα2−2

(1 + α2)1mα2
ln m.

Îöåíêà âûðàæåíèÿ I3 îñòàåòñÿ áåç èçìåíåíèÿ. Èç ïîëó÷åííûõ íåðà-
âåíñòâ ñëåäóåò ñïðàâåäëèâîñòü òåîðåìû.

Äîêàçàòåëüñòâî òåîðåìû 2.23 ïðèíöèïèàëüíî íå îòëè÷àåòñÿ îò
äîêàçàòåëüñòâà òåîðåìû 2.20.

Äîêàçàòåëüñòâî òåîðåìû 2.24. Äëÿ ïîëó÷åíèÿ íóæíîé îöåíêè äî-
ñòàòî÷íî ïîâòîðèòü âûêëàäêè, ñäåëàííûå ïðè äîêàçàòåëüñòâå òåîðåìû
2.4, ó÷èòûâàÿ íåòî÷íîñòü çàäàíèÿ çíà÷åíèÿ ôóíêöèè ϕ â óçëàõ ê.ô.
Íåòðóäíî âèäåòü, ÷òî

I1 ≤ (1 + o(1))2mπα−mm1−m(m + α)−1N−α/m lnm N + (2π−1m−1)mε lnm N.

Âåëè÷èíà I2 îöåíèâàåòñÿ òàê æå, êàê ïðè äîêàçàòåëüñòâå òåîðåìû 2.4.
Òåîðåìà äîêàçàíà.
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Äîêàçàòåëüñòâî òåîðåìû 2.25. Äëÿ ïîëó÷åíèÿ îöåíêè ïîãðåøíî-
ñòè ê.ô. (2.10) ïðè íåòî÷íî çàäàííûõ çíà÷åíèÿõ ϕ(εk, ηl) äîñòàòî÷íî ïî-
âòîðèòü âûêëàäêè, ñäåëàííûå ïðè äîêàçàòåëüñòâå òåîðåìû 2.5. Èìååì

I1 ≤ (1 + o(1))21+α/2πα−2(2 + α)−1N−α/2 ln2 N + επ−2 ln2 N,

I2 ≤ (1 + o(1))23+α/2πα−2(2 + α)−1N−α/2 ln N + 4επ2 ln N.

Èç ýòèõ íåðàâåíñòâ ñëåäóåò ñïðàâåäëèâîñòü òåîðåìû.
Äîêàçàòåëüñòâî òåîðåìû 2.26 ïðèíöèïèàëüíî íå îòëè÷àåòñÿ îò

äîêàçàòåëüñòâà òåîðåìû 1.16 èç ãëàâû 3.
Äîêàçàòåëüñòâî òåîðåìû 2.27. Ïîãðåøíîñòü ê.ô. (2.30) ñîñòîèò

èç ïîãðåøíîñòè ýòîé ôîðìóëû ïðè òî÷íîì âû÷èñëåíèè çíà÷åíèé pkl è
p′kl íà êëàññå Hα1α2

(D) è ïîãðåøíîñòè, ïðèâíîñèìîé íåòî÷íîñòüþ âû-
÷èñëåíèÿ êîýôôèöèåíòîâ pkl è p′kl. Âòîðàÿ ñîñòàâëÿþùàÿ îöåíèâàåòñÿ
íåðàâåíñòâîì 8π2(2 + α)−1nmε. Äëÿ îöåíêè ïåðâîé ñîñòàâëÿþùåé íóæ-
íî ïîâòîðèòü âûêëàäêè òåîðåìû 2.4.

Äîêàçàòåëüñòâî òåîðåìû 2.28. Ïîãðåøíîñòü ê.ô. (2.31) ñêëàäûâà-
åòñÿ èç ïîãðåøíîñòè ýòîé ôîðìóëû íà êëàññå Hα

2 (D) ïðè òî÷íîì çàäàíèè
âåñîâ pkl è p∗kl è èç ïîãðåøíîñòè, îáóñëîâëåííîé íåòî÷íîñòüþ âû÷èñëåíèÿ
pkl, p∗kl. Äëÿ îöåíêè ïåðâîé ñîñòàâëÿþùåé íåîáõîäèìî ïîâòîðèòü äîêàçà-
òåëüñòâî òåîðåìû 2.5, çàìåíÿÿ ðàçíîñòü ϕ(σ1, σ2)− ϕ(ξk, ηl) íà

[ϕ(σ1, σ2)− ϕ(s1, σ2)− ϕ(σ1, s2) + ϕ(s1, s2)]−
− [ϕ(ξk, ηl)− ϕ(ξk, ηj)− ϕ(ξi, ηj) + ϕ(ξi, ηj)] .

Âòîðàÿ ñîñòàâëÿþùàÿ ðàâíà 22+αn2ε/(1 + α). Òåîðåìà äîêàçàíà.

2.5. Ìàòåìàòè÷åñêîå îæèäàíèå âåëè÷èíû ïîãðåøíîñòè
êóáàòóðíûõ ôîðìóë

Ïðè âû÷èñëåíèè áèñèíãóëÿðíûõ èíòåãðàëîâ Fϕ ÷àñòî èñïîëüçóåòñÿ
ê.ô.

Fϕ =
1

2π2

2π∫

0

2π∫

0

Pnm [ϕ(σ1, σ2)] ctg
σ1 − s1

2
ctg

σ2 − s2

2
dσ1dσ2+

+Rnm(ϕ), (2.32)
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ãäå Pnm[ϕ(σ1, σ2)] = Pn[Pm(σ1, σ2)]. Ýòà ê.ô. èñïîëüçóåò (2n + 1)(2m + 1)
óçëîâ. Ïðè âûïîëíåíèè âû÷èñëåíèé ïî ôîðìóëå (2.32) ïîðÿäîê (n +
+ m) ïîëèíîìà Pnm[ϕ] è, ñëåäîâàòåëüíî, ÷èñëî óçëîâ (2n + 1)(2m + 1)
ÿâëÿþòñÿ ñëó÷àéíûìè âåëè÷èíàìè.

Òåîðåìà 2.29 [29]. Ïóñòü N ≤ n ≤ 2N, M ≤ m ≤ 2M, ϕ ∈
∈ W̃ r,sHα,α, min((r + α), (s + α)) > 1/2. Òîãäà ìàòåìàòè÷åñêîå îæèäàíèå
ìîäóëÿ îøèáêè ê.ô. (2.32) ðàâíî

..|Rnm(ϕ)| = O
(
(N−r−α−1/2 + M−r−α−1/2)(ln2 n ln m + ln n ln2 m)

)
.

Äîêàçàòåëüñòâî òåîðåìû 2.29. Ïðåäñòàâèì ðàçíîñòü
ϕ(s1, s2)− Pnm[ϕ(s1, s2)] â âèäå

ϕ(s1, s2)− Pnm[ϕ(s1, s2)] =
∞∑

j=1

(
T(j+1)n,(j+1)m[ϕ]− T(jn)(jm)[ϕ]

)
+

+Tnm[ϕ]− Pnm[ϕ],

ãäå Tnm[ϕ]− ïîëèíîì íàèëó÷øåãî ðàâíîìåðíîãî ïðèáëèæåíèÿ ñòåïåíè n

è m ïî ïåðåìåííûì s1 è s2 ê ôóíêöèè ϕ(s1, s2).
Èñïîëüçóÿ èçâåñòíîå íåðàâåíñòâî (ñì., íàïðèìåð, [188])

‖FPnm[ϕ]‖C ≤ 4(1 + π2)(1 + ln n)(1 + ln m)||ϕ||C ,

ïîëó÷àåì îöåíêó

|Rnm(ϕ)| ≤ A

∞∑
j=1

E(jn)(jm) ln jn ln jm.

Â ðàáîòå Ñ.Í.Áåðíøòåéíà [17] ïîêàçàíî, ÷òî

Enm[ϕ] ≤ A(En∞[ϕ] + E∞m[ϕ]) ln(n + m).

Ïîýòîìó

|Rnm(ϕ)| ≤ A

∞∑
j=1

(E(jn)∞(ϕ) + E∞(jm)(ϕ))(ln3 j + (ln n + ln m)2 ln j+

+(ln n + ln m) ln2 j + ln2 n ln m + ln n ln2 m).
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Ïî óñëîâèþ òåîðåìû ÷èñëà n è m ðàâíîìåðíî ðàñïðåäåëåíû â ïðåäå-
ëàõ N ≤ n ≤ 2N, M ≤ m ≤ 2M. Ïîýòîìó

..|Rnm(ϕ)| ≤ A

NM

2N∑

n=N+1

2N∑

m=M+1

[ ∞∑
j=1

(ln3 j + (ln n + ln m) ln2 j+

+(ln n + ln m)2 ln j + ln n ln2 m + ln2 n ln m)E(nj)∞+

+
∞∑

j=1

(ln3 j + (ln n + ln m) ln2 j + (ln n + ln m)2 ln j+

+ ln2 n ln m + ln n ln2 m)E∞(mj)
]
.

Äîñòàòî÷íî îöåíèòü ñóììó

I =
1

NM

2N∑

n=N+1

2M∑

m=M+1

∞∑

j=1

ln2 jE(nj)∞ =
1

N

2N∑

n=N+1

∞∑

j=1

ln2 jE(nj)∞.

Ñóììà òàêîãî âèäà (îòëè÷àþùåãîñÿ îò äàííîé ëèøü ñòåïåíüþ ln j)
îöåíèâàëàñü â ðàçäåëå 1.5 ãëàâû 3. Ïîâòîðÿÿ ñäåëàííûå òàì âûêëàäêè,
ïîëó÷àåì îöåíêó I ≤ O(N−r−α−1/2). Ïîýòîìó

..|Rnm(ϕ)| ≤ O((N−r−α−1/2 + M−r−α−1/2)(ln2 n ln m + ln n ln2 m)).

Òåîðåìà äîêàçàíà.

3. Òåîðåòèêî-÷èñëîâûå ìåòîäû

Ðàññìîòðèì ñèíãóëÿðíûé èíòåãðàë ñ ÿäðîì Ãèëüáåðòà

Sϕ =
1

(2π)m

2π∫

0

· · ·
2π∫

0

ϕ(σ1, . . . , σm) ctg
σ1 − s1

2
· · · ctg σm − sm

2
dσ1 · · · dσm,

êîòîðûé áóäåì âû÷èñëÿòü ïî ê.ô.

Sϕ =
N∑

k=1

pk(s1, . . . , sm)ϕ(ξ1(k), . . . , ξm(k)) + RN(s1, ξk, pk, ϕ) (3.1)

íà ðàçëè÷íûõ êëàññàõ ôóíêöèé. Çäåñü Lk = (ξ1(k), . . . , ξm(k)) (k =
= 1, 2, . . . , N)− ñåòêà, îïðåäåëÿþùàÿ óçëû ê.ô.
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3.1. Êëàññ H̃α
m

3.1.1. Ôîðìóëèðîâêè òåîðåì

Òåîðåìà 3.1 [29]. Ïðè ëþáîì N > 1 äëÿ âñÿêîé ñåòêè Lk =
= (ξ1(k), . . . , ξm(k)) , (k = 1, 2, . . . , N), íàéäóòñÿ ôóíêöèè ϕ(t1, . . . , tm) ∈
∈ H̃α

m(α > 1), òàêèå, ÷òî ïîãðåøíîñòü ê.ô. (3.1) óäîâëåòâîðÿåò íåðàâåí-
ñòâó

|RN(ϕ)| ≥ O(N−α lnm N).

Ïðè èññëåäîâàíèè ïîãðåøíîñòè êîíêðåòíûõ ê.ô. íà ôóíêöèè èç êëàñ-
ñà H̃α

m íóæíî íàëîæèòü äîïîëíèòåëüíûå îãðàíè÷åíèÿ: áóäåì ñ÷èòàòü,
÷òî ìîäóëè íåïðåðûâíîñòè âñåâîçìîæíûõ ïðîèçâîäíûõ âèäà
∂ϕk/∂tk1

1 · · · ∂tkm
m , 0 ≤ ki ≤ α, k = k1 + · · · + km ïî âñåì ïåðåìåííûì ti

óäîâëåòâîðÿþò óñëîâèþ
π∫

0

t−1
i ω(∂ϕk/∂tk1

1 · · · ∂tkm
m ; ti)dti < ∞. Ôóíêöèè èç

H̃α
m, óäîâëåòâîðÿþùèå ýòîìó óñëîâèþ, áóäåì îáîçíà÷àòü ÷åðåç Ĥα

m.
Ââåäåì ôóíêöèþ ψ(σ1, . . . , σm; s1, . . . , sm), êîòîðàÿ ñòðîèòñÿ ïî ôóíê-

öèè ϕ(σ1, . . . , σm) ñëåäóþùèì îáðàçîì. Åñëè m = 1, òî

ψ(σ1; s1) = (ϕ(σ1)− ϕ(s1)) ctg
σ1 − s1

2
.

Åñëè m = 2, òî
ψ(σ1, σ2; s1, s2) =

= (ϕ(σ1, σ2)− ϕ(s1, σ2)− ϕ(σ1, s2) + ϕ(s1, s2)) ctg
σ1 − s1

2
ctg

σ2 − s2

2
.

Ëåììà 3.1 [29]. Ïóñòü ϕ ∈ Ĥα
m(α ≥ 2). Òîãäà ïðè ëþáûõ çíà÷åíèÿõ

(s1, s2, . . . , sm) ∈ [0, 2π; . . . ; 0, 2π] ψ(σ1, . . . , σm; s1, . . . , sm) ∈ Eα
m.

Ëåììà 3.2. Ñïðàâåäëèâî òîæäåñòâî

1

(2π)m

2π∫

0

· · ·
2π∫

0

ϕ(σ1, σ2, . . . , σm) ctg
σ1 − s1

2
· · · ctg σm − sm

2
dσ1 · · · dσm =

=
1

(2π)m

2π∫

0

· · ·
2π∫

0

ψ(σ1, . . . , σm; s1, . . . , sm)dσ1 · · · dσm.
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Èç ëåìì 3.1 è 3.2 ñëåäóåò, ÷òî äëÿ âû÷èñëåíèÿ ñèíãóëÿðíûõ èíòåãðà-
ëîâ âèäà Sϕ íà êëàññàõ Ĥα

m ìîãóò áûòü èñïîëüçîâàíû âñå ê.ô., ïðåä-
ëîæåííûå â êíèãå Í.Ì.Êîðîáîâà [94] äëÿ âû÷èñëåíèÿ ðåãóëÿðíûõ èíòå-
ãðàëîâ íà êëàññå Eα

m. Îñòàíîâèìñÿ ëèøü íà îäíîì óòâåðæäåíèè òàêîãî
ðîäà. Ïðè ýòîì áóäóò èñïîëüçîâàíû îáîçíà÷åíèÿ è ïîíÿòèÿ, ââåäåííûå
â óïîìÿíóòîé âûøå ìîíîãðàôèè.

Òåîðåìà 3.2 [29]. Ïóñòü a1, . . . , am− îïòèìàëüíûå êîýôôèöèåíòû ïî
ìîäóëþ p, β− èõ èíäåêñ è N = p. Åñëè α ≥ 2 è ϕ ∈ Ĥα

m, òî

Sϕ =
1

N

N∑

k=1

ψ

(
2πa1k

p
, . . . ,

2πamk

p

)
+ O

(
lnαβ N

Nα

)
.

3.1.2. Äîêàçàòåëüñòâà òåîðåì

Äîêàçàòåëüñòâî òåîðåìû 3.1. Ïóñòü D − m-ìåðíûé êóá [0, 2π]m.

Âûáåðåì öåëîå n èç óñëîâèÿ n =
[
(2N)1/m

]
+1([α]− àíòüå α) è ðàçäåëèì

êàæäóþ èç ñòîðîí êóáà íà n ÷àñòåé òî÷êàìè θ
(k)
i = 2kπ/n, k =

= 0, 1, . . . , n, i = 1, 2, . . . , m. Òàê êàê nm ≥ 2N, òî èìååòñÿ, ïî êðàéíåé
ìåðå, N êóáîâ, íå ñîäåðæàùèõ âíóòðè ñåáÿ íè îäíîé òî÷êè Lk. Âûäåëèì
ýòè êóáû è âíóòðè íèõ ïîñòðîèì ôóíêöèþ

ϕ∗(σ1, . . . , σm) = ϕ∗1(σ1) · · ·ϕ∗m(σm)

ïî ôîðìóëå
ϕ∗i (σi) =

=





(
2

n
sin

n

2
(σi − θ

(k)
i )

)α+ 1
ln n

, θ
(k)
i ≤ σi ≤ θ

(k+1)
i , ctg

σi − ξi

2
> 0;

−
(

2

n
sin

n

2
(σi − θ

(k)
i )

)α+ 1
ln n

, θ
(k)
i ≤ σi ≤ θ

(k+1)
i , ctg

σi − ξi

2
< 0,

i = 1, 2, . . . , m. Óçëû ξi (i = 1, 2, . . . , m) áóäóò îïðåäåëåíû íèæå.
Ïðåäïîëîæèì òåïåðü äëÿ ïðîñòîòû, ÷òî m = 2. Ýòî ïðåäïîëîæåíèå,

êàê ñëåäóåò èç ïðèâîäèìîãî íèæå äîêàçàòåëüñòâà, íå îãðàíè÷èâàåò îáù-
íîñòè ðåçóëüòàòîâ. Áóäåì íàçûâàòü êâàäðàòû, â êîòîðûõ îòñóòñòâóþò
óçëû Lk, îòìå÷åííûìè. Êâàäðàò [0, 2π; 0, 2π] áûë ðàçáèò íà n ñòðîê è
n ñòîëáöîâ. Áóäåì íàçûâàòü ñòðîêó îòìå÷åííîé, åñëè ñðåäè âñåõ êâàä-
ðàòîâ, âõîäÿùèõ â ñòðîêó, n/4 + 1 êâàäðàòîâ ÿâëÿþòñÿ îòìå÷åííûìè.
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Ïðè äîêàçàòåëüñòâå òåîðåìû 2.16 áûëî ïîêàçàíî, ÷òî ÷èñëî îòìå÷åí-
íûõ ñòðîê íå ìåíåå n/3. Îáîçíà÷èì ÷åðåç θ(k, l) îòíîøåíèå ÷èñëà îò-
ìå÷åííûõ ñòðîê ñðåäè sk+1, . . . , sl ê îáùåìó ÷èñëó ñòðîê (l − k). Çäåñü
k = 0, 1, . . . , n− 1, l = k +1, . . . , n− 1. Ïðè äîêàçàòåëüñòâå òåîðåìû 2.16
áûëî äîêàçàíî, ÷òî ñóùåñòâóåò k̄ < 4n/5, äëÿ êîòîðîãî min

l>k̄
θ(k̄, l) ≥ 1/8.

Ïåðåéäåì òåïåðü ê îòìå÷åííûì ñòðîêàì. Êàê áûëî îïðåäåëåíî âû-
øå, â îòìå÷åííîé ñòðîêå èìååòñÿ íå ìåíåå n/4 + 1 îòìå÷åííûõ êâàä-
ðàòîâ. Îáîçíà÷èì ÷åðåç θ1(k, l) îòíîøåíèå ÷èñëà îòìå÷åííûõ êâàäðà-
òîâ kk+1, . . . , kl ê îáùåìó ÷èñëó (l − k) êâàäðàòîâ. Ïðè äîêàçàòåëüñòâå
òåîðåìû 2.16 áûëî ïîêàçàíî, ÷òî ñóùåñòâóåò k̄1 = 5n/6, äëÿ êîòîðîãî
min
l>k

θ1(k, l) ≥ 1/10. Î÷åâèäíî, ïðèâåäåííûå ðàññóæäåíèÿ ðàñïðîñòðàíÿ-
þòñÿ íà ñëó÷àé ëþáîãî êîíå÷íîãî m.

Âîçüìåì â êà÷åñòâå òî÷åê ξ1, . . . , ξm òî÷êè ξi = (k̄i− 1)2π/n è ïîäñòà-
âèì ôóíêöèþ ϕ∗ â èíòåãðàë Sϕ. Â ðåçóëüòàòå ïîäñòàíîâêè èìååì

|Sϕ∗| =
∣∣∣∣∣∣

1

(2π)m

2π∫

0

· · ·
2π∫

0

ϕ∗(σ1, . . . , σm) ×

× ctg
σ1 − ξ1

2
· · · ctg σm − ξm

2
dσ1 · · · dσm

∣∣∣∣ =

=
1

(2π)m

∣∣∣∣∣∣∣∣

n∑

k1=0

· · ·
n∑

km=0

′

2(k1+1)π
n∫

2k1π
n

· · ·
2(km+1)π

n∫

2kmπ
n

ϕ∗(σ1, . . . , σm) ×

× ctg
σ1 − ξ1

2
· · · ctg σm − ξm

2
· · · dσ1 · · · dσm

∣∣∣∣ ≥ O(N−α lnm N).

Çäåñü
∑′ îçíà÷àåò ñóììèðîâàíèå ïî îòìå÷åííûì êâàäðàòàì.

Òåîðåìà äîêàçàíà.
Äîêàçàòåëüñòâî ëåììû 3.1 ïðîâåäåì ïî èíäóêöèè. Ïóñòü m =

= 1 è k 6= 0. Ïîëüçóÿñü ôîðìóëîé îáðàùåíèÿ Ãèëüáåðòà [63], ïðåäñòàâèì
èíòåãðàë

2π∫

0

(ϕ(σ)− ϕ(s))ctg
σ − s

2
eikσdσ
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â âèäå
2π∫

0

(ϕ(σ)− ϕ(s))ctg
σ − s

2
eikσdσ =

= −i

2π∫

0

(ϕ(σ)− ϕ(s))eikσdσ + 2

∫

γ

ϕ(1
i ln τ)− ϕ(1

i ln t)

τ − t
τ kdτ =

= −i

2π∫

0

ϕ(σ)eikσdσ + 2

∫

γ

ϕ(1
i ln τ)− ϕ(1

i ln t)

τ − t
τ kdτ,

ãäå γ− åäèíè÷íàÿ îêðóæíîñòü ñ öåíòðîì â íà÷àëå êîîðäèíàò, τ = eiσ,
t = eis.

Ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè ïðåäûäóùåãî âûðàæåíèÿ åñòü êîýô-
ôèöèåíò Ôóðüå ck ôóíêöèè ϕ(s). Ïîýòîìó äëÿ äîêàçàòåëüñòâà ñïðàâåä-
ëèâîñòè ëåììû ïðè m = 1 íóæíî îöåíèòü âòîðîå ñëàãàåìîå ïðè ïðîèç-
âîëüíîì ôèêñèðîâàííîì t ∈ γ.

Îáîçíà÷èì ÷åðåç F (τ, t) ôóíêöèþ F (τ, t) = (ϕ(−i ln τ)−ϕ(−i ln t)/(τ−
−t), ïîäðàçóìåâàÿ F (t, t) = dϕ(−i ln τ)/dτ. Â êíèãå Í.È. Ìóñõåëèøâèëè
[191] ïîêàçàíî, ÷òî

∂nF (τ, t)

∂τn
=

=
1

τ − t





dnϕ(−i ln τ)

dτn
− n

1∫

0

un−1dnϕ(−i ln t + u(−i(ln τ − ln t)))du



 .

Îòìåòèì, ÷òî ïðè èñïîëüçîâàíèè ýòîé ôîðìóëû ïðåäïîëàãàåòñÿ, ÷òî
ôóíêöèÿ ϕ(−i ln τ) äîïóñêàåò ðàñïðîñòðàíåíèå íà íåêîòîðóþ îêðåñòíîñòü
êðèâîé γ.

Îöåíèì ìîäóëü èíòåãðàëà

Jϕ =

∫

γ

ϕ(1
i ln τ)− ϕ(1

i ln t)

τ − t
τ kdτ.

Äëÿ ýòîãî ïðîèíòåãðèðóåì åãî α ðàç ïî ÷àñòÿì, ïîëàãàÿ k > α.

Èìååì

|Jϕ| = |
∫

γ

F (τ, t)τ kdτ | = A

k(k − 1) · · · (k − α + 1)
|
∫

γ

∂αF (τ, t)

∂τα
τ k−αdτ | ≤
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≤ Aα!

kα
≤ A

kα
,

ãäå A− êîíñòàíòà.
Èç ïðîäåëàííûõ âûêëàäîê ñëåäóåò, ÷òî ôóíêöèÿ ψ(σ, s) ∈ Eα

1 ïðè
ëþáîì ôèêñèðîâàííîì s ∈ [0, 2π].

Ïóñòü òåïåðü m = 2. Òîãäà

ψ(σ1, σ2; s1, s2) =

{
[ϕ(σ1, σ2)− ϕ(s1, σ2)] ctg

σ1 − s1

2
−

−[ϕ(σ1, s2)− ϕ(s1, s2)] ctg
σ1 − s1

2

}
ctg

σ2 − s2

2
.

Ïîâòîðÿÿ âûêëàäêè, ïðîäåëàííûå âûøå ïðè m = 1, óáåæäàåìñÿ, ÷òî
åñëè ϕ ∈ Ĥα

1 , òî ψ ∈ Eα
2 . Ïðè ëþáîì êîíå÷íîì m = 3, 4, · · · ëåììà

äîêàçûâàåòñÿ àíàëîãè÷íî.
Äîêàçàòåëüñòâî ëåììû 3.2 ñëåäóåò èç ðàâåíñòâà

2π∫

0

ϕ(σ) ctg
σ − s

2
dσ = 0.

Äîêàçàòåëüñòâî òåîðåìû 3.2 ñëåäóåò èç ëåìì 3.1 è 3.2 è òåîðåìû
12 èç êíèãè Í.Ì.Êîðîáîâà [94].

3.2. Êëàññ Dα
s

3.2.1. Ôîðìóëèðîâêè òåîðåì

Òåîðåìà 3.3 [29]. Ïðè ëþáîì N > 1 äëÿ âñÿêîé ñåòêè
Lk(ξ1(k), . . . , ξm(k)), k = 1, 2, . . . , N, íàéäåòñÿ ôóíêöèÿ ϕ(σ, . . . , σm) ∈
∈ D̃α

m, α > 1, òàêàÿ, ÷òî ïîãðåøíîñòü ê.ô. (3.1) óäîâëåòâîðÿåò íåðàâåí-
ñòâó |R| ≥ O(N−α lnm N).

Äëÿ âû÷èñëåíèÿ èíòåãðàëà Sϕ ìîæíî èñïîëüçîâàòü ê.ô.

Sϕ =
1

(2π)m

2π∫

0

· · ·
2π∫

0

PN [ϕ(σ1, . . . , σm)] ctg
σ1 − s1

2
· · · ×

× · · · ctg σm − sm

2
dσ1 · · · dσm + RN(ϕ), (3.2)
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ãäå PN = P n
σ1
· · ·P n

σm
[ϕ(σ1, . . . , σm)], N = nm, P n

σi
− îïåðàòîð ïðîåêòèðî-

âàíèÿ íà ìíîæåñòâî òðèãîíîìåòðè÷åñêèõ èíòåðïîëÿöèîííûõ ïîëèíîìîâ
ñòåïåíè n ïî óçëàì σ

(k)
i = 2kπ/(2n + 1), k = 0, 1, . . . , 2n, i =

= 1, 2, . . . , m.

Òåîðåìà 3.4 [29]. Íà êëàññå ôóíêöèé D̃α
m ê.ô. (3.2) èìååò ìåñòî ïî-

ãðåøíîñòü RN = 0(N−α lnm N).
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3.2.2. Äîêàçàòåëüñòâà òåîðåì

Äîêàçàòåëüñòâî òåîðåìû 3.3. Ïîâòîðèì ðàññóæäåíèÿ, ïðîâåäåí-
íûå ïðè äîêàçàòåëüñòâå òåîðåìû 3.1, âçÿâ â êà÷åñòâå ôóíêöèè ϕ∗(σ1, . . . , σm)
ôóíêöèþ, îïðåäåëåííóþ â îòìå÷åííîì êóáå
[θ

(k1)
1 , θ

(k1+1)
1 , . . . , θ

(ks)
m , θ

(ks+1)
m ] ôîðìóëîé ϕ∗(σ1, . . . , σm) =

= ϕ∗1(σ1) · · ·ϕ∗m(σm)n(αm+1/ ln n)(2m−1), ãäå ϕ∗i (σi) = ((σi − θ
(ki)
i )(θ

(ki+1)
i −

− σi))
αm+ 1

ln n ,ki > k̄i.

Àíàëîãè÷íûì îáðàçîì ôóíêöèÿ ϕ∗(σ1, . . . , σm) îïðåäåëÿåòñÿ â îòìå-
÷åííûõ êóáàõ ïðè ki > k̄i. Â îñòàëüíûõ êóáàõ ϕ∗(σ1, . . . , σm) ≡ 0. Ïîä-
ñòàâëÿÿ ϕ∗(σ1, . . . , σm) â èíòåãðàë Sϕ, èìååì |Sϕ∗| ≥ O(N−α lnm N). Òåî-
ðåìà äîêàçàíà.

Äîêàçàòåëüñòâî òåîðåìû 3.4. Äëÿ ïðîñòîòû îãðàíè÷èìñÿ äâóìåð-
íûì ñëó÷àåì. Îáîçíà÷èì ÷åðåç Uϕ(σ1, σ2) òðèãîíîìåòðè÷åñêèé ïîëèíîì
íàèëó÷øåãî ðàâíîìåðíîãî ïðèáëèæåíèÿ ñòåïåíè íå âûøå n ïî êàæäîé
ïåðåìåííîé ê ôóíêöèè ϕ(σ1, σ2). Òîãäà

|RN(ϕ)| =

=
1

(2π)2

∣∣∣∣∣∣

2π∫

0

2π∫

0

(ϕ(σ1, σ2)− PN [ϕ(σ1, σ2)]) ctg
σ1 − s1

2
ctg

σ2 − s2

2
dσ1dσ2

∣∣∣∣∣∣
=

=
1

(2π)2

∣∣∣∣∣∣

2π∫

0

2π∫

0

(ϕ(σ1, σ2)− Uϕ(σ1, σ2)− PN [ϕ(σ1, σ2)− Uϕ(σ1, σ2)])×

× ctg
σ1 − s1

2
ctg

σ2 − s2

2
dσ1σ2

∣∣∣∣ .

Îáîçíà÷èì ϕ(σ1, σ2)− Uϕ(σ1, σ2) ÷åðåç Dϕ(σ1, σ2) è ðàññìîòðèì èíòå-
ãðàë

1

(2π)2

2π∫

0

2π∫

0

Dϕ(σ1, σ2) ctg
σ1 − s1

2
ctg

σ2 − s2

2
dσ1dσ2 =

=
1

(2π)2

2π∫

0

2π∫

0

(Dϕ(σ1, σ2)−Dϕ(σ1, s2)−Dϕ(s1, σ2) + Dϕ(s1, s2))×

× ctg
σ1 − s1

2
ctg

σ2 − s2

2
dσ1dσ2.
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Èçâåñòíî (ñì. [146]), ÷òî íà êëàññå Dα
s |ϕ(σ1, σ2)− Uϕ(σ1, σ2)| =

= O(N−α). Cëåäîâàòåëüíî, ôóíêöèÿ Dϕ(σ1, σ2) óäîâëåòâîðÿåò óñëîâèþ
Ãåëüäåðà ñ ïîêàçàòåëåì 1/ ln N è ñ êîýôôèöèåíòîì AN−α+1/ ln N ïî êàæ-
äîé ïåðåìåííîé. Òîãäà

|Dϕ(σ1, σ2)−Dϕ(σ1, s2)−Dϕ(s1, σ2) + Dϕ(s1, s2)| ≤
≤ AN−α+1/ ln N |σ1 − s1|1/2 ln N |σ2 − s2|1/2 ln N

è, ñëåäîâàòåëüíî,
∣∣∣∣∣∣

2π∫

0

2π∫

0

Dϕ(σ1, σ2) ctg
σ1 − s1

2
ctg

σ2 − s2

2
dσ1dσ2

∣∣∣∣∣∣
≤ AN−α ln2 N. (3.3)

Òàê êàê [188] íà êëàññå ïåðèîäè÷åñêèõ ôóíêöèé ñïðàâåäëèâî íåðàâåí-
ñòâî ‖S(PNϕ)‖C ≤ A ln2 N‖ϕ‖C [188], òî

‖S(PN(ϕ− Uϕ))‖C ≤ A ln2 N‖ϕ− Uϕ‖C ≤ AN−α ln2 N.

Îòñþäà è èç íåðàâåíñòâà (3.3) ñëåäóåò, ÷òî ‖S(ϕ− PN [ϕ])‖ =
= O(N−α ln2 N).

Ðàñïðîñòðàíåíèå ïðèâåäåííûõ âûêëàäîê íà ñëó÷àé ëþáîãî êîíå÷íîãî
÷èñëà ïåðåìåííûõ m î÷åâèäíî. Òåîðåìà äîêàçàíà.

3.3. Êëàññ Eα
s

3.3.1. Ôîðìóëèðîâêè òåîðåì
Òåîðåìà 3.5 [29]. Ïðè ëþáîì N > 1 äëÿ âñÿêîé ñåòêè Mk =

= (ξ1(k), . . . , ξm(k)), k = 1, 2, . . . , N, íàéäåòñÿ ôóíêöèÿ ϕ(t1, . . . , tm) ∈
∈ Ẽα

m, α > 1, òàêàÿ, ÷òî ïîãðåøíîñòü ê.ô. (3.1) óäîâëåòâîðÿåò íåðàâåí-
ñòâó

max
s1,...,sm

|R(s1, . . . , sm)| ≥ O(N−(α−1)).

Â ñëåäóþùèõ òåîðåìàõ äëÿ ïðîñòîòû îáîçíà÷åíèé áóäåì ïîëàãàòü
m = 2. Èç èõ äîêàçàòåëüñòâà ëåãêî çàìåòèòü, ÷òî îíè ñïðàâåäëèâû äëÿ
ëþáîãî êîíå÷íîãî m.

Òåîðåìà 3.6 [29]. Åñëè N = n2 è f(σ1, σ2) ∈ Ẽα
2 , (α > 1), òî äëÿ

ïîãðåøíîñòè ê.ô.

Sf =
1

N

n∑

k1=1

n∑

k2=1

ψ

(
2πk1

n
,
2πk2

n

)
+ R(f),
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ãäå
ψ(σ1, σ2) = (f(σ1, σ2)− f(σ1, s2)− f(s1, σ2) + f(s1, s2))×

× ctg
σ1 − s1

2
ctg

σ2 − s2

2

ñïðàâåäëèâà îöåíêà R(f) = O(N−(α−1)/2).
Òåîðåìà 3.7 [29]. Ïóñòü p > 2; α1, α2− îïòèìàëüíûå êîýôôèöèåíòû

ïî ìîäóëþ p, β− èõ èíäåêñ è N = p. Åñëè f(σ1, σ2) ∈ Ẽα
2 (C), òî äëÿ

ïîãðåøíîñòè ê.ô.

Sf =
1

N

N∑

k=1

ψ

({
2πα1k

p

}
,

{
2πα2k

p

})
+ RN(f)

ñïðàâåäëèâà îöåíêà |RN(f)| ≤ CN−(α−1) lnαβ N, ãäå C− êîíñòàíòà, çàâè-
ñÿùàÿ òîëüêî îò α è îò êðàòíîñòè èíòåãðàëà.

Çàìå÷àíèå 1. Â ôîðìóëèðîâêå òåîðåìû 3.7 èñïîëüçîâàíû ïîíÿòèÿ îï-
òèìàëüíûõ êîýôôèöèåíòîâ è èõ èíäåêñà, ââåäåíûå â ìîíîãðàôèè Í.Ì.Êîðîáîâà
[94].

Çàìå÷àíèå 2. Â ñëó÷àå åñëè òî÷êè s1 è s2 ñîâïàäàþò ñ óçëàìè êóáà-
òóðíîé ôîðìóëû, òî ïîä ψ(s1, s2) ïîíèìàåòñÿ ïðåäåë ψ(s1, s2) =

lim
σ1→s1,σ2→s2

ψ(σ1, σ2). Àíàëîãè÷íûì îáðàçîì îïðåäåëÿþòñÿ ôóíêöèè
ψ(s1, σ2) è ψ(σ1, s2).

Äîêàçàòåëüñòâà òåîðåì 3.6 è 3.7 îñíîâàíû íà ëåììàõ 3.2 è 3.3.
Ëåììà 3.3. Ïóñòü ϕ(σ1, σ2) ∈ H̃α

2 (α > 1). Òîãäà ôóíêöèÿ

ψ(σ1, σ2, s1, s2) = (ϕ(σ1, σ2)− ϕ(s1, σ2)− ϕ(σ1, s2) + ϕ(s1, s2))×

× ctg
σ1 − s1

2
ctg

σ2 − s2

2

ïðèíàäëåæèò êëàññó ôóíêöèé Ẽα−1
2 ïðè ëþáûõ s1 è s2 èç ñåãìåíòà [0, 2π].

Î÷åâèäíî, ÷òî àíàëîãè÷íûì îáðàçîì íà ñèíãóëÿðíûå èíòåãðàëû Sϕ

ìîãóò áûòü ïåðåíåñåíû è äðóãèå óòâåðæäåíèÿ î ê.ô. íà êëàññå Eα
m, ïðè-

âåäåííûå â êíèãå Í.Ì.Êîðîáîâà [94].
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3.3.2. Äîêàçàòåëüñòâà òåîðåì

Äîêàçàòåëüñòâî òåîðåìû 3.5. Êàê è âûøå, âûäåëèì N êóáîâ,
íå ñîäåðæàùèõ òî÷åê ñåòêè Mk. Ñðåäè ýòèõ êóáîâ âûáåðåì îäèí, ñêà-
æåì, êóá ñ êîîðäèíàòàìè (θ

(k)
1 , θ

(k+1)
1 , . . . , θ

(k)
m , θ

(k+1)
m ), è â êà÷åñòâå òî÷êè

(s1, . . . , sm) âîçüìåì (θ
(k)
1 , . . . , θ

(k)
m ). Â âûäåëåííîì êóáå ââîäèòñÿ ôóíê-

öèÿ
ϕ(σ1, . . . , σm) = ϕ(σ1 − θ

(k)
1 ) · · ·ϕ(σm − θ(k)

m ),

ãäå

ϕ(σi − θ
(k)
i ) =

(
1

n
sin

n

2
(σi − θ

(k)
i )

)α−1

,

åñëè θ
(k)
i ≤ σi ≤ θ

(k)
i + 2π/n, ctg

σi−θ
(k)
i

2 > 0, è ââîäèòñÿ ϕ(σ1, . . . , σm) = 0
â îñòàëüíûõ êóáàõ.

Èçâåñòíî [94], ÷òî ϕ(σ1, . . . , σm) ∈ Ẽα
m. Ïîäñòàâèâ ϕ â ñèíãóëÿðíûé

èíòåãðàë Sf, èìååì

|Sϕ| =
∣∣∣∣∣∣

m∏
j=1

1

2π

2π∫

0

ϕ(σj − θ
(k)
j ) ctg

σj − θ
(k)
j

2
dσ

∣∣∣∣∣∣
=

=

∣∣∣∣∣∣∣∣

1

2π

θ
(k+1)
1∫

θ
(k)
1

(
1

n
sin

n

2
(σ1 − θ

(k)
1 )

)α−1

ctg
σ1 − θ

(k)
1

2
dσ1

∣∣∣∣∣∣∣∣

m

= O(N−(α−1)).

Òåîðåìà äîêàçàíà.
Äîêàçàòåëüñòâî ëåììû 3.3. Äîñòàòî÷íî ïîêàçàòü, ÷òî

am(cos mσ − cos ms) ctg
σ − s

2
=

= am

m∑

k=0

(αk(s) cos kσ + βk(s) sin kσ) , (3.4)

bm(sin mσ − sin ms) ctg
σ − s

2
=

= bm

m∑

k=0

(
ᾱk(s) cos kσ + β̄k(s) sin kσ

)
, (3.5)
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ïðè÷åì ôóíêöèè αk(s), ᾱk(s), βk(s), β̄k(s) ïî àáñîëþòíîé âåëè÷èíå íå ïðå-
âûøàþò ÷èñëà 2.

Òàê êàê äîêàçàòåëüñòâà òîæäåñòâ (3.4) è (3.5) ïðîâîäÿòñÿ àíàëîãè÷íî,
òî îñòàíîâèìñÿ íà ïåðâîì. Ïî èçâåñòíîé ôîðìóëå òðèãîíîìåòðèè

(cos mσ − cos ms) ctg
σ − s

2
= −2 sin

m(σ + s)

2
sin

m(σ − s)

2
ctg

σ − s

2
.

Ïðåäïîëîæèì âíà÷àëå, ÷òî m− íå÷åòíîå (m = 2n + 1). Òîãäà [112]

sin 2n+1
2 (σ − s)

2 sin σ−s
2

=
1

2
+ cos(σ − s) + · · ·+ cos n(σ − s).

Îòñþäà ñëåäóåò, ÷òî

2 sin
m(σ + s)

2
sin

m(σ − s)

2
ctg

σ − s

2
=

= 4 sin
m(σ + s)

2
cos

σ − s

2

[
1

2
+ cos(σ − s) + · · ·+ cos n(σ − s)

]
=

=
2n+1∑

k=0

(αk(s) cos kσ + βk(s) sin kσ),

ãäå αk(s) è βk(s) ïî ìîäóëþ íå ïðåâîñõîäÿò ÷èñëà 2.
Àíàëîãè÷íûì îáðàçîì èññëåäóåòñÿ ñëó÷àé ÷åòíîãî m (m = 2n)

(cos mσ − cos ms) ctg
σ − s

2
=

2n∑

k=0

(ᾱk(s) cos kσ + β̄k(s) sin kσ),

ãäå ᾱk(s) è β̄k(s) ïî ìîäóëþ íå ïðåâîñõîäÿò ÷èñëà 2.
Îòñþäà ìîæíî ñäåëàòü âûâîä î ñïðàâåäëèâîñòè ëåììû. Â ñàìîì äåëå,

anm

{
(cos nσ1 cos mσ2 − cos nσ1 cos ms2) ctg

σ2 − s2

2
−

−(cos ns1 cos mσ2 − cos ns1 cos ms2) ctg
σ2 − s2

2

}
ctg

σ1 − s1

2
=

= anm

n∑

j=0

m∑

k=0

(αnm
jk (s1, s2) cos kσ2 cos jσ1 + βnm

jk (s1, s2) cos jσ1 sin kσ2+

+γnm
jk (s1, s2) sin jσ1 cos kσ2 + δnm

jk (s1, s2) sin jσ1 sin kσ2),
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ïðè÷åì âñå êîýôôèöèåíòû αkj, βkj, γkj, δkj íå ïðåâîñõîäÿò ÷èñëà 4.
Âîñïîëüçîâàâøèñü ïîëó÷åííûì âûðàæåíèåì, ëåãêî âèäåòü, ÷òî ïðè

ðàçëîæåíèè ôóíêöèè ψ(σ1, σ2, s1, s2) â ðÿä Ôóðüå ïî ôóíêöèÿì{
ei(k1σ1+k2σ2)

}
êîýôôèöèåíò Ôóðüå, ñîîòâåòñòâóþùèé cos nσ1 cos mσ2, èìå-

åò âèä

ānm =
∞∑

i=n

∞∑

j=m

aijα
nm
ij (s1, s2).

Îòñþäà ñëåäóåò

|ānm| ≤ 4
∞∑

i=n

∞∑

j=m

|aij| ≤ A|n̄m̄|−(α−1),

ãäå |m̄| = max(1, |m|). Ëåììà äîêàçàíà.
Äîêàçàòåëüñòâà òåîðåì 3.6. è 3.7. Ñïðàâåäëèâîñòü ýòèõ òåîðåì

âûòåêàåò èç òåîðåì 3 è 12 ìîíîãðàôèè Í.Ì.Êîðîáîâà [94] è ëåììû 3.3.

4. Îïòèìàëüíàÿ ðåãóëÿðèçàöèÿ ìíîãîìåðíûõ ñèíãóëÿðíûõ
èíòåãðàëîâ

Ïóñòü îïåðàòîð F âû÷èñëÿåòñÿ â ïðîñòðàíñòâå C. Ïîñòàíîâêà çàäà÷è
ïîñòðîåíèÿ îïòèìàëüíûõ ðåãóëÿðèçàòîðîâ îïåðàòîðîâ â ôóíêöèîíàëü-
íûõ ïðîñòðàíñòâàõ ïðèâåäåíà â ðàçä. 3 ãëàâû 3.

Òåîðåìà 4.1 [29]. Ïóñòü Ψ = H1,1(1). Òîãäà

EN(F, Ψ) = (1 + o(1))
8 ln L

πL
, (4.1)

ãäå L è N ñâÿçàíû ñîîòíîøåíèåì N = 4π−2 ln2 L. Îïåðàòîð

F ∗ϕ =
1

4π2

∫

D\Ω

∫
ϕ(σ1, σ2) ctg

σ1 − s1

2
ctg

σ2 − s2

2
dσ1dσ2, (4.2)

ãäå Ω = [s1−π/L, s1 +π/L; 0, 2π]∪ [0, 2π; s2−π/L, s2 +π/L], D = [0, 2π]2,
ðåàëèçóåò ðàâåíñòâî (4.1) â ñèëüíîé àñèìïòîòèêå.

Äîêàçàòåëüñòâî. Â ìåòðèêå ïðîñòðàíñòâà C îöåíèì ñíèçó âåëè÷èíó
ôóíêöèîíàëà Φ(µ) = supϕ∈Ψ,‖ϕ‖≤µ ‖Fϕ‖C , ãäå µ = π/L. Ââåäåì ôóíêöèþ

ψ(σ1, σ2) = min

(
π

L
, min

i,j
(|σ1 − (s1 ± πi)|, |σ2 − (s2 ± jπ)|)

)
.
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Òîãäà
Φ(µ) = sup

ϕ∈Ψ,‖ϕ‖≤µ

max
s1,s2

|(Fϕ)(s1, s2)| ≥

≥ 1

πL

π−π/L∫

π/L

π−π/L∫

π/L

ctg
σ1

2
ctg

σ2

2
dσ1dσ2+

+
2

π2

π/L∫

0

π−π/L∫

π/L

σ1 ctg
σ1

2
ctg

σ2

d
σ1dσ2 ∼ 4 ln2 L

πL
+

8 ln L

πL
. (4.3)

Òàê êàê N = 4π−2 ln2 L, òî èç òåîðåìû Ñ.Á.Ñòå÷êèíà [139] (ñì. òàêæå
ðàçä. 3 ãëàâû 3) ñëåäóåò ñïðàâåäëèâîñòü íåðàâåíñòâà (4.1).

Íîðìà îïåðàòîðà F ∗ϕ ðàâíà ‖F ∗‖C ≤ (1 + o(1))4π−2 ln2 L.

Îöåíèì íîðìó

‖Fϕ− F ∗ϕ‖C =

∣∣∣∣∣∣
1

4π2

∫

Ω

∫
ϕ(σ1, σ2) ctg

σ1 − s1

2
ctg

σ2 − s2

2
dσ1dσ2

∣∣∣∣∣∣
=

=

∣∣∣∣∣∣
1

4π2

∫

Ω

∫
(ϕ(σ1, σ2)− ϕ(s1, σ2)− ϕ(σ1, s2) + ϕ(s1, s2))×

× ctg
σ1 − s1

2
ctg

σ2 − s2

2
dσ1dσ2

∣∣∣∣ ≤
∣∣∣∣∣∣

1

4π2

∫

Ω0

∫
W (σ1, σ2, s1, s2)dσ1dσ2

∣∣∣∣∣∣
+

+

∣∣∣∣∣∣∣
1

4π2

∫

Ω\Ω0

∫
W (σ1, σ2, s1, s2)dσ1dσ2

∣∣∣∣∣∣∣
= I1 + I2,

ãäå Ω0 = [s1 − π/L, s1 + π/L; s2 − π/L, s2 + π/L], W (σ1, σ2, s1, s2) =

= (ϕ(σ1, σ2)− ϕ(s1, σ2)− ϕ(σ1, s2) + ϕ(s1, s2)) ctg
σ1 − s1

2
ctg

σ2 − s2

2
.

Íåòðóäíî âèäåòü, ÷òî

I1 ≤ 32

πL
+ o(1), I2 ≤ 8 ln L

πL
+ o(1), (4.4)

è, ñëåäîâàòåëüíî,

‖Fϕ− F ∗ϕ‖C ≤ 8 ln L

πL
+ o(1). (4.5)
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Òåîðåìà äîêàçàíà.

5. Ïîëèñèíãóëÿðíûå èíòåãðàëû ñ ÿäðîì Êîøè

Ðàññìîòðèì èíòåãðàë

Kϕ =

1∫

0

· · ·
1∫

0

ϕ(τ1, . . . , τm)dτ1 · · · dτm

(τ1 − t1) · · · (τm − tm)
,

êîòîðûé áóäåì âû÷èñëÿòü ïî êóáàòóðíûì ôîðìóëàì

Kϕ =
n∑

k1=1

· · ·
n∑

km=1

ρ1∑

l1=0

· · ·
ρm∑

lm=0

pk1···kml1···lm(t1, . . . , tm)ϕ(l1,...,lm)(tk1
, . . . , tkm

)+

+Rn···n(ti, pk1···kml1···lm, tki
, ϕ), (5.1)

Kϕ =
N∑

k=1

pk(t1, . . . , tm)ϕ(Mk) + RN(ti, pk,Mk, ϕ). (5.2)

Âíà÷àëå îñòàíîâèìñÿ íà âû÷èñëåíèè âåðõíèõ ãðàíåé îöåíîê ñíèçó ïî-
ãðåøíîñòåé ê.ô. âèäà (5.1) è (5.2).

5.1. Ôîðìóëèðîâêè òåîðåì

Òåîðåìà 5.1 [36]. Ïóñòü N = nm, Ψ = Hα
j , j = 1, 3 è èíòåãðàë Kϕ

âû÷èñëÿåòñÿ ïî ê.ô. (5.1) ïðè ρ = 0 (ïðè j = 3 ïîëàãàåì m = 2). Òîãäà
ñïðàâåäëèâû îöåíêè

ζN [Hα
1 ] ≥ (1 + o(1))2m−αN−α/mm(1 + α)−1 lnm N,

ζN [Hα
3 ] ≥ 16(1 + o(1))N ln2 N

1/2n∫

0

1/2n∫

0

ω(
√

t2 + τ 2)dtdτ.

Òåîðåìà 5.2 [36]. Ïóñòü Ψ = Hα
j , j = 1, 2, 3 è èíòåãðàë Kϕ âû÷èñëÿ-

åòñÿ ïî ê.ô. âèäà (5.2) (ïðè j = 2, 3 ïîëàãàåì m = 2). Òîãäà ñïðàâåäëèâà
îöåíêà

ζN [Hα
j ] ≥ (1 + o(1))2mDjN

−α/m lnm N,

ãäå
D1 = 21−α/(2 + α), D2 = 21−α/2/(2 + α),
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D3 =
12

2 + α

(
1

2
√

3

)(α+2)/2
π/6∫

0

dϕ

cosα+2 ϕ
.

Òåîðåìà 5.3 [36]. Ïóñòü Ψ = W r,r(1) è èíòåãðàë Kϕ âû÷èñëÿåòñÿ ïî
ê.ô. (5.1) ïðè ρi = r − 1, i = 1, 2. Òîãäà ñïðàâåäëèâà îöåíêà

ζN [Ψ] ≥ (1 + o(1))2mm lnm N

4rN r/mr!
.

Òåîðåìà 5.4. Ïóñòü Ψ = Hα
j , j = 1, 3. Ñðåäè ê.ô. (5.1) ïðè ρ =

= 0 àñèìïòîòè÷åñêè îïòèìàëüíîé ïðè 1/n ≤ ti ≤ 1−1/n, i = 1, 2, . . . , m,

ÿâëÿåòñÿ ôîðìóëà

Kϕ =
n−1∑

k1=1

· · ·
n−1∑

km=1

ϕ(t′k1
, . . . , t′km

)

∫

dk1···km

∫
dτ1 · · · dτm

(τ1 − t1) · · · (τm − tm)
+ RN(ϕ),

ãäå dk1···km
= ∆k1···km

∩ C∆0
, ∆k1···km

= [tk1
, tk1+1; · · · ; tkm

, tkm+1], tk = k/n,
t′k = (tk+tk+1)/2, ∆0 = [t1−1/n, t1+1/n; 0, 1; . . . ; 0, 1]∪· · ·∪[0, 1; . . . ; 0, 1; tm−

− 1/n, tm + 1/n], C∆0
−äîïîëíåíèå ∆0 äî êóáà D = [0, 1]m.

Ïóñòü ïðè j = 1 m ≥ 2, à ïðè j = 2, 3 m = 2. Ââåäåì îáîçíà÷åíèÿ:
λN = (1/N)1/m, λN,1 = λN/2, λN,2 = λN/

√
2, B1(N) =

= {x ∈ Em, ρ1(x, θ) ≤ λN/2} , B2(N) =
{
x ∈ E2, ρ2(x, θ) ≤ λN/

√
2
}

, B3(N)−
ïðàâèëüíûé øåñòèóãîëüíèê ïëîùàäüþ 1/N ñ öåíòðîì â òî÷êå (0, 0),
θ = (0, . . . , 0). Ïóñòü ∆m,1− ðåøåòêà ñ áàçèñîì l1,1 = (λN , 0 . . . , 0), l2,1 =
(0, λN , 0, . . . , 0), . . . , lm,1 = (0, . . . , 0, λN); ∆m,2− ðåøåòêà ñ áàçèñîì l1,2 =

(λN,2, λN,2), l2,2 = (λN,2,−λN,2), ∆m,3− ðåøåòêà ñ áàçèñîì l1,3 = (
√

2/
√

3N, 0),

(
√

1/
√

3N,
√√

3/N).

Ïîêðîåì êóá D = [0, 1]m êîíãðóåíòíûìè îáëàñòÿìè ñ öåíòðàìè â òî÷-
êàõ ðåøåòêè. Ïóñòü ïîêðûòèå ñîñòîèò èç N îáëàñòåé. Ïåðåíóìåðóåì, ââå-
äÿ îáîçíà÷åíèÿ Bk, ýëåìåíòû ðåøåòêè, ïîïàâøèå â êóá D, è îáîçíà÷èì
÷åðåç ∆j(k) îáëàñòü ñ öåíòðîì â k ýëåìåíòå ðåøåòêè, ïðè÷åì ðàññòîÿ-
íèå ìåæäó ýëåìåíòàìè ∆j(k) è k-ì ýëåìåíòîì ðåøåòêè âû÷èñëÿåòñÿ â
ìåòðèêå ρj (j = 1, 2, 3). (Ìåòðèêà ρj îïèñàíà ïðè îïðåäåëåíèè êëàññà
ôóíêöèé Hα

j , j = 1, 2, 3).
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Ðàññìîòðèì êóáàòóðíóþ ôîðìóëó

Kϕ =
N∑

k=1

ϕ(Bk)

∫

∆j(k)∩D∩G(Bk)

· · ·
∫

dτ1 · · · dτm

(τ1 − t1) · · · (τm − tm)
+ RN(ϕ) (5.3)

(
2

n
≤ ti ≤ 1− 2

n

)
,

ãäå Bk = (b1k, . . . , bmk), G(Bk)− äîïîëíåíèå îáëàñòè
[
b1k − 3

n
, b1k +

3

n
; 0, 1; . . . ; 0, 1

]
∪

[
0, 1; b2k − 3

n
, b2k +

3

n
; 0, 1; . . . ; 0, 1

]
∪

∪ · · · ∪
[
0, 1; . . . ; 0, 1; bmk − 3

n
, bmk +

3

n

]

äî îáëàñòè D.

Òåîðåìà 5.5 [36]. Ïóñòü N = nm è Ψ = Hα
j , j = 1, 2, 3. Ñðåäè âñåâîç-

ìîæíûõ ê.ô. âèäà (5.2) àñèìïòîòè÷åñêè îïòèìàëüíîé ÿâëÿåòñÿ ôîðìóëà
(5.3).

Äëÿ ïðîñòîòû ïîëîæèì m = 2. Ïóñòü ∆kl = [tk, tk+1; tl, tl+1], ãäå tk =
k/n. ×åðåç ϕnm îáîçíà÷èì ñïëàéí, îïèñàííûé â òåîðåìå 2.9.

Ðàññìîòðèì ê.ô.

Kϕ =

1∫

0

1∫

0

ϕnn(τ1, τ2)

(τ1 − t1)(τ2 − t2)
dτ1dτ2 + Rnn(ϕ),

(
2

n
< ti < 1− 2

n
, i = 1, 2

)
. (5.4)

Òåîðåìà 5.6 [36]. Ïóñòü N = n2, Ψ = W r,r(1). Ñðåäè ê.ô. âèäà (5.1)
ïðè ρi = r − 1, i = 1, 2 àñèìïòîòè÷åñêè îïòèìàëüíîé ÿâëÿåòñÿ ôîðìóëà
(5.4), èìåþùàÿ ïîãðåøíîñòü RN [Ψ] = (1 + o(1))N−r/2 ln2 N.

Òåîðåìà 5.7. Ïóñòü N = n2, Ψ = W r,r(1). Ñðåäè ê.ô. âèäà (5.1) ïðè
ρi = 0, i = 1, 2, àñèìïòîòè÷åñêè îïòèìàëüíîé ÿâëÿåòñÿ ôîðìóëà

Kϕ =
M−1∑

k=0

′
M−1∑

l=0

′lL,L
ϕ(∆kl)

(υk − t1)(υl − t2)
+
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+
M−1∑

k=0

′
M−1∑

l=0

′ψ(
∏
n,n

(Tr−1ϕ(υk, υl)), ∆kl)+

+
M−1∑

k=0

′ψ(
∏
n,n

(Tr−1ϕ(υk, υl)), ∆k,j−1 ∪ · · · ∪∆k,j+2)+

+
M−1∑

l=0

′ψ(
∏
n,n

(Tr−1ϕ(υi−1, υl)), ∆i−1,l ∪ · · · ∪∆i+2,l)+

+ψ

(∏
n,n

(Tr−1ϕ(υi−1, υj−1))[υi−1, υi+2, υj−1, υj+2]

)
+ R(ϕ),

ãäå υk = k/M, k = 0, 1, . . . , M, M = [n/L], L = [ln1/r n],

∆kl = [υk, υk+1; υl, υl+1], ψ(ϕ, ∆kl) =

∫

∆kl

∫
ϕ(τ1, τ2)(τ1−t1)

−1(τ2−t2)
−1dτ1dτ2,

(s1, s2) ∈ ∆i,j,
∑′

k

(∑′
l

)
îçíà÷àåò ñóììèðîâàíèå ïî k 6= i−1, . . . , i+2(l 6=

6= j − 1, . . . , j + 2), èìåþùàÿ ïîãðåøíîñòü

RN [Ψ] = (1 + o(1))8 ln2 n inf
c
‖B∗

r (t)− c‖L1[0,1]n
−r.

5.2. Äîêàçàòåëüñòâà òåîðåì

Äîêàçàòåëüñòâà òåîðåì 5.1 − 5.6 ïðîâîäÿòñÿ ïî îäíîé ñõåìå. Ïî-
ýòîìó ïðîâåäåì äîñòàòî÷íî ïîäðîáíî äîêàçàòåëüñòâî òåîðåìû 5.1 è îò-
ìåòèì èçìåíåíèÿ, êîòîðûå íóæíî ïðîâåñòè ïðè äîêàçàòåëüñòâå äðóãèõ
òåîðåì. Ïðè ýòîì äëÿ ïðîñòîòû îáîçíà÷åíèé îãðàíè÷èìñÿ äâóìåðíûì
ñëó÷àåì.

Äîêàçàòåëüñòâî òåîðåìû 5.1. Ïóñòü Ψ = Hα
1 . Ââåäåì òî÷êè vk =

k/M, M = [n/
√

ln n] è îáîçíà÷èì ÷åðåç {wi, wj} ìíîæåñòâî òî÷åê, îáú-
åäèíÿþùåå óçëû {tk1

, tk2
}, è òî÷êè {vj1, vj2}, kl = 1, 2, . . . , n, jl =

= 1, 2, . . . , M, l = 1, 2. Îáîçíà÷èì ÷åðåç ψ(t1, t2) ôóíêöèþ, âõîäÿùóþ â
êëàññ Hα

1 è îáðàùàþùóþñÿ â íóëü â òî÷êàõ {wk, wj}, 1 ≤ k, j ≤ n + M.

Òàêàÿ ôóíêöèÿ ïîñòðîåíà â ðàáîòå [6]. Ââåäåì ôóíêöèþ

ϕ∗j1j2(t1, t2) =





ψ(t1, t2)sgn(t1 − vj1)sgn(t2 − vj2)
(t1, t2) ∈ [d1 ∩ [0, 1]]× [[0, 1] ∩ d2],

0 t1, t2.
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Çäåñü ψ(t1, t2) = (max(min
k
|t1 − wk|, min

j
|t2 − wj|))α,

di = {ti : (ti ≤ vji−s) ∪ (ti ≥ vji+s)}; i = 1, 2; s = [21/α] + 1.
Ñïðàâåäëèâà îöåíêà ñíèçó

(Sϕ∗ij)(vi, vj) ≥
M−i−1∑

k=1

M−j−1∑

l=1

vi+k+1∫

vi+k

vj+l+1∫

vj+l

ϕ∗ij(τ1, τ2)dτ1dτ2

(τ1 − vi)(τ2 − vj)
+

+
M−i−1∑

k=1

j−1∑

l=1

vi+k+1∫

vi+k

vj−l∫

vj−l−1

ϕ∗ij(τ1, τ2)dτ1dτ2

(τ1 − vi)(τ2 − vi)
+

+
i−1∑

k=1

M−j−1∑

l=1

vi−k∫

vi−k−1

vj+l+1∫

vj+l

ϕ∗ij(τ1, τ2)dτ1dτ2

(τ1 − vi)(τ2 − vj)
+

+
i−1∑

k=1

j−1∑

l=1

vi−k∫

vi−k−1

vj−l∫

vj−l−1

ϕ∗ij(τ1, τ2)dτ1dτ2

(τ1 − vi)(τ2 − vj)
=

=
M∑

k=1

M∑

l=1

K(M − i− 1− k)K(M − j− 1− l)

vi+k+1∫

vi+k

vj+l+1∫

vj+l

ϕ∗ij(τ1, τ2)dτ1dτ2

(τ1 − vi)(τ2 − vj)
+

+
M∑

k=1

M∑

l=1

K(M − i− 1− k)K(j − 1− l)

vi+k+1∫

vi+k

vj−l∫

vj−l−1

ϕ∗ij(τ1, τ2)dτ1dτ2

(τ1 − vi)(τ2 − vj)
+

+
M∑

k=1

M∑

l=1

K(i− 1− k)K(M − j − 1− l)

vi−k∫

vi−k−1

vj+l+1∫

vj+l

ϕ∗ij(τ1, τ2)dτ1dτ2

(τ1 − vi)(τ2 − vj)
+

+
M∑

k=1

M∑

l=1

K(i− 1− k)K(j − 1− l)

vi−k∫

vi−k−1

vj−l∫

vj−l−1

ϕ∗ij(τ1, τ2)dτ1dτ2

(τ1 − vi)(τ2 − vj)
≥

≥
M∑

k=s

M∑

l=s

K(M − i− 1− k)K(M − j − 1− l)×
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× M

k + 1

M

l + 1

vi+k+1∫

vi+k

vj+l+1∫

vj+l

ϕ∗(τ1, τ2)dτ1dτ2+

+
M∑

k=s

M∑

l=s

K(M − i− 1− k)K(j − 1− l)×

× M

k + 1

M

l + 1

vi+k+1∫

vi+k

vj−l∫

vj−l−1

ϕ∗(τ1, τ2)dτ1dτ2+

+
M∑

k=s

M∑

l=s

K(i− 1− k)K(M − j − 1− l)×

× M

k + 1

M

l + 1

vi−k∫

vi−k−1

vj+l+1∫

vj+l

ϕ∗(τ1, τ2)dτ1dτ2+

+
M∑

k=s

M∑

l=s

K(i− 1− k)K(j − 1− l)×

× M

k + 1

M

l + 1

vi−k∫

vi−k−1

vj−l∫

vj−l−1

ϕ∗(τ1, τ2)dτ1dτ2.

Çäåñü K(t) = 1 ïðè t ≥ 0 è K(t) = 0 ïðè t < 0.
Îñðåäíÿÿ ïîñëåäíåå íåðàâåíñòâî ïî çíà÷åíèÿì i è j(1 ≤ i, j ≤ M),

èìååì

sup
ϕ∈Ψ

max
t1,t2

Sϕ(t1, t2) ≥ 1

M 2

M∑

i=1

M∑

j=1

(Sϕ∗ij)(vi, vj) ≥

≥
M∑

k=s

M∑

l=s

1

(k + 1)(l + 1)




1∫

vk+1

1∫

vl+1

ϕ∗(τ1, τ2)dτ1dτ2+

+

1∫

vk+1

vM−l−1∫

0

ϕ∗(τ1, τ2)dτ1dτ2 +

vM−k−1∫

0

1∫

vl+1

ϕ∗(τ1, τ2)dτ1dτ2+
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+

vM−k−1∫

0

vM−k−1∫

0

ϕ∗(τ1, τ2)dτ1dτ2


 ≥

≥
[M/ ln M ]∑

k=s

[M/ ln M ]∑

l=s

4

(k + 1)(l + 1)

1∫

0

1∫

0

ϕ∗(τ1, τ2)dτ1dτ2−

−
[M/ ln M ]∑

k=s

[M/ ln M ]∑

l=s

1

(k + 1)(l + 1)

4∑
i=1

∫ ∫

Dk,l
i

ϕ∗(τ1, τ2)dτ1dτ2 = I1 − I2,

ãäå

Dk,l
1 = D\[0, vM−k−1; 0, vM−l−1], . . . , Dk,l

4 = D\[vk+1, 1; vl+1, 1].

Íåòðóäíî âèäåòü, ÷òî

I1 ≥ (1 + o(1))4 ln2 M

1∫

0

1∫

0

ϕ∗(τ1, τ2)dτ1dτ2.

Îöåíèì èíòåãðàë
∫ ∫

Dk,l
1

ϕ∗(τ1, τ2)dτ1dτ2. Îñòàëüíûå îöåíèâàþòñÿ àíà-

ëîãè÷íî. Òàê êàê â òî÷êàõ (vk1
, vk2

) ôóíêöèÿ ϕ∗(τ1, τ2) îáðàùàåòñÿ â íóëü,
òî

∫ ∫

Dk,l
1

ϕ∗(τ1, τ2)dτ1dτ2 ≤ O

(
kM

M 2+α
+

lM

M 2+α

)
= O

(
k

Mα+1 +
l

Mα+1

)
,

è, ñëåäîâàòåëüíî,

1

M 1+α

[M/ ln M ]∑

k=1

[M/ ln M ]∑

l=1

k + l

(k + 1)(l + 1)
≤ 2

M 1+α

[
M

ln M

]
ln M ≤

≤ 2

Mα
≤ 2 lnα/2 n

nα
= o

(
ln2 n

nα/2

)
.

Òàêèì îáðàçîì,

sup
ϕ∈Ψ

max
t1,t2

(Sϕ)(t1, t2) ≥ (1 + o(1))4 ln2 N

1∫

0

1∫

0

ϕ∗(τ1, τ2)dτ1dτ2.
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Èñïîëüçóÿ ïðèâåäåííûå â �3 ãëàâû 1 îöåíêè ñíèçó èíòåãðàëîâ
1∫
0

1∫
0

ϕ∗(τ1, τ2)dτ1dτ2 íà êëàññàõ Hα
j , j = 1, 3, çàêàí÷èâàåì äîêàçàòåëüñòâî

òåîðåìû.
Äîêàçàòåëüñòâî òåîðåìû 5.2 àíàëîãè÷íî ïðåäûäóùåìó. Îòëè÷èå

ñîñòîèò â ñëåäóþùåì. Îáîçíà÷èì ÷åðåç Ψ êàêîé-íèáóäü èç êëàññîâ Hα
j ,

j = 1, 2, 3. Îáîçíà÷èì ÷åðåç ϕ∗(t1, t2) ôóíêöèþ, ïðèíàäëåæàùóþ êëàññó
Ψ è îáðàùàþùóþñÿ â íóëü â óçëàõ ê.ô. (5.2). Òîãäà ôóíêöèÿ ϕ∗ij(t1, t2)
îïðåäåëÿåòñÿ ôîðìóëîé

ϕ∗ij(t1, t2) =





ϕ∗(t1, t2)sgn(t1 − vi)sgn(t2 − vj)
[d1 ∩ [0, 1]]× [[0, 1] ∩ d2],

f ∗ij(t1, t2) t1, t2.

Ôóíêöèÿ f ∗ij(t1, t2) ïîäáèðàåòñÿ òàêèì îáðàçîì, ÷òîáû ϕ∗ij(t1, t2) ∈ Ψ.

Íåòðóäíî âèäåòü, ÷òî ýòî âñåãäà îñóùåñòâèìî.
Äîêàçàòåëüñòâî òåîðåìû 5.3 àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû

5.1. Ïóñòü Ψ = W r,r(1). Ââåäåì òî÷êè vk = k/M, M = [n/(ln n)1/2r]. ×å-
ðåç {wi, wj} îáîçíà÷èì òî÷êè, îáúåäèíÿþùèå óçëû {tki

, tkj
} ê.ô. (5.1) è

òî÷êè {vl, vm}. Îáîçíà÷èì ÷åðåç ϕ∗(t) íåîòðèöàòåëüíóþ ôóíêöèþ, ïðè-
íàäëåæàùóþ êëàññó W r(1) è îáðàùàþùóþñÿ â íóëü â óçëàõ {wi} =
{tki

}n
1 ∪ {vi}M

1 , i = 1, 2.
Ââåäåì ôóíêöèþ ϕ∗(t1, t2) = ϕ∗(t1) + ϕ∗(t2) + ϕ∗(t1)ϕ∗(t2). Íåòðóäíî

âèäåòü, ÷òî ϕ∗(t1, t2) ∈ W r,r(A), ãäå A = 1 + o(n−r+1). Ââåäåì ôóíêöèþ

ϕ∗ij(t1, t2) = ϕ∗(t1, t2)sgn(t1 − vi)sgn(t2 − vj).

Êàê è ïðè äîêàçàòåëüñòâå òåîðåìû 5.1, ìîæíî ïîêàçàòü, ÷òî

(Sϕ∗ij)(vi, vj) ≥
M∑

k=1

M∑

l=1

K(M − i− 1− k)K(M − j − 1− l)×

×
v+k+1∫

vi+k

vj+l+1∫

vj+l

ϕ∗ij(τ1, τ2)dτ1dτ2

(τ1 − vi)(τ2 − vj)
+

+
M∑

k=1

M∑

l=1

K(M − i− 1− k)K(j − 1− l)

vi+k+1∫

vi+k

vj−l∫

vj−i−1

ϕ∗ij(τ1, τ2)dτ1dτ2

(τ1 − vi)(τ2 − vj)
+
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+
M∑

k=l

M∑

l=1

K(i− 1− k)K(M − j − 1− l)

vi−k∫

vi−k−1

vj+l+1∫

vj+l

ϕ∗ij(τ1, τ2)dτ1dτ2

(τ1 − vi)(τ2 − vj)
+

+
M∑

k=1

M∑

l=1

K(i− 1− k)K(j − 1− l)

vi−k∫

vi−k−1

vj−l∫

vi−j−l

ϕ∗ij(τ1, τ2)dτ1dτ2

(τ1 − vi)(τ2 − vj)
≥

≥
M∑

k=1

M∑

l=1

K(M − i− 1− k)K(j − 1− l)×

×


 M 2

(k + 1)(l + 1)

vi+k+1∫

vi+k

vj+l+1∫

vj+l

ϕ∗+(τ1, τ2)dτ1dτ2+

+
M 2

kl

vi+k+1∫

vi+k

vj+l+1∫

vj+l

ϕ∗−(τ1, τ2)dτ1dτ2


 + · · ·+

+
M∑

k=1

M∑

l=1

K(i− 1− k)K(j − 1− l)×

×


 M 2

(k + 1)(l + 1)

vi−k∫

vi−k−1

vj−l−1∫

vj−l−1

ϕ∗+(τ1, τ2)dτ1dτ2+

+
M 2

kl

vi−k∫

vi−k−1

vj−l∫

vj−l−1

ϕ∗−(τ1, τ2)dτ1dτ2


 ≥

≥
M∑

k=1

M∑

l=1

K(M − i− 1− k)K(M − j − 1− l)×

×


 M 2

(k + 1)(l + 1)

vi+k+1∫

vi+k

vj+l+1∫

vj+l

ϕ∗(τ1, τ2)dτ1dτ2−

− M 2(k + l + 1)

k(k + 1)(l + 1)l

vi+k+1∫

vi+k

vj+l+1∫

vj+l

|ϕ∗(τ1, τ2)|dτ1dτ2


 + · · ·+
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+
M∑

k=1

M∑

l=1

K(i− 1− k)K(j − 1− l)×

×


 M 2

(k + 1)(l + 1)

vi−k∫

vi−k−1

vj−l∫

vj−l−1

ϕ∗(τ1, τ2)dτ1dτ2−

− M 2(k + l + 1)

k(k + 1)(l + 1)l

vi+k+1∫

vi+k

vj+l+1∫

vj+l

|ϕ∗(τ1, τ2)|dτ1dτ2


 ≥

≥
M∑

k=1

M∑

l=1

K(M − i− 1− k)K(M − j − 1− l)×

× M 2

(k + 1)(l + 1)

vi+k+1∫

vi+k

vj+l+1∫

vj+l

ϕ∗(τ1, τ2)dτ1dτ2+

+ · · ·+
M∑

k=1

M∑

l=1

K(i− 1− k)K(j − 1− l)×

× M 2

(k + 1)(l + 1)

vi−k∫

vi−k−1

vj−l∫

vj−l−1

ϕ∗(τ1, τ2)dτ1dτ2 + o(n−r ln2 n).

Çäåñü
ϕ∗+ =

{
ϕ∗, ϕ∗ ≥ 0,
0, ϕ∗ < 0,

ϕ∗− =

{
0, ϕ∗ ≥ 0,
ϕ∗, ϕ∗ < 0.

Îñðåäíÿÿ ïîëó÷åííîå íåðàâåíñòâî, èìååì

sup
ϕ∈Ψ

max
t1,t2

(Sϕ)(t1, t2) ≥ 1

M 2

M∑

k=1

M∑

l=1

(Sϕ∗ij)(vi, vj) ≥

≥
M∑

k=1

M∑

l=1

1

(k + 1)(l + 1)

1∫

vk+l

1∫

vl+1

ϕ∗(τ1, τ2)dτ1dτ2 + · · ·+
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+
M∑

k=1

M∑

l=1

1

(k + 1)(l + 1)

vM−k−1∫

0

vM−l−1∫

0

ϕ∗(τ1, τ2)dτ1dτ2 + o(n−r ln2 n) ≥

≥ 4

[M/ ln M ]∑

k=1

[M/ ln M ]∑

l=1

1

(k + 1)(l + 1)

1∫

0

1∫

0

ϕ∗(τ1, τ2)dτ1dτ2−

−3

[M/ ln M ]∑

k=1

[M/ ln M ]∑

l=1

1

(k + 1)(l + 1)




vk∫

0

vl∫

0

ϕ∗(τ1, τ2)dτ1dτ2+

+

vk∫

0

1∫

vM−l

ϕ∗(τ1, τ2)dτ1dτ2 +

1∫

vM−k

vl∫

0

ϕ∗(τ1, τ2)dτ1dτ2+

+

1∫

vM−k

1∫

vM−l

ϕ∗(τ1, τ2)dτ1dτ2


−

−2

[M/ ln M ]∑

k=1

[M/ ln M ]∑

l=1

1

(k + 1)(l + 1)




vk∫

0

vM−l∫

vl

ϕ∗(τ1, τ2)dτ1dτ2+

+

1∫

vM−k

vM−l∫

vl

ϕ∗(τ1, τ2)dτ1dτ2 +

vM−k∫

vk

vl∫

0

ϕ∗(τ1, τ2)dτ1dτ2+

+

vM−k∫

vk

1∫

vM−l

ϕ∗(τ1, τ2)dτ1dτ2


 + o(n−r ln n). (5.5)

Î÷åâèäíî
[M/ ln M ]∑

k=1

[M/ ln M ]∑

l=1

1

(k + 1)(l + 1)

1∫

0

1∫

0

ϕ∗(τ1, τ2)dτ1dτ2 ≥

≥ (1 + o(1)) ln2 n

1∫

0

1∫

0

ϕ∗(τ1, τ2)dτ1dτ2;
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vk∫

0

vl∫

0

ϕ∗(τ1, τ2)dτ1dτ2 ≤ kl

v1∫

0

v1∫

0

ϕ∗(τ1, τ2)dτ1dτ2 ≤ Akl

M r+2 .

Ïîýòîìó, ïðîäîëæàÿ âûêëàäêè, íà÷àòûå â íåðàâåíñòâå (5.5), èìååì

sup
ϕ∈Ψ

max
t1,t2

(Sϕ)(t1, t2) ≥

≥ (1 + o(1)) ln2 n

1∫

0

1∫

0

ϕ∗(τ1, τ2)dτ1dτ2−

−A

[M/ ln M ]∑

k=1

[M/ ln M ]∑

l=1

kl

(k + 1)(l + 1)

1

M r+2 =

= (1 + o(1)) ln2 n

1∫

0

1∫

0

ϕ∗(τ1, τ2)dτ1dτ2.

Îöåíèâ èíòåãðàë
1∫
0

1∫
0

ϕ∗(τ1, τ2)dτ1dτ2, çàâåðøàåì äîêàçàòåëüñòâî òåî-
ðåìû.

Äîêàçàòåëüñòâà òåîðåì 5.4 − 5.6 àíàëîãè÷íû äîêàçàòåëüñòâàì
òåîðåì 2.3 − 2.5, ïðèâåäåííûì â ãëàâå 3 ïðè èññëåäîâàíèè ê.ô. íà çà-
ìêíóòûõ êîíòóðàõ èíòåãðèðîâàíèÿ.

6. Ìíîãîìåðíûå èíòåãðàëû
Ðàññìîòðèì èíòåãðàë

Tϕ =

∫

D

∫
f(θ)ϕ(y)

r2(x, y)
dy,

ãäå x = (x1, x2), y = (y1, y2), r = |x− y|, θ = (x− y)/r, D = [0, 1]2.
Èíòåãðàë Tϕ áóäåì âû÷èñëÿòü ïî êóáàòóðíûì ôîðìóëàì

Tϕ =
n∑

k1=1

n∑

k2=1

pk1k2
(x1, x2)ϕ(tk1

, tk2
) + RN(x, tk, tl, pkl, ϕ), (6.1)

Tϕ =
N∑

k=1

pk(x1, x2)ϕ(Mk) + RN(x,Mk, pk, ϕ). (6.2)
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Ôîðìóëèðîâêè òåîðåì

Òåîðåìà 6.1 [31], [36]. Ïóñòü N = n2, Ψ = Hα
j , j = 1, 3 è èíòåãðàë

Tϕ âû÷èñëÿåòñÿ ïî ê.ô. âèäà (6.1) ïðè ρ = 0. Òîãäà ñïðàâåäëèâû îöåíêè

ζN [Hα
1 ] ≥ (2 + o(1)) ln N

2α(1 + α)Nα/2

2π∫

0

|f(cos ϕ, sin ϕ)|dϕ,

ζN [Hα
3 ] ≥ (1 + o(1))4N ln N

2π∫

0

|f(cos ϕ, sin ϕ)|dϕ

1/2n∫

0

1/2n∫

0

(t2 + τ 2)α/2dtdτ.

Òåîðåìà 6.2 [31], [36]. Ïóñòü Ψ = Hα
j , j = 1, 2, 3 è èíòåãðàë Tϕ

âû÷èñëÿåòñÿ ïî ê.ô. âèäà (6.2). Òîãäà ñïðàâåäëèâà îöåíêà

ζN [Hα
1 ] ≥ 1

2
(1 + o(1))DjN

−α/2 ln N

2π∫

0

|f(cos ϕ, sin ϕ)|dϕ,

ãäå D1 = 21−α

(2+α) , D2 = 21−α/2

(2+α) , D3 = 12
2+α

(
3

2
√

3

)(1+α)/2 π/6∫
0

dϕ
cos2+αϕ .

Òåîðåìà 6.3 [31], [36]. Ïóñòü N = n2, Ψ = W r,r(1) è èíòåãðàë Tϕ
âû÷èñëÿåòñÿ ïî ê.ô. âèäà (6.1) ïðè ρi = r−1, i = 1, 2. Òîãäà ñïðàâåäëèâà
îöåíêà

ζN [Ψ] ≥ (1 + o(1)) ln N

22r−1N r/2r!

2π∫

0

|f(cos ϕ, sin ϕ)|dϕ.

Òåîðåìà 6.4 [31], [36]. Ïóñòü N = n2,Ψ = Hα
j , j = 1, 3. Ñðåäè ê.ô.

âèäà (6.1) ïðè ρ = 0 àñèìïòîòè÷åñêè îïòèìàëüíîé ïðè 1/n ≤ ti ≤
≤ 1− 1/n, i = 1, 2, ÿâëÿåòñÿ ôîðìóëà

Tϕ =
n−1∑

k1=1

n−1∑

k2=1

ϕ(t′k1
, t′k2

)

∫

dk1k2

∫
f(θ)

r2(x, y)
dy+

+ϕ(t′i1, t
′
i2
)

∫ ∫

∆̄i1i2

f(θ)

r2(x, y)
dy + RN(ϕ), (6.3)
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ãäå tk = k/n, k = 0, 1, . . . , n, t′k = (2k + 1)/2n, k = 0, 1, . . . , n− 1, ∆k1k2
=

= [tk1,tk1+1;tk2
,tk2+1

], k1, k2 = 0, 1, . . . , n − 1, ∆̄k1k2
= [tk1−1, tk1+2; tk2−1, tk2+2],

x ∈ ∆i1i2, dk1k2
= D

⋂
G(∆̄i1,i2), G(∆̄i1i2)− äîïîëíåíèå êâàäðàòà ∆̄i1i2 äî

êâàäðàòà D = [0, 1]2.
Ïîãðåøíîñòü ôîðìóëû (6.3) ðàâíà

RN [Hα
1 (1)] =

(1 + o(1))21−α ln n

(1 + α)Nα/2

2π∫

0

|f(cos ϕ, sin ϕ)|dϕ,

RN [Hα
3 (1)] = (1+o(1))4N ln N

2π∫

0

|f(cos ϕ, sin ϕ)|dϕ

1/2n∫

0

1/2n∫

0

(t2+τ 2)α/2dtdτ.

Ðàññìîòðèì êóáàòóðíóþ ôîðìóëó

Tϕ =
N∑

k=1

ϕ(Bk)

∫

∆j(K)∩D∩G(Bj)

f(θ)

r2(x, y)
dy + ϕ(Bj)

∫

∆(Bj)

f(θ)

r2(x, y)
dy+

+RN(ϕ), (6.4)

ãäå ∆(Bj)− êðóã â ìåòðèêå ρj ðàäèóñà 1/n ñ öåíòðîì â òî÷êå x; G(Bj)−
äîïîëíåíèå ∆(Bj) äî D. Oïèñàíèÿ ðåøåòîê óçëîâ ïðèâåäåíû â ïðåäû-
äóùåì ïàðàãðàôå.

Òåîðåìà 6.5 [36]. Ïóñòü N = n2, Ψj = Hα
j , j = 1, 2, 3. Ñðåäè âñå-

âîçìîæíûõ êóáàòóðíûõ ôîðìóë âèäà (6.2) àñèìïòîòè÷åñêè îïòèìàëüíîé
ÿâëÿåòñÿ ôîðìóëà (6.4). Åå ïîãðåøíîñòü ðàâíà

RN [Ψj] = (1 + o(1))DjN
−α/2 ln N

2π∫

0

|f(cos ϕ, sin ϕ)|dϕ.

Ðàññìîòðèì êóáàòóðíóþ ôîðìóëó

Tϕ =

∫

D

∫
ϕnn(y)f(θ)

r2(x, y)
dy + Rnn(ϕ),

(
2

n
< xi < 1− 2

n
, i = 1, 2

)
, (6.5)

ãäå ϕnn(y)− ñïëàéí, îïèñàííûé â òåîðåìå 2.9.
Òåîðåìà 6.6 [36]. Ïóñòü N = n2, Ψ = W r,r(1). Ñðåäè ê.ô. âèäà (6.1)

ïðè ρi = ρ2 = r − 1, ôîðìóëà (6.5) ÿâëÿåòñÿ àñèìïòîòè÷åñêè îïòèìàëü-
íîé.
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Òåîðåìà 6.7 [36]. Ïóñòü N = n2, Ψ = W r,r(1). Ñðåäè ê.ô. âèäà (6.1)
ïðè ρi = 0, i = 1, 2, àñèìïòîòè÷åñêè îïòèìàëüíîé ÿâëÿåòñÿ ôîðìóëà

Tϕ =
M−1∑

k=0

M−1∑

l=0

′lL,Lϕ(∆kl)r
−2(υk, υl) +

M−1∑

k=0

M−1∑

l=0

′ψ(
∏
n,n

(Tr−1ϕ(υk, υl)), ∆kl)+

+ψ

(∏
n,n

(Tr−1ϕ(υk, υl)), [υi−1, υi+2; υj−1, υj+2]

)
+ RN(ϕ),

ãäå υk = k/M, k = 0, 1, . . . , M, M = [n/L], L = [ln1/r n],

∆kl = [υk, υk+1; υl, υl+1], ψ(ϕ, ∆kl) =

∫

∆kl

∫
f(Θ)ϕ(y)
r2(x,y) dy, (s1, s2) ∈ ∆i,j,

∑∑′

îçíà÷àåò ñóììèðîâàíèå ïî êâàäðàòàì ∆kl, íå èìåþùèì ïåðåñå÷åíèÿ ñ
êâàäðàòîì [υi−1, υi+2; υj−1, υj+2]. Ïîãðåøíîñòü ýòîé ôîðìóëû ðàâíà

RN [Ψ] = (1 + o(1))2 ln n

2π∫

0

|f(cos s, sin s)|ds inf
c
‖B∗

r (·)− c‖L1[0,1]n
−r.
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Äîêàçàòåëüñòâà òåîðåì
Äîêàçàòåëüñòâà òåîðåì 6.1 − 6.7 ïðîâîäÿòñÿ ïî òîé æå ñõåìå, ÷òî

è äîêàçàòåëüñòâà òåîðåì 5.1-5.9. Ïîýòîìó ïðèâåäåì òîëüêî äîêàçàòåëü-
ñòâî òåîðåìû 6.1.

Äîêàçàòåëüñòâî òåîðåìû 6.1. Ïóñòü Ψ = Hα
1 . Ââåäåì òî÷êè vk =

k/M, M = [n/
√

ln n] è îáîçíà÷èì ÷åðåç {wk, wj} ìíîæåñòâî òî÷åê, îáú-
åäèíÿþùåå óçëû {tk1

, tk2
} è òî÷êè {vj1, vj2} ki = 1, 2, . . . , n, ji = 1, 2, . . . , M,

i = 1, 2. Îáîçíà÷èì ÷åðåç ϕ∗(t1, t2) íåîòðèöàòåëüíóþ ôóíêöèþ, âõîäÿ-
ùóþ â êëàññ Hα

1 è îáðàùàþùóþñÿ â íóëü â òî÷êàõ {wk, wj}, 1 ≤ k,

j ≤ n + M. Ââåäåì ôóíêöèþ

ϕ∗j1j2(t) =

{
ϕ∗(t1, t2)sgn f

(
t1−vj1

r(t,vf)
,

t2−vj2

r(t,vj)

)
ρ(t, g(t)) ≥ 2([21/α] + 1) 1

M ,

γ(t1, t2) (t1, t2).

Çäåñü

g(t) =

{
t : f

(
t1√

t21 + t22
,

t2√
t21 + t22

)
= 0

}
, t = (t1, t2), vj = (vj1, vf2

)

ôóíêöèÿ γ(t1, t2) òàêàÿ, ÷òî ϕ∗j1i2 ∈ Ψ.

Ñïðàâåäëèâà îöåíêà ñíèçó

(Kϕij)(vi, vj) ≥
M∑

k=1

M∑

l=1

K(M − i− 1− k)K(M − j − 1− l)×

×
vk+1+i∫

vi+k

vj+l+1∫

vj+l

f(Θ)ϕ∗ij(τ)dτ√
(τ1 − vi)2 + (τ2 − vj)2

+

+
M∑

k=1

M∑

l=1

K(M− i−1−k)K(j−1− l)

vi+k+1∫

vi+k

vj−l∫

vj−l−1

f(Θ)ϕ∗ij(τ)dτ√
(τ1 − vi)2 + (τ2 − vj)2

+

+
M∑

k=1

M∑

l=1

K(i−1−k)K(M−j−1− l)

vi−k∫

vi−k−1

vj+l+1∫

vj+l

f(Θ)ϕ∗ij(τ)dτ√
(τ1 − vi)2 + (τ2 − vj)2

+

+
M∑

k=1

M∑

l=1

K(i− 1− k)K(j − 1− l)

vi−k∫

vi−k−1

vj−l∫

vi−j−l

f(Θ)ϕ∗ij(τ)dτ√
(τ1 − vi)2 + (τ2 − vj)2

≥
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≥
M∑

k=1

M∑

l=1

K(M − i− 1− k)K(M − j − 1− l)×

×
M 2

∣∣∣f
(

k′√
k′2+l′2

, l′√
k′2+l′2

)∣∣∣
k2 + l2

vi+k+1∫

vi+k

vj+l+1∫

vj+l

|ϕ∗ij(τ)|dτ+

+
M∑

k=1

M∑

l=1

K(M − i− 1− k)K(j − 1− l)×

×
M 2

∣∣∣f
(

k′√
k′2+l′2

, −l′√
k′2+l′2

)∣∣∣
k2 + l2

vi+k+1∫

vi+k

vj−l∫

vj−l−1

|ϕ∗ij(τ)|dτ+

+
M∑

k=1

M∑

l=1

K(i− 1− k)K(M − j − 1− l)×

×
M 2

∣∣∣f
(

−k′√
k′2+l′2

, l′√
k′2+l′2

)∣∣∣
k2 + l2

vi+k∫

vi−k−1

vj+i∫

vj+l+1

|ϕ∗ij(τ)|dτ+

+
M∑

k=1

M∑

l=1

K(i− k − 1)K(j − 1− l)×

×
M 2

∣∣∣f
(

−k′√
k′2+l′2

, −l′√
k′2+l′2

)∣∣∣
k2 + l2

vi−k∫

vi−k−1

vj−l∫

vj−l−1

|ϕ∗ij(τ)|dτ ≥

≥
M∑

k=1

M∑

l=1

K(M − i− k − 1)K(M − j − 1− l)×

×
M 2

∣∣∣f
(

k√
k2+l2

, l√
k2+l2

)∣∣∣
k2 + l2

vi+k+1∫

vi+k

vj+l+1∫

vj+l

|ϕ∗(τ)|dτ+

+ · · ·+

+
M∑

k=1

M∑

l=1

K(i− 1− k)K(j − 1− l)×
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×
M 2

∣∣∣f
(

−k√
k2+l2

, −l√
k2+l2

)∣∣∣
k2 + l2

vi−k∫

vi−k−1

vj−l∫

vj−l−1

|ϕ∗(τ)|dτ+

+o(n−α ln n).

Çäåñü ∣∣∣∣f
(

k′√
k′2 + l′2

,
l′√

k′2 + l′2

)∣∣∣∣ =

= min
(t1,t2)∈[vk,vk+1;vl,vl+1]

∣∣∣∣∣f
(

t1√
t21 + t22

,
t2√

t21 + t22

)∣∣∣∣∣ .

Îñðåäíÿÿ ïðåäûäóùåå íåðàâåíñòâî ïî çíà÷åíèÿì i, j, èìååì

sup
ϕ∈Ψ

max
t

(Kϕ)(t) ≥

≥
1∫

0

1∫

0

ϕ∗(τ)dτ

[M/ ln M ]∑

k=1

[M/ ln M ]∑

l=1

1

k2 + l2

[∣∣∣∣f
(

k√
k2 + l2

,
l√

k2 + l2

)∣∣∣∣ +

+

∣∣∣∣f
( −k√

k2 + l2
,

l√
k2 + l2

)∣∣∣∣ +

∣∣∣∣f
(

k√
k2 + l2

,
−l√

k2 + l2

)∣∣∣∣ +

+

∣∣∣∣f
( −k√

k2 + l2
,

−l√
k2 + l2

)∣∣∣∣
]
≥

≥ (1 + o(1)) ln n

2π∫

0

|f(cosϕ, sinϕ)|dϕ

1∫

0

1∫

0

ϕ∗(τ1, τ2)dτ1dτ2.

Â ñàìîì äåëå, ïóñòü L = [M/ ln M ]. Òîãäà
[M/ ln M ]∑

k=1

[M/ ln M ]∑

l=1

1

k2 + l2

[∣∣∣∣f
(

k√
k2 + l2

,
l√

k2 + l2

)∣∣∣∣ +

+

∣∣∣∣f
( −k√

k2 + l2
,

l√
k2 + l2

)∣∣∣∣ +

∣∣∣∣f
(

k√
k2 + l2

,
−l√

k2 + l2

)∣∣∣∣ +

+

∣∣∣∣f
( −k√

k2 + l2
,

−l√
k2 + l2

)∣∣∣∣
]

=
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=
L∑

k=1

L∑

l=1

1

L2

1(
k
L

)2
+

(
l
L

)2




∣∣∣∣∣∣∣
f




k
L((

k
L

)2
+

(
l
L

)2
)1/2 ,

l
L((

k
L

)2
+

(
l
L

)2
)1/2




∣∣∣∣∣∣∣
+

+

∣∣∣∣∣∣∣
f


− − k

L((
k
L

)2
+

(
l
L

)2
)1/2 ,

l
L((

k
L

)2
+

(
l
L

)2
)1/2




∣∣∣∣∣∣∣
+

+

∣∣∣∣∣∣∣
f




k
L((

k
L

)2
+

(
l
L

)2
)1/2 ,

− l
L((

k
L

)2
+

(
l
L

)2
)1/2




∣∣∣∣∣∣∣
+

+

∣∣∣∣∣∣∣
f


 − k

L((
k
L

)2
+

(
l
L

)2
)1/2 ,

− l
L((

k
L

)2
+

(
l
L

)2
)1/2




∣∣∣∣∣∣∣


 ≥

≥
1∫

2
L

1∫

2
L

1

x2 + y2

[∣∣∣∣f
(

x

(x2 + y2)1/2 ,
y

(x2 + y2)1/2

)∣∣∣∣ +

+

∣∣∣∣f
( −x

(x2 + y2)1/2 ,
y

(x2 + y2)1/2

)∣∣∣∣ +

∣∣∣∣f
(

x

(x2 + y2)1/2 ,
−y

(x2 + y2)1/2

)∣∣∣∣ +

+

∣∣∣∣f
( −x

(x2 + y2)1/2 ,
−y

(x2 + y2)1/2

)∣∣∣∣
]
≥

≥
1∫

2
L

π
2− 2

L∫

2
L

[
1

ρ
|f(cosϕ, sinϕ)|+

∣∣∣f(cos(
π

2
+ ϕ), sin(

π

2
+ ϕ))

∣∣∣ +

+ |f(cos(ϕ + π), sin(ϕ + π)|+
∣∣∣∣f(cos(ϕ +

3π

2
), sin(ϕ +

3π

2
))

∣∣∣∣
]

dϕdρ =

= (1+o(1)) ln ρ|12
L

2π∫

0

|f(cosϕ, sinϕ)|dϕ = (1+o(1)) ln n

2π∫

0

|f(cosϕ, sinϕ)|dϕ.

Òåîðåìà äîêàçàíà.
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Çàìå÷àíèå 1. Óòâåðæäåíèÿ, àíàëîãè÷íûå òåîðåìàì 6.1 − 6.7, ñïðà-
âåäëèâû è äëÿ èíòåãðàëîâ âèäà

∫

D

∫
f(x, θ)ϕ(y)r−2(y)dy.

Çàìå÷àíèå 2. Àíàëîãè÷íûå óòâåðæäåíèÿ ñïðàâåäëèâû è â ñëó÷àå, êî-
ãäà D− ñôåðà.

7. Îïòèìàëüíûå ìåòîäû âîññòàíîâëåíèÿ ìíîãîìåðíûõ
ñîïðÿæåííûõ ôóíêöèé

Â ïðåäûäóùèõ ïàðàãðàôàõ áûëè ïîñòðîåíû àñèìïòîòè÷åñêè îïòè-
ìàëüíûå è îïòèìàëüíûå ïî ïîðÿäêó êóáàòóðíûå ôîðìóëû âû÷èñëåíèÿ
ïîëèñèíãóëÿðíûõ èíòåãðàëîâ âèäà

Jϕ ≡
1∫

−1

1∫

−1

ϕ(τ1, τ2)

(τ1 − t1)(τ2 − t2)
dτ1dτ2 ((t1, t2) ∈ D) (7.1)

ïðè −1 + 2/n ≤ t1, t2 ≤ 1 − 2/n, ãäå n2− ÷èñëî óçëîâ êóáàòóðíîé ôîð-
ìóëû, ïðåäíàçíà÷åííîé äëÿ âû÷èñëåíèÿ èíòåãðàëà (7.1), D = (−1, 1)2.

Êàê ñëåäóåò èç îïðåäåëåíèÿ îïòèìàëüíûõ êóáàòóðíûõ ôîðìóë âû-
÷èñëåíèÿ áèñèíãóëÿðíûõ èíòåãðàëîâ, ïðè èõ ïîñòðîåíèè ñòàâèòñÿ çàäà-
÷à âû÷èñëåíèÿ áèñèíãóëÿðíûõ èíòåãðàëîâ ñ íàèáîëüøåé òî÷íîñòüþ íà
äàííîì êëàññå ôóíêöèé â ëþáîé òî÷êå îáëàñòè D = (−1, 1)2. Òàê êàê èí-
òåãðàë Jϕ(t) ÿâëÿåòñÿ ôóíêöèåé ïåðåìåííûõ t = (t1, t2) â îáëàñòè D, òî
çàäà÷à âû÷èñëåíèÿ èíòåãðàëîâ âèäà (7.1) ìîæåò áûòü ïîñòàâëåíà èíà÷å.

Ïóñòü N− öåëîå ÷èñëî, Ψ− êëàññ ôóíêöèé, îïðåäåëåííûõ â îáëàñòè
D̄. ×åðåç Ψ̃ îáîçíà÷èì êëàññ ôóíêöèé, â êîòîðûé îïåðàòîð J îòîáðàæà-
åò ôóíêöèè ϕ ∈ Ψ. Íà êëàññå ôóíêöèé Ψ îïðåäåëåíû N ôóíêöèîíàëîâ.
Òðåáóåòñÿ, èñïîëüçóÿ N ôóíêöèîíàëîâ ôóíêöè ϕ ∈ Ψ, ïîñòðîèòü îïòè-
ìàëüíûé ïî òî÷íîñòè ìåòîä âîññòàíîâëåíèÿ ôóíêöèé èç êëàññà Ψ̃.

Òàêàÿ ïîñòàíîâêà çàäà÷è òðåáóåò âû÷èñëåíèÿ ïîïåðå÷íèêîâ íà êëàññå
Ψ̃.

7.1. Ãëàäêîñòü ïîëèñèíãóëÿðíûõ èíòåãðàëîâ

Â ýòîì ðàçäåëå èññëåäóåòñÿ ãëàäêîñòü ôóíêöèé Ψ̃ = Jϕ, ãäå ϕ ïðè-
íàäëåæèò íåêîòîðîìó êëàññó Ψ. Èçëîæåíèå âåäåòñÿ äëÿ áèñèíãóëÿðíûõ
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èíòåãðàëîâ, íî íåòðóäíî âèäåòü, ÷òî âñå ðåçóëüòàòû ëåãêî ðàñïðîñòðà-
íÿþòñÿ íà ïîëèñèíãóëÿðíûå èíòåãðàëû.

Òåîðåìà 7.1 [38]. Ïóñòü â îáëàñòè D̄ = [−1, 1]2 ôóíêöèÿ f(t1, t2) ∈
∈ Cs

2(1) è îáðàùàåòñÿ â íóëü âìåñòå ñ ïðîèçâîäíûìè äî r ïîðÿäêà íà
ãðàíèöå Γ îáëàñòè D̄. Ïóñòü âûïîëíåíû óñëîâèÿ

∥∥∥
1∫

−1

1∫

−1

f (i,j)(τ1, τ2)

(τ1 − t1)(τ2 − t2)
dτ1dτ2

∥∥∥
C(D)

≤ M

ïðè i + j = r, 0 ≤ i, j ≤ r.
Òîãäà ôóíêöèè Γ = Jf ïðèíàäëåæàò êëàññó ôóíêöèé Qrγ(D̄,M1),

γ = s− r.
Òåîðåìà 7.2 [38]. Ïóñòü â îáëàñòè D̄ = [−1, 1]2 ôóíêöèÿ f(t1, t2) ∈

∈ Cs
2(1) è îáðàùàåòñÿ â íóëü âìåñòå ñ ïðîèçâîäíûìè äî r ïîðÿäêà íà ãðà-

íèöå Γ îáëàñòè D̄. Ïóñòü, êðîìå òîãî, ïðîèçâîäíûå s-ãî ïîðÿäêà ôóíêöèè
f(t1, t2) óäîâëåòâîðÿþò óñëîâèþ Ãåëüäåðà ñ ïîêàçàòåëåì α, 0 < α < 1.

Òîãäà ôóíêöèÿ Γ = Jf ïðèíàäëåæàò êëàññó ôóíêöèé Q∗
rγ(D̄,M1),

γ = s− r.

Äîêàçàòåëüñòâà òåîðåì

Äîêàçàòåëüñòâî òåîðåìû 7.1. Ïîêàæåì, ÷òî ôóíêöèÿ

F (t1, t2) =

∫

D̄

∫
f(τ1, τ2)dτ1dτ2

(τ1 − t1)(τ2 − t2)

ïðèíàäëåæèò êëàññó ôóíêöèé Qrγ(D̄,M1).
Ïóñòü òî÷êà (t1, t2) ëåæèò âíóòðè îáëàñòè D̄. Òîãäà

∂F (t1, t2)

dt1
=

∫

D̄

∫
f(τ1, τ2)dτ1dτ2

(τ1 − t1)2(τ2 − t2)
=

=
1

(1− t1)

1∫

−1

f(1, τ2)

τ2 − t2
dτ +

1

(1 + t2)

1∫

−1

f(−1, τ2)

τ2 − t2
dτ2+

+

∫

D̄

∫
f (1,0)(τ1, τ2)dτ1dτ2

(τ1 − t1)(τ2 − t2)
=

∫

D̄

∫
f (1,0)(τ1, τ2)dτ1dτ2

(τ1 − t1)(τ2 − t2)
.
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Çäåñü èíòåãðàë ñïðàâà â ïåðâîé ñòðîêå ïîíèìàåòñÿ êàê èíòåãðàë Àäà-
ìàðà (oïðåäåëåíèå ñì. â [2]).

Ïðîäîëæàÿ ýòîò ïðîöåññ, èìååì ïðè i + j ≤ r:

F (i,j)(t1, t2) =

∫

D

∫
f (i,j)(τ1, τ2)

(τ1 − t1)(τ2 − t2)
dτ1dτ2. (7.2)

Ïîñëåäóþùèå ïðîèçâîäíûå èìåþò âèä

F (r+1,0)(t1, t2) =
1

1− t1

1∫

−1

f (r+1,0)(1, τ2)

τ2 − t2
dτ2+

1

(1 + t2)

1∫

−1

f (r+1,0)(−1, τ2)

τ2 − t2
dτ2+

+

∫

D̄

∫
f (r+1,0)(τ1, τ2)

(τ1 − t1)(τ2 − t2)
dτ1dτ2;

F (r+1,1)(t1, t2) =
f (r+1,0)(1, 1)

(1− t1)(1− t2)
+

f (r+1,0)(1,−1)

(1− t1)(1 + t1)
+

+
1

(1 + t1)(1− t2)
f (r+1,0)(−1, 1) +

1

(1 + t1)(1 + t2)
f (r+1,0)(−1,−1)+

+
1

1− t1

1∫

−1

f (r+1,1)(1, τ2)

τ2 − t2
dτ2 +

1

1 + t1

1∫

−1

f (r+1,1)(−1, τ2)

τ2 − t2
dτ2+

+
1

1− t2

1∫

−1

f (r+1,1)(τ1, 1)

τ1 − t1
dτ1 +

1

1 + t2

1∫

−1

f (r+1,1)(τ1,−1)

τ1 − t1
dτ1+

+

∫

D̄

∫
f (r+1,1)(τ1, τ2)

(τ1 − t1)(τ2 − t2)
dτ1dτ2. (7.3)

Ïðîäîëæàÿ ýòîò ïðîöåññ è âû÷èñëÿÿ ïðîèçâîäíûå äî s-ãî ïîðÿäêà,
óáåæäàåìñÿ, ÷òî ñïðàâåäëèâî íåðàâåíñòâî

∣∣∣∣
∂|v|F (t1, t2)

∂tv1
1 ∂tv2

2

∣∣∣∣ ≤
M

ρ(t, Γ)|v|−r
, r < v ≤ s

ïðè t = (t1, t2) ∈ D̄ \ Γ, ãäå Γ− ãðàíèöà îáëàñòè D̄, v = (v1, v2), |v| =
v1 + v2, vi ≥ 0, i = 1, 2.
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Èññëåäóåì òåïåðü ãëàäêîñòü ôóíêöèè F (t1, t2) íà ãðàíèöå Γ. Èç ôîð-
ìóëû (7.2) ñëåäóåò, ÷òî ôóíêöèè F (i,j)(t1, t2) îïðåäåëåíû âî âñåé îáëàñòè
D̄ è íåïðåðûâíû ïðè (t1, t2) ∈ D è i + j ≤ r. Ñëåäîâàòåëüíî, ôóíê-
öèè F (i,j)(t1, t2), i + j ≤ r, îïðåäåëåíû âî âñåé îáëàñòè D̄ è îãðàíè÷åíû
íåêîòîðîé êîíñòàíòîé M1.

Òàêèì îáðàçîì, ôóíêöèÿ F (t1, t2) ∈ Qrγ(D̄, M1), ãäå γ = s− r.
Òåîðåìà äîêàçàíà.
Çàìå÷àíèå. Ïðè äîêàçàòåëüñòâå òåîðåìû âìåñòî èíòåãðàëà Àäàìàðà

ìîæíî âîñïîëüçîâàòüñÿ ôîðìóëàìè Ñîõîöêîãî − Ïëåìåëÿ äëÿ áèñèíãó-
ëÿðíûõ èíòåãðàëîâ.

Äîêàçàòåëüñòâî òåîðåìû 7.2. Äîêàçàòåëüñòâî òåîðåìû ïðîâîäèò-
ñÿ ïî àíàëîãèè ñ äîêàçàòåëüñòâîì ïðåäûäóùåé òåîðåìû. Îòëè÷èå çàêëþ-
÷àåòñÿ â îöåíêå ñèíãóëÿðíûõ è áèñèíãóëÿðíûõ èíòåãðàëîâ îò ôóíêöèé
f (i,j)(t1, t2), i + j = r.

Ïðåäñòàâèì ïðîèçâîäíóþ F (i,j)(t1, t2) (i + j = s) ïî ôîðìóëå, àíàëî-
ãè÷íîé ôîðìóëå (7.3). Òîãäà ïðè îöåíêå ïðîèçâîäíîé F (s,0)(t1, t2) âîçíè-
êàåò íåîáõîäèìîñòü â îöåíêå èíòåãðàëà

∣∣∣∣∣∣
1

(1− t1)s−r

1∫

−1

f (s,0)(1, τ2)

τ2 − t2
dτ2

∣∣∣∣∣∣
≤

≤
∣∣∣∣∣∣

1

(1− t1)s−r

1∫

−1

f (s,0)(1, τ2)− f (s,0)(1, t2)

τ2 − t2
dτ2

∣∣∣∣∣∣
+

+

∣∣∣∣
1

(1− t1)s−r
f (s,0)(1, t2) ln

∣∣∣∣
1− t2
1 + t2

∣∣∣∣
∣∣∣∣ ≤

A| ln ρ(t, Γ)|
ργ(t, Γ)

.

Òàêèì îáðàçîì, äîêàçàíî, ÷òî ôóíêöèè F (t1, t2) ïðèíàäëåæàò êëàññó
Q∗

rγ(Ω,M).

7.2. Îïòèìàëüíûå êóáàòóðíûå ôîðìóëû âû÷èñëåíèÿ
ïîëèñèíãóëÿðíûõ èíòåãðàëîâ

Ïîñòðîèì îïòèìàëüíóþ ïî ïîðÿäêó êóáàòóðíóþ ôîðìóëó âû÷èñëå-
íèÿ áèñèíãóëÿðíûõ èíòåãðàëîâ ñ ÿäðîì Êîøè, ðàâíîìåðíî ñõîäÿùóþñÿ
â îáëàñòè D = (−1, 1)2. Íåòðóäíî âèäåòü, ÷òî âñå ïîëó÷åííûå íèæå ðå-
çóëüòàòû ñïðàâåäëèâû äëÿ ïîëèñèíãóëÿðíûõ èíòåãðàëîâ.

290



Ðàññìîòðèì èíòåãðàë

Jϕ =

1∫

−1

1∫

−1

ϕ(τ1, τ2)

(τ1 − t1)(τ2 − t2)
dτ1dτ2, −1 < t1, t2 < 1. (7.4)

Ââåäåì ôóíêöèè:
f(t1, t2) = 1

4 [ϕ(−1,−1)(t1 − 1)(t2 − 1)− ϕ(−1, 1)(t1 − 1)(t2 + 1)−
− ϕ(1,−1)(t1 + 1)(t2 − 1) + ϕ(1, 1)(t1 + 1)(t2 + 1)], ϕ1(τ1, τ2) = ϕ(τ1, τ2)−
−f(τ1, τ2) è ïðåäñòàâèì èíòåãðàë Jϕ â âèäå

Jϕ =

1∫

−1

1∫

−1

ϕ1(τ1, τ2)

(τ1 − t1)(τ2 − t2)
dτ1dτ2 +

1∫

−1

1∫

−1

f(τ1, τ2)

(τ1 − t1)(τ2 − t2)
dτ1dτ2. (7.5)

Âòîðîé èíòåãðàë â ïðàâîé ÷àñòè ïîñëåäíåãî ðàâåíñòâà âû÷èñëÿåòñÿ
òî÷íî. Ïðåîáðàçóåì ïåðâûé èíòåãðàë â ïðàâîé ÷àñòè (7.5). Ââåäåì ôóíê-
öèþ ϕ∗(τ1, τ2) = ϕ1(τ1, τ2)− ϕ2(τ1, τ2), ãäå ϕ2(τ1, τ2) = 1

2 [−ϕ1(τ1,−1)×
× (τ2 − 1) + ϕ1(τ1, 1)(τ2 + 1)− ϕ1(−1, τ2)(τ1 − 1) + ϕ1(1, τ2)(τ1 + 1)].

Òîãäà

Jϕ =

1∫

−1

1∫

−1

ϕ∗(τ1, τ2)

(τ1 − t1)(τ2 − t2)
dτ1dτ2 +

1∫

−1

1∫

−1

f(τ1, τ2)

(τ1 − t1)(τ2 − t2)
dτ1dτ2+

+

1∫

−1

1∫

−1

ϕ2(τ1, τ1)

(τ1 − t2)(τ2 − t2)
dτ1dτ2 = Jϕ∗ + Jf + Jϕ2. (7.6)

Âû÷èñëèì êàæäûé èç èíòåãðàëîâ, ñòîÿùèõ â ïðàâîé ÷àñòè ôîðìó-
ëû (7.6), â îòäåëüíîñòè. Ïðè ýòîì äîñòàòî÷íî îãðàíè÷èòüñÿ ïîñòðîåíèåì
êóáàòóðíûõ ôîðìóë âû÷èñëåíèÿ ïåðâîãî è òðåòüåãî èíòåãðàëà, òàê êàê
âòîðîé èç èíòåãðàëîâ ïðàâîé ÷àñòè (7.6) âû÷èñëÿåòñÿ òî÷íî.

Ïðåäïîëîæèì ñíà÷àëà, ÷òî ϕ ∈ Hαα(1) (0 < α ≤ 1), à èíòåãðàë Jϕ

âû÷èñëÿåòñÿ ïî êóáàòóðíûì ôîðìóëàì âèäà (5.1), ãäå ρ1 = ρ2 = 0.
Ïîêðîåì îáëàñòü D̄ êâàäðàòàìè ∆kl, k, l = 0, 1, . . . , n− 1, ãäå ∆kl =

= [xk, xk+1; xl, xl+1], xk = −1 + 2k/n, k = 0, 1, . . . , n. Ïîëîæèì
x−1 = −1− 2/n, xn+1 = 1 + 2/n. Ïóñòü (t1, t2) ∈ ∆ij.

Îáîçíà÷èì ÷åðåç hx è hy ðàññòîÿíèÿ hx = min(|t1 − xi|, |t1 − xi+1|),
hy = min(|t2 − xj|, |t2 − xj+1|). Äëÿ îïðåäåëåííîñòè ïîëîæèì, ÷òî hx =
= |t1 − xi|, hy = |t2 − xj|.
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Ïóñòü 1 ≤ i, j ≤ n− 2. Îáîçíà÷èì ÷åðåç ∆0
ij îáëàñòü [xi−1, ti + 2

n +
+ hx; xj−1, t2 + 2

n + hy]; ÷åðåç ∆∗
ij îáëàñòü [xi−1, t1 + 2

n + hx;−1, 1] ∪
∪ [−1, 1; xj−1, t2 + 2

n +hy]. Äëÿ âû÷èñëåíèÿ èíòåãðàëà Jϕ∗ âîñïîëüçóåìñÿ
êóáàòóðíîé ôîðìóëîé

Jϕ∗ ≡
n−1∑

k=0

n−1∑

l=0

′ϕ∗(x′k, x
′
l)

∫ ∫

∆kl

dτ1dτ2

(τ1 − t1)(τ2 − t2)
+

+
n−1∑

k=0

n−1∑

l=0

′′ϕ∗(x′k, x
′
l)

∫ ∫

∆̄kl

dτ1dτ2

(τ1 − t1)(τ2 − t2)
+ Rnn(ϕ

∗). (7.7)

Çäåñü
∑∑′ îçíà÷àåò ñóììèðîâàíèå ïî êâàäðàòàì ∆kl, ìåðà ïåðåñå÷åíèÿ

êîòîðûõ ñ îáëàñòüþ ∆∗
ij ðàâíà íóëþ;

∑∑′′ îçíà÷àåò ñóììèðîâàíèå ïî
êâàäðàòàì ∆kl, ìåðà ïåðåñå÷åíèÿ êîòîðûõ ñ îáëàñòüþ ∆∗

ij íå ðàâíà íóëþ,
∆̄kl− äîïîëíåíèå îáëàñòè ∆kl ∩∆∗

ij äî êâàäðàòà ∆kl.

Åñëè (i, j) = (0, 0), (n− 1, 0), (0, n− 1), (n− 1, n− 1), òî èíòåãðàë Jϕ∗

âû÷èñëÿåòñÿ ïî ôîðìóëå

Jϕ∗ =
n−1∑

k=0

n−1∑

l=0

ϕ(x′k, y
′
l)

∫ ∫

∆̄kl

dτ1dτ2

(τ1 − t1)(τ2 − t2)
+ Rnn(ϕ

∗), (7.8)

ãäå ∆∗
00 = [0, 2t1;−1, 1]∪[−1, 1; 0, 2t2]. Îáëàñòè ∆∗

ij, (i, j) = (n−1, 0), (0, n−

− 1), (n− 1, n− 1) îïðåäåëÿþòñÿ àíàëîãè÷íî.
Åñëè i = 0, j = 1, 2, . . . , n − 2, òî èíòåãðàë Jϕ∗ âû÷èñëÿåòñÿ ïî ôîð-

ìóëå

Jϕ∗ =
n−1∑

k=0

n−1∑

l=0

′ϕ∗(x′k, y
′
l)

∫ ∫

∆kl

dτ1dτ2

(τ1 − t1)(τ2 − t2)
+

+
n−1∑

k=0

n−1∑

l=0

′′ϕ∗(x′k, y
′
l)

∫ ∫

∆̄kl

dτ1dτ2

(τ1 − t1)(τ2 − t2)
+ Rnn(ϕ

∗), (7.9)

ãäå ïîä ∆∗
ij ïîíèìàåòñÿ îáëàñòü [0, 2t1;−1, 1] ∪ [−1, 1; xj−1, xj+2].

Àíàëîãè÷íî âû÷èñëÿåòñÿ èíòåãðàë Jϕ∗ ïðè i = n− 1, j = 1, 2, . . . ,
n− 2; i = 1, 2, . . . , n− 2, j = 0; i = 1, 2, . . . , n− 2, j = n− 1.
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Ïîãðåøíîñòü êóáàòóðíîé ôîðìóëû (7.7) îöåíèâàåòñÿ íåðàâåíñòâîì

|Rnn(ϕ
∗)| ≤

n−1∑

k=0

n−1∑

l=0

′
∫ ∫

∆kl

∣∣∣∣
ϕ∗(τ1, τ2)− ϕ∗(x′k, x

′
l)

(τ1 − t1)(τ2 − t2)

∣∣∣∣ dτ1dτ2+

+
n−1∑

k=0

n−1∑

l=0

′′
∫ ∫

∆̄kl

∣∣∣∣
ϕ∗(τ1, τ2)− ϕ∗(x′k, x

′
l)

(τ1 − t1)(τ2 − t2)

∣∣∣∣ dτ1dτ2+

+

∣∣∣∣∣∣∣

∫ ∫

∆∗
ij

ϕ∗(τ1, τ2)

(τ1 − t1)(τ2 − t2)
dτ1dτ2

∣∣∣∣∣∣∣
= r1 + r2 + r3. (7.10)

Íåòðóäíî âèäåòü, ÷òî

r1 ≤ 4

[n/2]∑

k=1

[n/2]∑

l=1

n

2k
· n

2l

∫ ∫

∆kl

|ϕ∗(τ1, τ2)− ϕ∗(x′k, x
′
l)|dτ1dτ2 ≤

≤ An2 ln2 n

1/n∫

0

1/n∫

0

τα
1 dτ1dτ2 =

A

1 + α

1

nα
ln2 n.

Îöåíèì òåïåðü èíòåãðàë r2. Òàê êàê
∫ ∫

∆∗
ij

dτ1dτ2

(τ1 − t1)(τ2 − t2)
= 0,

òî îöåíêà r2 ïðîâîäèòñÿ òî÷íî òàê æå, êàê îöåíêà r1.

Îöåíèì èíòåãðàë r3

r3 =

∣∣∣∣∣∣∣

∫ ∫

∆∗
ij

ϕ(τ1, τ2)− ϕ(t1, τ2)− ϕ(τ1, t2) + ϕ(t1, t2)

(τ1 − t1)(τ2 − t2)
dτ1dτ2

∣∣∣∣∣∣∣
≤

≤ A

∫ ∫

∆0
ij

|τ1 − t1|α/2|τ2 − t2|α/2

|τ1 − t1||τ2 − t2| dτ1dτ2+

+4A

t1+ 2
n+hx∫

xi−1

1∫

xj+1

|τ1 − t1|αdτ1dτ2

|τ1 − t1||τ2 − t2| ≤
A ln n

nα
.
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Èç ïîëó÷åííûõ âûøå îöåíîê ñëåäóåò, ÷òî ïîãðåøíîñòü êóáàòóðíîé
ôîðìóëû (7.7) îöåíèâàåòñÿ íåðàâåíñòâîì |Rnn(ϕ

∗) ≤ An−α ln2 n.

Ïîãðåøíîñòü êóáàòóðíûõ ôîðìóë (7.8) è (7.9) îöåíèâàåòñÿ àíàëîãè÷-
íî. Äëÿ îïðåäåëåííîñòè îãðàíè÷èìñÿ îöåíêîé ïîãðåøíîñòè êóáàòóðíîé
ôîðìóëû (7.8). Ïðè ýòîì ñïðàâåäëèâî íåðàâåíñòâî âèäà (7.10), â êîòîðîì
ñóììà r1 îöåíåíà âûøå. Îñòàëîñü îöåíèòü ñëàãàåìûå r2 è r3.

Äëÿ îïðåäåëåííîñòè ïðåäïîëîæèì, ÷òî i = j = 0. Îöåíèì ñëàãàåìîå
∣∣∣∣∣∣∣

∫ ∫

∆̄00

ϕ∗(τ1, τ2)

(τ1 − t1)(τ2 − t2)
dτ1dτ2

∣∣∣∣∣∣∣
.

Òàê êàê ϕ∗(−1, t2) = ϕ∗(1, t2) = ϕ∗(t1,−1) = ϕ∗(t1, 1) = 0, òî
|ϕ∗(τ1, τ2)| = |ϕ∗(τ1, τ2)−ϕ(−1, τ2)| ≤ A|τ1+1|α; |ϕ∗(τ1, τ2)| = |ϕ∗(τ1, τ2)−
− ϕ(τ1,−1)| ≤ A|τ2 + 1|α.

Ñëåäîâàòåëüíî, |ϕ∗(τ1, τ2)| ≤ A|τ1 + 1|α/2|τ2 + 1|α/2 è
∣∣∣∣∣∣∣

∫ ∫

∆̄00

ϕ∗(τ1, τ2)dτ1dτ2

(τ1 − t1)(τ2 − t2)

∣∣∣∣∣∣∣
≤ A

∫ ∫

∆̄00

|τ1 + 1|α/2||τ2 + 1|α/2

|τ1 − t1||τ2 − t2| dτ1dτ2

∣∣∣∣∣∣∣
≤

≤ A

2/n∫

2hx

∣∣∣∣
τ1 − t1 − hx

τ1 − t1

∣∣∣∣
α/2

dτ1

2/n∫

2hy

∣∣∣∣
τ2 − t2 − hy

τ2 − t2

∣∣∣∣
α/2

dτ2.

Íåòðóäíî âèäåòü, ÷òî
2/n∫

2hx

|τ1 − t1 − hx|α/2

|τ1 − t1| dτ1 ≤ 21−α/2

2/n∫

2hx

dτ1

|τ1 − t1|1−α/2+

+21−α/2hα/2
x

2/n∫

2hx

dτ

|τ1 − t1| ≤ A

[(
1

n

)α/2

+

(
1

n

)α/2

ln n

]
≤ A

ln n

nα/2 .

Òàêèì îáðàçîì,
∣∣∣∣∣∣∣

∫ ∫

∆̄00

ϕ∗(τ1, τ2)

(τ1 − t1)(τ2 − t2)
dτ1dτ2

∣∣∣∣∣∣∣
≤ A

ln2 n

nα
.
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Àíàëîãè÷íûì îáðàçîì îöåíèâàåòñÿ ñóììà

n−1∑

k=1

∣∣∣∣∣∣∣

∫ ∫

∆̄0k

ϕ∗(τ1, τ2)dτ1dτ2

(τ1 − t1)(τ2 − t2)

∣∣∣∣∣∣∣
≤

n−1∑

k=1

∣∣∣∣∣∣∣

∫ ∫

∆̄0k

ϕ∗(τ1, τ2)− ϕ(−1, τ2)

(τ1 − t1)(τ2 − t2)
dτ1dτ2

∣∣∣∣∣∣∣
≤

≤ A

n−1∑

k=1

n

2k

∣∣∣∣∣∣∣

∫ ∫

∆̄0k

|τ1 + 1|α
|τ1 − t1| dτ1 ≤ A ln n

2/n∫

hk

|τ1 + 1|α
|τ1 − t1| dτ1 ≤ An−α ln2 n.

Ïîñòðîèì òåïåðü êóáàòóðíóþ ôîðìóëó äëÿ âû÷èñëåíèÿ èíòåãðàëà
Jϕ2. Âû÷èñëåíèå ýòîãî èíòåãðàëà ðàñïàäàåòñÿ íà âû÷èñëåíèå ÷åòûðåõ
ïîâòîðíûõ èíòåãðàëîâ âèäà

1∫

−1

1∫

−1

ϕ1(τ1,−1)(τ2 − 1)

(τ1 − t1)(τ2 − t2)
dτ1dτ2 =

1∫

−1

ϕ1(τ1,−1)

(τ1 − t1)
dτ1

1∫

−1

(τ2 − 1)

(τ2 − t2)
dτ2.

Âòîðîé èç èíòåãðàëîâ ñïðàâà âû÷èñëÿåòñÿ òî÷íî, à äëÿ âû÷èñëåíèÿ
ïåðâîãî äîñòàòî÷íî âîñïîëüçîâàòüñÿ êâàäðàòóðíîé ôîðìóëîé

1∫

−1

ϕ1(τ1,−1)

(τ1 − t1)
dτ1 =

n−2∑

k=1

ϕ1(x
′
k,−1)

xk+1∫

xk

dτ1

(τ1 − t1)
+ rn,

ïîãðåøíîñòü êîòîðîé ðàâíà An−α ln n.

Àíàëîãè÷íûì îáðàçîì âû÷èñëÿþòñÿ îñòàëüíûå ñëàãàåìûå, âõîäÿùèå
â èíòåãðàë Jϕ2. Òàêèì îáðàçîì, ïîãðåøíîñòü âû÷èñëåíèÿ èíòåãðàëà Jϕ2

îöåíèâàåòñÿ âåëè÷èíîé A ln n
nα . Îáúåäèíÿÿ ïîëó÷åííûå îöåíêè è ñðàâíèâàÿ

èõ ñ îöåíêàìè ñíèçó ïîãðåøíîñòè âû÷èñëåíèÿ ïîëèñèíãóëÿðíûõ èíòåãðà-
ëîâ êóáàòóðíûìè ôîðìóëàìè âèäà (5.1) (ñì. ïàðàãðàô 5), óáåæäàåìñÿ
â òîì, ÷òî ïîñòðîåííàÿ êóáàòóðíàÿ ôîðìóëà ÿâëÿåòñÿ îïòèìàëüíîé ïî
ïîðÿäêó.

Òåîðåìà 7.3 [38]. Ñðåäè âñåâîçìîæíûõ ïàññèâíûõ àëãîðèòìîâ âû-
÷èñëåíèÿ èíòåãðàëà Jϕ, èñïîëüçóþùèõ O(n) çíà÷åíèé ïîäûíòåãðàëüíîé
ôóíêöèè, îïòèìàëüíûì ïî ïîðÿäêó ÿâëÿåòñÿ ìåòîä âû÷èñëåíèÿ èíòå-
ãðàëà Jϕ ïî ôîðìóëàì (7.6) − (7.9). Ïîãðåøíîñòü ýòîãî ìåòîäà ðàâíà
An−α/2 ln2 n.

Ïîñòðîèì òåïåðü îïòèìàëüíóþ ïî ïîðÿäêó êóáàòóðíóþ ôîðìóëó âû-
÷èñëåíèÿ èíòåãðàëîâ (7.1) â îáëàñòè D íà êëàññå ôóíêöèé W r,r(1). Äëÿ
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ýòîãî, êàê è âûøå, ïðåäñòàâèì èíòåãðàë Jϕ â âèäå (7.6) è ïîñòðîèì êó-
áàòóðíûå ôîðìóëû âû÷èñëåíèÿ èíòåãðàëîâ Jϕ∗ è Jϕ2.

Äëÿ âû÷èñëåíèÿ èíòåãðàëà Jϕ2 íóæíî âîñïîëüçîâàòüñÿ êâàäðàòóðíîé
ôîðìóëîé âû÷èñëåíèÿ ñèíãóëÿðíûõ èíòåãðàëîâ

Kϕ =

1∫

−1

ϕ(τ)

τ − t
dτ

ñ ÿäðîì Êîøè íà ìíîæåñòâå ôóíêöèé ϕ(τ), ïðèíàäëåæàùèõ êëàññó ôóíê-
öèé W r(1) è óäîâëåòâîðÿùèõ äîïîëíèòåëüíîìó óñëîâèþ ϕ(−1) =
= ϕ(1) = 0. Òàêèå ôîðìóëû áûëè ïîñòðîåíû â ãëàâå 3.

Ââåäåì óçëû xk = −1 + 2k/n, k = 0, 1, . . . , n. ×åðåç x′k îáîçíà÷èì
óçëû x′k = (xk + xk+1)/2, k = 0, 1, . . . , n− 1.

Îáîçíà÷èì ÷åðåç ζk(k = 1, 2, . . . , r) óçëû ïîëèíîìà ×åáûøåâà ïåðâîãî
ðîäà. Îáðàçû ýòèõ óçëîâ ïðè îòîáðàæåíèè ñåãìåíòà [ζ1, ζr] íà ñåãìåíò
∆k = [xk, xk+1], k = 0, 1, . . . , n− 1, îáîçíà÷èì ÷åðåç ζk

1 , . . . , ζk
r . Ïîëèíîì,

èíòåðïîëèðóþùèé ôóíêöèþ ϕ(t) â ñåãìåíòå ∆k ïî óçëàì ζk
1 , . . . , ζk

r , îáî-
çíà÷èì ÷åðåç Lr(ϕ, ∆k), k = 0, 1, . . . , n − 1. Ñïëàéí, ñîñòàâëåííûé èç
ïîëèíîìîâ Lr(ϕ, ∆k), k = 0, 1, . . . , n− 1, îáîçíà÷èì ÷åðåç ϕr(t).

Èíòåãðàë Kϕ áóäåì âû÷èñëÿòü ïî êâàäðàòóðíîé ôîðìóëå

Kϕ ≡
1∫

−1

ϕ(τ)

τ − t
dτ =

1∫

−1

ϕr(τ)

τ − t
dτ + Rn(ϕ). (7.11)

Ïîâòîðÿÿ ðàññóæäåíèÿ, íåîäíîêðàòíî ïðîâåäåííûå â ãëàâå 3, ìîæíî
ïîêàçàòü, ÷òî |Rn(ϕ)| ≤ An−r ln n äëÿ âñåõ ϕ ∈ W r(1).

Ïðèñòóïèì ê ïîñòðîåíèþ îïòèìàëüíîé ïî ïîðÿäêó êóáàòóðíîé ôîð-
ìóëû âû÷èñëåíèÿ èíòåãðàëà Jϕ∗.

Íàïîìíèì, ÷òî ïî ïîñòðîåíèþ ôóíêöèÿ ϕ∗ ïðèíàäëåæèò êëàññó ôóíê-
öèé W r,r(M) è îáðàùàåòñÿ â íóëü íà ãðàíèöå îáëàñòè D̄. Ïîêðîåì îá-
ëàñòü D̄ êâàäðàòàìè ∆kl, k, l = 0, 1, . . . , n− 1, ãäå ∆kl =
= [xk, xk+1; xl, xl+1], xk = −1 + 2k/n, k = 0, 1, . . . , n. Â êàæäîì êâàäðàòå
∆kl, k, l = 0, 1, . . . , n − 1, ôóíêöèþ ϕ∗(t1, t2) áóäåì àïïðîêñèìèðîâàòü
èíòåðïîëÿöèîííûì ïîëèíîìîì Lr(ϕ

∗, ∆kl) = Lt1
r (Lt2

r (ϕ∗[·; xl, xl+1]);
[xk, xk+1; ·]) , ãäå âåðõíèå èíäåêñû t1 è t2 îçíà÷àþò ïåðåìåííóþ, ïî êî-
òîðîé ïðîâîäèòñÿ èíòåðïîëÿöèÿ. Ñïëàéí, ñîñòàâëåííûé èç ïîëèíîìîâ
Lr(ϕ

∗, ∆kl), k, l = 0, 1, . . . , n− 1, îáîçíà÷èì ÷åðåç ϕ∗r(t1, t2).
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Èíòåãðàë Jϕ∗ áóäåì ïðèáëèæàòü êóáàòóðíîé ôîðìóëîé

Jϕ∗ =

1∫

−1

1∫

−1

ϕ∗r(τ1, τ2)

(τ1 − t1)(τ2 − t2)
dτ1dτ2 + Rn(ϕ

∗). (7.12)

Îöåíèì ïîãðåøíîñòü ýòîé êóáàòóðíîé ôîðìóëû. Ïóñòü (t1, t2) ∈
∈ ∆ij. Êàê è ïðè ðàññìîòðåíèè êóáàòóðíûõ ôîðìóë íà êëàññå Ãåëüäåðà,
ââåäåì âåëè÷èíû hx è hy è ïðåäïîëîæèì, ÷òî hx = t1 − xi−1, hy =
= t2 − xj−1.

Ââåäåì îáîçíà÷åíèÿ: ∆0, ∆
∗
0, ∆̄kl, k, l = 0, 1, . . . , n− 1.

Ýòè îáîçíà÷åíèÿ çàâèñÿò îò èíäåêñîâ i, j êóáîâ ∆ij, â êîòîðûõ ðàñïî-
ëîæåíû òî÷êè (t1, t2).

Ïóñòü 1 ≤ i, j ≤ n− 2. Òîãäà ∆0 = D̄ ∩ ([xi−1, ti + 2/n + hx;−1, 1] ∪
∪ [−1, 1; xj−1, tj +2/n+hy]), ∆

∗
0 = D̄∩ ([xi−1, ti +2/n+hx; xj−1, tj +2/n+

+ hy]), ∆̄kl = ∆kl \ (∆kl ∩∆0), k, l = 0, 1, . . . , n− 1.
Ïóñòü (i, j) = (0, 0). Òîãäà ∆0 = D̄∩ ([xi, ti +hx;−1, 1]∪ [−1, 1; xj, tj +

+ hy]), ∆
∗
0 = D̄ ∩ ([xi, ti + hx; xj, tj + hy]), ∆̄kl = ∆kl \ (∆kl ∩∆0), k, l =

= 0, 1, . . . , n− 1.
Â ñëó÷àÿõ, êîãäà (i, j) = (0, n − 1), (n − 1, 0), (n − 1, n − 1), îáëàñòè

∆0, ∆
∗
0, ∆̄kl, k, l = 0, 1, . . . , n−1, îïðåäåëÿþòñÿ ïî àíàëîãèè ñ ïðåäûäó-

ùèì ñëó÷àåì.
Îöåíèì ïîãðåøíîñòü êóáàòóðíîé ôîðìóëû (7.12):

|Rn(ϕ
∗)| ≤

n−1∑

k=0

n−1∑

l=0

′

∣∣∣∣∣∣

∫ ∫

∆kl

ϕ∗(τ1, τ2)− ϕ∗r(τ1, τ2)

(τ1 − t1)(τ2 − t2)
dτ1dτ2

∣∣∣∣∣∣
+

+
n−1∑

k=0

n−1∑

l=0

′′

∣∣∣∣∣∣∣

∫ ∫

∆̄kl

ϕ∗(τ1, τ2)− ϕ∗r(τ1, τ2)

(τ1 − t1)(τ2 − t2)
dτ1dτ2

∣∣∣∣∣∣∣
+

+

∣∣∣∣∣∣

∫ ∫

∆0

ϕ∗(τ1, τ2)− ϕ∗r(τ1, τ2)

(τ1 − t1)(τ2 − t2)
dτ1dτ2

∣∣∣∣∣∣
= r1 + r2 + r3. (7.13)

Çäåñü
∑∑′ îçíà÷àåò ñóììèðîâàíèå ïî êâàäðàòàì, ìåðà ïåðåñå÷åíèÿ

êîòîðûõ ñ îáëàñòüþ ∆0 ðàâíà íóëþ,
∑∑′′ îçíà÷àåò ñóììèðîâàíèå ïî

îñòàëüíûì êâàäðàòàì.
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Îöåíèì êàæäîå èç âûðàæåíèé r1 − r3 â îòäåëüíîñòè.
Íåòðóäíî âèäåòü, ÷òî

r1 ≤ 4n2
[n/2]∑

k=1

[n/2]∑

l=1

1

kl

∫ ∫

∆kl

|ϕ∗(τ1, τ2)− ϕ∗r(τ1, τ2)|dτ1dτ2 ≤ A

nr
ln2 n; (7.14)

r2 ≤ 2n2
[n/2]∑

k=1

1

k

∫ ∫

∆̄k,j+1

|ϕ∗(τ1, τ2)− ϕ∗r(τ1, τ2)|dτ1dτ2+

+2n2
[n/2]∑

l=1

1

l

∫ ∫

∆̄i+1,l

|ϕ∗(τ1, τ2)− ϕ∗r(τ1, τ2)|dτ1dτ2 ≤ A

nr
ln n. (7.15)

Ïðèñòóïèì ê îöåíêå r3. Ïðåäïîëîæèì âíà÷àëå, ÷òî 1 ≤ i, j ≤ n − 2.
Â ýòîì ñëó÷àå

r3 =

∣∣∣∣∣∣

∫ ∫

∆0

ψr(τ1, τ2)

(τ1 − t1)(τ2 − t2)
dτ1dτ2

∣∣∣∣∣∣
≤

≤

∣∣∣∣∣∣∣

∫ ∫

∆∗
0

ψr(τ1, τ2)− ψr(t1, τ2)− ψr(τ1, t2) + ψr(t1, t2)

(τ1 − t1)(τ2 − t2)
dτ1dτ2

∣∣∣∣∣∣∣
+

+
n−1∑

k=0

∣∣∣∣∣∣∣

xk+1∫

xk

t2+2/n+hy∫

xj−1

ψr(τ1, τ2)− ψr(τ1, t2)

(τ1 − t1)(τ2 − t2)
dτ1dτ2

∣∣∣∣∣∣∣
+

+
n−1∑

l=0

∣∣∣∣∣∣∣

t1+2/n+hx∫

xi−1

xl+1∫

xl

ψr(τ1, τ2)− ψr(t1, τ2)

(τ1 − t1)(τ2 − t2)
dτ1dτ2

∣∣∣∣∣∣∣
= r31 + r32 + r33, (7.16)

ãäå ψr(τ1, τ2) = ϕ∗(τ1, τ2)− ϕ∗r(τ1, τ2).
Äëÿ äàëüíåéøåãî íåîáõîäèìî îöåíèòü âåëè÷èíó

sup
t1,τ1∈[xi−1,xi+2]

|ψ∗r(τ1, t2)− ψ∗r(t1, t2)|
|τ1 − t1| .
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Â ñëó÷àå, åñëè τ1 è t1 ïðèíàäëåæàò ñåãìåíòó [xi, xi+1], èç íåðàâåíñòâà
|ψr(τ1, t2)| ≤ A

nr , ïðèìåíÿÿ íåðàâåíñòâî À.À. Ìàðêîâà è ïîâòîðÿÿ äîêàçà-
òåëüñòâî òåîðåìû Ñ.Í. Áåðíøòåéíà î ñòðóêòóðíûõ ñâîéñòâàõ ôóíêöèé,
èìååì |ψ(1,0)

r (τ1, t2)| ≤ Ar2n−r+1. Ïîýòîìó |ψr(τ1, t2)−
− ψr(t1, t2)| ≤ |ψ(1,0)

r (θ, t2)||τ1 − t1| ≤ An−r+1|τ1 − t1|.
Ðàññìîòðèì òåïåðü ñëó÷àé, êîãäà òî÷êà τ1 ∈ [xi−1, xi), à òî÷êà t1 ∈

[xi, xi+1]. Â ýòîì ñëó÷àå

|ψr(τ1, t2)− ψr(t1, t2)| ≤ |ψr(τ1, t2)− ψr(xi, t2)|+
+|ψr(xi, t2)− ψr(t1, t2)| ≤ An−r+1(|τ1 − xi|+ |xi − t1|) ≤ An−r+1|τ1 − t1|.

Çàìåòèâ, ÷òî |ψr(τ1, τ2)−ψr(t1, τ2)−ψr(τ1, t2)+ψr(t1, t2)| ≤ An(r−1)|τ1−
− t1|1/2|τ2 − t2|1/2, èìååì

r31 ≤ A

nr−1 ≤
∫ ∫

∆∗
0

(|τ1 − t1||τ2 − t2|)1/2dτ1dτ2 ≤ A

nr
. (7.17)

Îöåíêè âûðàæåíèé r32 è r33 ïðîâîäÿòñÿ àíàëîãè÷íî. Ïîýòîìó îãðàíè-
÷èìñÿ îöåíêîé r32 :

r32 ≤ A

nr−1

[n/2]∑

k=1

n

k

xk+1∫

xk

t2+2/n+hy∫

yj−1

dτ1dτ2 ≤ A

nr
ln n. (7.18)

Èç (7.17)�(7.18) ñëåäóåò, ÷òî ïðè 1 ≤ i, j ≤ n− 2

r3 ≤ An−r ln n. (7.19)

Îöåíèì âåëè÷èíû r2, r3 â ïðåäïîëîæåíèè, ÷òî i è j (âìåñòå èëè ïî-
ðîçíü) ïðèíèìàþò çíà÷åíèÿ 0 èëè n − 1. Äëÿ îïðåäåëåííîñòè îãðàíè-
÷èìñÿ ñëó÷àåì, êîãäà i = j = 0. Â ýòîì ñëó÷àå âåëè÷èíà r2 îöåíèâàåòñÿ
ïîñëåäîâàòåëüíîñòüþ íåðàâåíñòâ

r2 ≤
x2∫

t1+hx

x2∫

t2+hy

|ψr(τ1, τ2)|dτ1dτ2

|τ1 − t1||τ2 − t2| +
n−1∑

k=2

xk+1∫

xk

x2∫

t2+hy

|ψr(τ1, τ2)|dτ1dτ2

|τ1 − t1||τ2 − t2| +

+
n−1∑

l=2

x2∫

t1+hx

xl+1∫

xl

|ψr(τ1, τ2)|dτ1dτ2

|τ1 − t1||τ2 − t2| = r21 + r22 + r23. (7.20)

299



Îöåíèì êàæäîå èç ýòèõ âûðàæåíèé â îòäåëüíîñòè. Âíà÷àëå îöåíèì
âåëè÷èíó r21. Ïðåäâàðèòåëüíî çàìåòèì, ÷òî

|ψr(τ1, τ2)| = |ψr(τ1, τ2)− ψr(−1, τ2)− ψr(τ1,−1) + ψr(−1,−1)| ≤

≤ A(|τ1 + 1||τ2 + 1|)1/2

nr−1 ≤

≤ A(|τ1 − t1|1/2 + |t1 + 1|1/2)(|τ2 − t2|1/2 + |t2 + 1|1/2)

nr−1 =

=
A

nr−1 (|τ1 − t1|1/2|τ2 − t2|1/2 + |τ1 − t1|1/2|t2 + 1|1/2+

+|t1 + 1|1/2|τ2 − t2|1/2 + |t1 + 1|1/2|t2 + 1|1/2).

Ñëåäîâàòåëüíî,

r21 ≤ A

nr−1

x2∫

t1+hx

x2∫

t2+hy

dτ1dτ2

|τ1 − t1|1/2|τ2 − t2|1/2 + · · ·+

+
A

nr−1

x2∫

t1+hx

x2∫

t2+hy

|t1 + 1|1/2|t2 + 1|1/2dτ1dτ2

|τ1 − t1||τ2 − t2| ≤ A

nr
. (7.21)

Âûðàæåíèÿ r22 è r23 îöåíèâàþòñÿ àíàëîãè÷íî. Ïîýòîìó îãðàíè÷èìñÿ
îöåíêîé ïåðâîãî èç íèõ. Î÷åâèäíî,

r22 ≤
n−1∑

k=2

n

k

xk+1∫

xk

x2∫

t2+hy

|ψr(τ1, τ2)− ψr(τ1,−1)|dτ1dτ2

|τ2 − t2| ≤

≤ A

nr−2

n−1∑

k=2

1

k

xk+1∫

xk

x2∫

t2+hy

(|τ2 − t2|+ |t2 + 1|)dτ1dτ2

|τ2 − t2| ≤ A

nr
ln n. (7.22)

Èç îöåíîê (7.20)�(7.22) ñëåäóåò, ÷òî

r2 ≤ A ln2 n

nr
. (7.23)

Îñòàëîñü îöåíèòü r3 :

r3 ≤

∣∣∣∣∣∣∣

t1+hx∫

−1

t2+hy∫

−1

ψr(τ1, τ2)dτ1dτ2

(τ1 − t1)(τ2 − t1)

∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣

x2∫

t1+hx

t2+hy∫

−1

ψr(τ1, τ2)dτ1dτ2

(τ1 − t1)(τ2 − t2)

∣∣∣∣∣∣∣
+
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+

∣∣∣∣∣∣∣

t1+hx∫

−1

x2∫

t2+hy

ψr(τ1, τ2)dτ1dτ2

(τ1 − t1)(τ2 − t2)

∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣

x2∫

t1+hx

x2∫

t2+hy

ψr(τ1, τ2)dτ1dτ2

(τ1 − t1)(τ2 − t2)

∣∣∣∣∣∣∣
+

+
n−1∑

k=2

∣∣∣∣∣∣∣

xk+1∫

xk

t2+hy∫

−1

ψr(τ1, τ2)dτ1dτ2

(τ1 − t1)(τ2 − t2)

∣∣∣∣∣∣∣
+

+
n−1∑

l=2

∣∣∣∣∣∣

t1+hx∫

−1

xl+1∫

xl

ψr(τ1, τ2)dτ1dτ2

(τ1 − t1)(τ2 − t2)

∣∣∣∣∣∣
= r31 + · · ·+ r36. (7.24)

Èíòåãðàë r31 îöåíèâàåòñÿ ïî òîé æå ñõåìå, ÷òî è èíòåãðàë r31 â íåðà-
âåíñòâå (7.19) è äëÿ íåãî òàêæå ñïðàâåäëèâà îöåíêà (7.17).

Äëÿ îöåíêè âûðàæåíèé r32 − r36 çàìåòèì, ÷òî
∣∣∣∣∣∣∣

xk+1∫

xk

t2+hy∫

−1

ψr(τ1, τ2)dτ1dτ2

(τ1 − t1)(τ2 − t2)

∣∣∣∣∣∣∣
=

=

∣∣∣∣∣∣∣

xk+1∫

xk

t2+hy∫

−1

ψr(τ1, τ2)− ψr(τ1, t2)dτ1dτ2

(τ1 − t1)(τ2 − t2)

∣∣∣∣∣∣∣
≤

≤ A

k

1

nr−2 (xk+1 − xk)(t2 + hy + 1) ≤ A

k

1

nr

è, ñëåäîâàòåëüíî,
r35 + r36 ≤ A

nr
ln n. (7.25)

Îñòàëîñü îöåíèòü âûðàæåíèÿ r32, r33, r34. Òàê êàê îíè îöåíèâàþòñÿ
îäèíàêîâî, îãðàíè÷èìñÿ ðàññìîòðåíèåì âûðàæåíèÿ r32 :

r32 ≤

∣∣∣∣∣∣∣

x2∫

t1+hx

t2+hy∫

−1

|ψr(τ1, τ2)− ψr(τ1, t2)− ψr(−1, τ2) + ψr(−1, t2)|dτ1dτ2

|τ1 − t1||τ2 − t2|

∣∣∣∣∣∣∣
≤

≤ A

nr−1

x2∫

t1+hx

t2+hy∫

−1

|τ1 + 1|1/2|τ2 − t2|1/2

|τ1 − t1||τ2 − t2| dτ1dτ2 ≤ A ln n

nr
. (7.26)
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Èíòåãðàëû r33, r34 îöåíèâàþòñÿ àíàëîãè÷íî.
Èç îöåíîê (7.18), (7.24) � (7.26) ñëåäóåò, ÷òî

r3 ≤ A ln2 n

nr
. (7.27)

Ñîáèðàÿ îöåíêè (7.11) − (7.27) óáåæäàåìñÿ, ÷òî ïîãðåøíîñòü ïîñòðî-
åííîé êóáàòóðíîé ôîðìóëû îöåíèâàåòñÿ íåðàâåíñòâîì

Rnn ≤ A ln2 n

nr
.

Òàêèì îáðàçîì, äîêàçàíî ñëåäóþùåå óòâåðæäåíèå.
Òåîðåìà 7.4 [38]. Ìåòîä âû÷èñëåíèÿ ïîëèñèíãóëÿðíûõ èíòåãðàëîâ

âèäà (7.1) ïðè −1 < t1, t2 < 1 íà êëàññå W r,r(M), çàêëþ÷àþùèéñÿ â
ïðåäñòàâëåíèè èíòåãðàëà (7.1) â âèäå ñóììû èíòåãðàëîâ (7.6) è ïîñëå-
äóþùåãî âû÷èñëåíèÿ èíòåãðàëîâ Jϕ2 è Jϕ∗ ïî êóáàòóðíûì ôîðìóëàì
(7.11) è (7.12), ÿâëÿåòñÿ îïòèìàëüíûì ïî ïîðÿäêó ñðåäè âñåâîçìîæíûõ
êóáàòóðíûõ ôîðìóë, èñïîëüçóþùèõ n2 çíà÷åíèé ïîäûíòåãðàëüíîé ôóíê-
öèè. Ïîãðåøíîñòü ýòîãî ìåòîäà ðàâíà An−r ln2 n.

Àíàëîãè÷íûì îáðàçîì äîêàçûâàåòñÿ ñëåäóþùåå óòâåðæäåíèå.
Òåîðåìà 7.5. Ìåòîä âû÷èñëåíèÿ ïîëèñèíãóëÿðíûõ èíòåãðàëîâ âèäà

(7.1) ïðè −1 < t1, t2 < 1 íà êëàññå Cr
2(M), çàêëþ÷àþùèéñÿ â ïðåä-

ñòàâëåíèè èíòåãðàëà (7.1) â âèäå ñóììû èíòåãðàëîâ (7.6) è ïîñëåäóþùå-
ãî âû÷èñëåíèÿ èíòåãðàëîâ Jϕ2 è Jϕ∗ ïî êóáàòóðíûì ôîðìóëàì (7.11)
è (7.12), ÿâëÿåòñÿ îïòèìàëüíûì ïî ïîðÿäêó ñðåäè âñåâîçìîæíûõ êóáà-
òóðíûõ ôîðìóë, èñïîëüçóþùèõ n2 çíà÷åíèé ïîäûíòåãðàëüíîé ôóíêöèè.
Ïîãðåøíîñòü ýòîãî ìåòîäà ðàâíà An−r ln2 n.

7.3. Îïòèìàëüíûå ìåòîäû âîññòàíîâëåíèÿ ñîïðÿæåííûõ
ôóíêöèé

Èç ðåçóëüòàòîâ, ïîëó÷åííûõ â äâóõ ïðåäûäóùèõ ðàçäåëàõ, âûòåêà-
åò ñëåäóþùèé ñïîñîá ïîñòðîåíèÿ îïòèìàëüíûõ ïî ïîðÿäêó àëãîðèòìîâ
âîññòàíîâëåíèÿ ñîïðÿæåííûõ ôóíêöèé.

Ïðåäïîëîæèì äëÿ îïðåäåëåííîñòè, ÷òî ðàññìàòðèâàåòñÿ èíòåãðàë (7.1)
íà êëàññå ôóíêöèé Cs

2(1).
Â ðàçä. 7.1 áûëî ïîêàçàíî, ÷òî åñëè ôóíêöèÿ ϕ ∈ Cs

2(1) è îáðàùàåòñÿ
â íóëü íà ãðàíèöå ∂D îáëàñòè D âìåñòå ñ ïðîèçâîäíûìè äî r-ãî ïîðÿäêà
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âêëþ÷èòåëüíî, òî ñîïðÿæåííàÿ ôóíêöèÿ ϕ̃(t1, t2) = Jϕ ïðèíàäëåæèò
êëàññó ôóíêöèé Qr,γ(D̄, M), ãäå s = r + γ, M− íåêîòîðàÿ êîíñòàíòà,
êîòîðàÿ ìîæåò áûòü ëåãêî îöåíåíà íà îñíîâàíèè ðåçóëüòàòîâ ðàçä. 7.1.

Â ìîíîãðàôèè àâòîðà [35] ïîêàçàíî, ÷òî îïòèìàëüíûì ìåòîäîì âîñ-
ñòàíîâëåíèÿ ôóíêöèé èç êëàññà Qr,γ(D̄,M) ÿâëÿåòñÿ ëîêàëüíûé ñïëàéí,
ïîñòðîåíèå êîòîðîãî îïèñàíî íèæå. Òàê êàê îöåíêà òî÷íîñòè âîññòàíîâ-
ëåíèÿ ôóíêöèé èç êëàññà Qr,γ ñóùåñòâåííî çàâèñèò îò ðàçìåðíîñòè ïðî-
ñòðàíñòâà, òî ïîñòðîåíèå ëîêàëüíîãî ñïëàéíà îïèøåì äëÿ l-ìåðíîãî ïðî-
ñòðàíñòâà.

Òåîðåìà 7.5 [35]. Ïóñòü Ω = [−1, 1]l, l ≥ 2. Òîãäà ñïðàâåäëèâà îöåíêà

dn(Qr,γ(Ω,M)) ³ δn(Qr,γ(Ω,M)) ³

³




n−(s−γ)/(l−1) v > l/(l − 1);

n−s/l(ln n)s/l v = l/(l − 1);

n−s/l v < l/(l − 1),

ãäå v = s/(s− γ).
Äîêàçàòåëüñòâî. Îáîçíà÷èì ÷åðåç ∆k ìíîæåñòâî òî÷åê x =

= (x1, . . . , xl) èç Ω, ðàññòîÿíèå îò êîòîðûõ äî ãðàíèöû Γ îáëàñòè Ω óäî-
âëåòâîðÿåò íåðàâåíñòâó (k/N)v ≤ ρ(x, Γ) ≤ ((k + 1)/N)v. Â êàæäîé îá-
ëàñòè ∆k ðàçìåñòèì êóáû ∆k

i1,...,il
, ðåáðà êîòîðûõ ðàâíû hk = ((k +

+ 1)/N)v − (k/N)v. Îáùåå ÷èñëî êóáîâ, êîòîðûå ìîæíî ðàçìåñòèòü â
îáëàñòè Ω, îöåíèâàåòñÿ íåðàâåíñòâàìè

1+m

N−1∑

k=0

[
2(N v − (k + 1)v)

(k + 1)v − kv

]l−1

≤ n ≤ 1+m

N−1∑

k=0

([
2(N v − kv)

(k + 1)v − kv

]
+ 1

)l−1

,

ãäå m− ÷èñëî ãðàíåé êóáà Ω, [α]− öåëàÿ ÷àñòü ÷èñëà α.

Íåòðóäíî âèäåòü, ÷òî
N−1∑

k=0

(N vk1−v − k)l−1 =
N−1∑

k=0

l−1∑
j=0

(−1)jCj
l−1(N

vk1−v)l−1−jkj =

= A





N v(l−1) v > l/(l − 1);
N l v < l(l − 1);
N l ln N v = l(l − 1).
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Îòñþäà ñëåäóåò, ÷òî

n ³




N v(l−1) v > l/(l − 1);
N l v < l(l − 1);

N l ln N v = l(l − 1).

Ïóñòü ∆k
i1,...,il

= [bk
i1
, bk

i1+1; . . . ; b
k
il
, bk

il+1]. Â êàæäîì êóáå ∆k
i1,...,il

ïîñòðîèì
ôóíêöèþ

ψ(x1, . . . , xl) =
((x1 − bk

i1
)(bk

i1+1 − x1) . . . (xl − bk
il
)(bk

il+1 − xl))
s

h
(2l−1)
k ((k + 1)/N)vγ

.

Êîíñòàíòà A ïîäáèðàåòñÿ èç òðåáîâàíèÿ, ÷òîáû

ψ(x1, . . . , xl) ∈ Qr,γ(Ω,M).

Ìàêñèìàëüíîå çíà÷åíèå ôóíêöèè ψ â êàæäîì êóáå ðàâíî AN−s. Ó÷è-
òûâàÿ ñîîòíîøåíèå, ñâÿçûâàþùåå ÷èñëà n è N, è èñïîëüçóÿ òåîðåìó Áîð-
ñóêà [145], ïîëó÷àåì îöåíêó ñíèçó ïîïåðå÷íèêà Áàáåíêî.

Ïîñòðîèì ñïëàéí fN(t1, . . . , tl), ðåàëèçóþùèé ýòó îöåíêó. Âûøå áûëî
îïèñàíî ðàçáèåíèå êóáà Ω íà îáëàñòè ∆k. Ïîñòðîåíèå ñïëàéíà íà÷íåì ñ
êóáà ∆N−1. Â ýòîì êóáå ôóíêöèþ f(t1, . . . , tl) àïïðîêñèìèðóåì èíòåðïî-
ëÿöèîííûì ïîëèíîìîì

fN(t1, . . . , tl; ∆N−1) = Ps,...,sf(t1, . . . , tl).

Çäåñü Ps,...,s = P t1
s . . . P tl

s , à ÷åðåç P ti
s îáîçíà÷åí ìíîãî÷ëåí

Ps

(
ti,

[
−1 +

(
N − 1

N

)v

, 1−
(

N − 1

N

)v])
,

äåéñòâóþùèé ïî ïåðåìåííîé ti. Îïèøåì ïîñòðîåíèå èíòåðïîëÿöèîííî-
ãî ïîëèíîìà Ps(t, [a, b]), àïïðîêñèìèðóþùåãî ôóíêöèþ f(t) íà ñåãìåíòå
[a, b]. Îáîçíà÷èì ÷åðåç ζk(k = 1, 2, . . . , s) íóëè ïîëèíîìà ×åáûøåâà ïåð-
âîãî ðîäà ñòåïåíè s, íàèìåíåå óêëîíÿþùåãîñÿ îò íóëÿ íà ñåãìåíòå [−1, 1].
Îòîáðàçèì ñåãìåíò [ζ1, ζs] ⊂ [−1, 1] íà ñåãìåíò [a, b] òàêèì îáðàçîì, ÷òî-
áû òî÷êè ζ1 è ζs ïåðåøëè â òî÷êè a è b .

Òî÷êè, ÿâëÿþùèåñÿ îáðàçàìè òî÷åê ζi ïðè îòîáðàæåíèè ñåãìåíòà [ζ1, ζs]
íà ñåãìåíò [a, b] îáîçíà÷èì ÷åðåç ζi

′, i = 1, 2, . . . , s. Ïî óçëàì {ζ ′i} ñòðî-
èòñÿ èíòåðïîëÿöèîííûé ïîëèíîì ñòåïåíè s − 1, êîòîðûé îáîçíà÷àåòñÿ
÷åðåç Ps(t, [a, b]).
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Ïåðåéäåì ê îáëàñòè ∆N−2. Ýòà îáëàñòü ðàçáèâàåòñÿ íà êóáû ∆N−2
i1,...,il

,

ïðè÷åì ðàçáèåíèå ïðîèñõîäèò òàêèì îáðàçîì, ÷òîáû âåðøèíû êóáà ∆N−1

âõîäèëè â ÷èñëî òî÷åê ðàçáèåíèÿ. Â êàæäîì èç êóáîâ ∆N−2
i1,...,il

ïîëèíîì
fN(t1, . . . , tl; ∆

N−2
i1,...,il

) îïðåäåëÿåòñÿ ôîðìóëîé

fN(t1, . . . , tl; ∆
N−2
i1,...,il

) = Ps,...,sf(t1, . . . , tl),

ãäå ôóíêöèÿ f(t1, . . . , tl) ðàâíà f(t1, . . . , tl) âî âñåõ óçëàõ èíòåðïîëèðî-
âàíèÿ, êðîìå òåõ, êîòîðûå ðàñïîëîæåíû íà ãðàíÿõ êóáà ∆N−1. Â ýòèõ
óçëàõ çíà÷åíèÿ f(t1, . . . , tl) ïîëàãàþòñÿ ðàâíûìè çíà÷åíèÿì ïîëèíîìà
Ps,...,sf(t1, . . . , tl; ∆N−1).

Îïèñàííûì îáðàçîì ïðîâîäèòñÿ àïïðîêñèìàöèÿ âî âñåõ îáëàñòÿõ ∆i

ïðè i ≥ 0. Ïîëó÷åííûé ïðè ýòîì ñïëàéí îáîçíà÷èì ÷åðåç fN(t1, . . . , tl).
Íåòðóäíî âèäåòü, ÷òî ñïëàéí fN(t1, . . . , tl) íåïðåðûâåí â Ω, èìååò ðàç-

ìåðíîñòü n. Ñëåäîâàòåëüíî, ñïðàâåäëèâî íåðàâåíñòâî

dn(Qr,γ(Ω,M)) ≤

≤ A





n−(s−γ)/(l−1) v > l/(l− 1),

n−s/l(ln n)s/l v = l/(l− 1),

n−s/l v < l/(l− 1),

(7.28)

ãäå v = s/(s− γ).
Èç ïîëó÷åííûõ âûøå îöåíîê è èçâåñòíîãî [145] íåðàâåíñòâà δ2n+1(X) ≤

2dn(X, B) ñëåäóåò ñïðàâåäëèâîñòü òåîðåìû.
Ïðîäîëæèì èññëåäîâàíèå îïòèìàëüíûõ ìåòîäîâ âîññòàíîâëåíèÿ ñî-

ïðÿæåííûõ ôóíêöèé ϕ̃(t1, t2) = Jϕ, ãäå ϕ ∈ Cs
2(1).

Ïîëîæèì l = 2 è ïîñòðîèì îïèñàííûì âûøå ñïîñîáîì ñïëàéí ϕ̃n(t1, t2),
àïïðîêñèìèðóþùèé ñîïðÿæåííóþ ôóíêöèþ ϕ̃(t1, t2). Åñëè èçâåñòíû òî÷-
íûå çíà÷åíèÿ ôóíêöèè ϕ̃(t1, t2) â óçëàx ñïëàéíà, òî ïîãðåøíîñòü àïïðîê-
ñèìàöèè ñîïðÿæåííîé ôóíêöèè ϕ̃(t1, t2) îöåíèâàåòñÿ ïðàâîé ÷àñòüþ ôîð-
ìóëû (7.28).

Îäíàêî òî÷íûå çíà÷åíèÿ ñîïðÿæåííîé ôóíêöèè â óçëàõ ëîêàëüíîãî
ñïëàéíà íåèçâåñòíû, à âû÷èñëÿþòñÿ ïî êóáàòóðíûì ôîðìóëàì, îïèñàí-
íûì â ðàçä. 7.2. Ïîãðåøíîñòü ýòèõ êóáàòóðíûõ ôîðìóë íà êëàññå Cs

2(D)
ðàâíà O(m−sln2m), ãäå m2− ÷èñëî óçëîâ êóáàòóðíîé ôîðìóëû.

Òàêèì îáðàçîì, ïðåäñòàâëÿåòñÿ åñòåñòâåííûì ñëåäóþùèé ñïîñîá âîñ-
ñòàíîâëåíèÿ ñîïðÿæåííûõ ôóíêöèé ϕ̃ = Jϕ, ãäå ϕ ∈ Cs

2(1). Â óçëàõ

305



ëîêàëüíîãî ñïëàéíà ϕ̃n(t1, t2) (ðàçìåðíîñòü ñïëàéíà n áóäåò îïðåäåëåíà
íèæå) âû÷èñëÿþòñÿ çíà÷åíèÿ ñîïðÿæåííîé ôóíêöèè ϕ̃(t1, t2) ïî êóáà-
òóðíîé ôîðìóëå, îïèñàííîé â ðàçä. 7.2 è èñïîëüçóþùåé m2 çíà÷åíèé
ôóíêöèè ϕ(t1, t2). (×èñëî óçëîâ m2 êóáàòóðíîé ôîðìóëû ñâÿçàíî ñ ðàç-
ìåðíîñòüþ ñïëàéíà ϕ̃n(t1, t2) è îïðåäåëÿåòñÿ íèæå). Ïî âû÷èñëåííûì
â óçëàõ ëîêàëüíîãî ñïëàéíà çíà÷åíèÿì èíòåãðàëà (Jϕ)(t1, t2) ñòðîèòñÿ
ëîêàëüíûé ñïëàéí, êîòîðûé îáîçíà÷èì ÷åðåç ϕ̃nm(t1, t2). Îöåíèì òî÷-
íîñòü âîññòàíîâëåíèÿ ñîïðÿæåííîé ôóíêöèè ϕ̃(t1, t2) ëîêàëüíûì ñïëàé-
íîì ϕ̃nm(t1, t2). Íàïîìíèì, ÷òî ëîêàëüíûé ñïëàéí ϕ̃nm(t1, t2) ñîñòîèò èç
èíòåðïîëÿöèîííûõ ïîëèíîìîâ íå âûøå s ïîðÿäêà. Òàêèì îáðàçîì,

‖ϕ̃(t1, t2)− ϕ̃nm(t1, t2)‖C ≤
≤ ‖ϕ̃(t1, t2)− ϕ̃n(t1, t2)‖C + ‖ϕ̃n(t1, t2)− ϕ̃nm(t1, t2)‖C ≤

≤ Aλ2
sm

−sln2m + A





n−(s−γ)/(l−1) v > l/(l− 1),

n−s/l(ln n)s/l v = l/(l− 1),

n−s/l v < l/(l− 1),

ãäå λs− êîíñòàíòà Ëåáåãà.
Èç ïîëó÷åííîãî íåðàâåíñòâà î÷åâèäíî, ÷òî çíà÷åíèÿ n è m ñëåäóåò

ïîäáèðàòü òàêèì îáðàçîì, ÷òîáû èõ âêëàä â ïîãðåøíîñòü âîññòàíîâëåíèÿ
ñîïðÿæåííîé ôóíêöèè ϕ̃(t1, t2) áûë ðàâíîñèëüíûì.

Ïðåäïîëîæèì, ÷òî íóæíî âîññòàíîâèòü ôóíêöèþ ϕ̃(t1, t2) ñ òî÷íîñòüþ
ε. Ïî çíà÷åíèþ ε âûáèðàåòñÿ ÷èñëî óçëîâ ëîêàëüíîãî ñïëàéíà ïî ôîðìóëå

n ³





(1
ε

)(l−1)/(s−γ)
v > l/(l− 1),(1

ε

)l/s | ln ε| v = l/(l− 1),(1
ε

)l/s
v < l/(l− 1).

(7.29)

Ïî äàííîìó æå çíà÷åíèþ ε âûáèðàåòñÿ è ÷èñëî m ïî ôîðìóëå m−s ln2 m =
ε. Î÷åâèäíî,

m ³
(

1

ε

)1/s

| ln ε|2/s. (7.30)

Òàêèì îáðàçîì, ÷òîáû âîññòàíîâèòü ôóíêöèþ ϕ̃(t1, t2) ñ òî÷íîñòüþ
ε, äîñòàòî÷íî âû÷èñëèòü â óçëàõ ëîêàëüíîãî ñïëàéíà ϕ̃n(t1, t2), ãäå n

ñâÿçàíî ñ ε ïî ôîðìóëå(7.29), çíà÷åíèÿ èíòåãðàëà Jϕ(t1, t2) ïî ôîðìóëàì,
ïðèâåäåííûì â ïóíêòå 7.2 è èñïîëüçóþùèì O(m2) çíà÷åíèé ôóíêöèè ϕ.

×èñëî m îïðåäåëåíî ôîðìóëîé (7.30).
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Çàìå÷àíèå. Àíàëîãè÷íûì îáðàçîì ñòðîÿòñÿ îïòèìàëüíûå ìåòîäû âîñ-
ñòàíîâëåíèÿ ñîïðÿæåííûõ ôóíêöèé è íà äðóãèõ êëàññàõ ôóíêöèé.

307



ÃËÀÂÀ 5

ÀÄÀÏÒÈÂÍÛÅ ÀËÃÎÐÈÒÌÛ ÂÛ×ÈÑËÅÍÈß
ÑÈÍÃÓËßÐÍÛÕ ÈÍÒÅÃÐÀËÎÂ

Â ìîíîãðàôèè [35] (1 − 3 ãëàâû) ïîñòðîåíû àäàïòèâíûå àëãîðèòìû
âîññòàíîâëåíèÿ ôóíêöèé è âû÷èñëåíèÿ ðåãóëÿðíûõ èíòåãðàëîâ íà êëàñ-
ñàõ ôóíêöèè W rLp, Qr,γ,p([−1, 1]l), l ≥ 1. Ïðè ýòîì áûëî îòìå÷åíî, ÷òî
íà ýòèõ êëàññàõ àäàïòèâíûå àëãîðèòìû çíà÷èòåëüíî òî÷íåå ïàññèâíûõ.
Îêàçûâàåòñÿ, ÷òî ýòî ñâîéñòâî àäàïòèâíûõ àëãîðèòìîâ èìååò ìåñòî è
ïðè âû÷èñëåíèè ñèíãóëÿðíûõ èíòåãðàëîâ íà êëàññå ôóíêöèé W rLp (è
íà íåêîòîðûõ äðóãèõ êëàññàõ).

Äàííàÿ ãëàâà ïîñâÿùåíà èññëåäîâàíèþ àäàïòèâíûõ àëãîðèòìîâ âû-
÷èñëåíèÿ ñèíãóëÿðíûõ èíòåãðàëîâ ñëåäóþùèõ âèäîâ:

Kϕ =

1∫

−1

ϕ(τ)

τ − t
dτ, (.1)

Mϕ =

∫

D

f(θ)ϕ(τ)

(r(t, τ))l
dτ, (.2)

Fϕ =
1

4π2

2π∫

0

2π∫

0

ϕ(σ1, σ2)ctg
σ1 − s1

2
ctg

σ2 − s2

2
dσ1dσ2. (.3)

Â èíòåãðàëå (Â.2) èñïîëüçîâàíû îáîçíà÷åíèÿ:

D = [0, 1]l, l ≥ 2, t = (t1, . . . , tl), τ = (τ1, . . . , τl), θ = (t− τ)/r(t, τ),

r(t, τ) =

[
l∑

k=1

(tk − τk)
2

]1/2

.

Çàäà÷à ïîñòðîåíèÿ àäàïòèâíîãî àëãîðèòìà âû÷èñëåíèÿ ñèíãóëÿðíî-
ãî èíòåãðàëà Kϕ íà êëàññå W r

p (1) çàêëþ÷àåòñÿ â ñëåäóþùåì. Ñåãìåíò
[−1, 1] ïîñëåäîâàòåëüíî ðàçáèâàåòñÿ íà áîëåå ìåëêèå ñåãìåíòû ∆k =
[tk, tk+1], k = 0, 1, . . . , N − 1. Â êàæäîé îáëàñòè ðàçáèåíèÿ èíòåãðàë âû-
÷èñëÿåòñÿ ïî ê.ô. îäíîãî è òîãî æå âèäà. Íåîáõîäèìî ïîñòðîèòü òàêîé
àëãîðèòì ïîñëåäîâàòåëüíîãî ðàçáèåíèÿ ñåãìåíòà [−1, 1] íà áîëåå ìåëêèå
ñåãìåíòû ∆k, ÷òîáû â ðåçóëüòàòå åãî èñïîëüçîâàíèÿ íà êàæäîì ñåãìåíòå
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∆k ïîãðåøíîñòü âû÷èñëåíèÿ èíòåãðàëà áûëà îäíîãî è òîãî æå ïîðÿäêà
è íå çàâèñåëà îò âåëè÷èíû ïàðàìåòðà t(−1 < t < 1). Àíàëîãè÷íûì îá-
ðàçîì ñòàâèòñÿ çàäà÷à ïîñòðîåíèÿ àäàïòèâíûõ àëãîðèòìîâ âû÷èñëåíèÿ
ñèíãóëÿðíûõ èíòåãðàëîâ (Â.2), (Â.3).

1. Àäàïòèâíûå àëãîðèòìû âû÷èñëåíèÿ îäíîìåðíûõ
ñèíãóëÿðíûõ èíòåãðàëîâ

Òåîðåìà 1.1 [36]. Ïóñòü ϕ(t) ∈ W r
p (1), r = 1, 2, . . . , 1 < p <

< ∞, rp > 2. Ñóùåñòâóåò àäàïòèâíûé àëãîðèòì âû÷èñëåíèÿ èíòåãðàëîâ
âèäà Kϕ, èñïîëüçóþùèé çíà÷åíèÿ ïîäûíòåãðàëüíîé ôóíêöèè ϕ(t) è åå
ïðîèçâîäíûõ äî r − 1-ãî ïîðÿäêà â n óçëàõ è èìåþùèé ïîãðåøíîñòü

Rn(ϕ) ≤ An−r ln n.

Çàìå÷àíèÿ. 1. Â ãëàâå 3 ïîêàçàíî, ÷òî âåðõíÿÿ ãðàíü îöåíêè ñíèçó
ïîãðåøíîñòè ê.ô. âû÷èñëåíèÿ ñèíãóëÿðíûõ èíòåãðàëîâ Kϕ íà êëàññå
W r

p (1), 1 < p < ∞, èñïîëüçóþùèõ n çíà÷åíèé ïîäûíòåãðàëüíîé ôóíê-
öèè ϕ(t), åñòü âåëè÷èíà, íå ïðåâîñõîäÿùàÿ An−r+1/p. Èç ñîïîñòàâëåíèÿ
ýòîé îöåíêè è óòâåðæäåíèÿ òåîðåìû 1.1 ñëåäóåò, ÷òî íà êëàññå W r

p (1)
àäàïòèâíûå àëãîðèòìû âû÷èñëåíèÿ ñèíãóëÿðíûõ èíòåãðàëîâ çíà÷èòåëü-
íî òî÷íåå ïàññèâíûõ.

2. Òåîðåìà ñïðàâåäëèâà, åñëè èñïîëüçóþòñÿ òîëüêî çíà÷åíèÿ ïîäûí-
òåãðàëüíîé ôóíêöèè â n óçëàõ.

Äîêàçàòåëüñòâî òåîðåìû 1.1. Ðàçîáúåì ñåãìåíò [−1, 1] íà N ðàâ-
íûõ ÷àñòåé òî÷êàìè wk = −1+2k/N, k = 0, 1, . . . N. Â êàæäîì ñåãìåíòå
∆k = [wk, wk+1], k = 0, 1, . . . , N − 1, ôóíêöèÿ ϕ(t) àïïðîêñèìèðóåòñÿ îò-
ðåçêîì ðÿäà Òåéëîðà Tr−1(ϕ, ∆k, ck), ïðè÷åì ck = wk, åñëè ∆k ∈ [−1, 0] è
ck = wk+1 åñëè ∆k ∈ [0, 1]. Åñëè 0 ∈ ∆k, òî â êà÷åñòâå óçëà ck ìîæåò áûòü
âûáðàíà êàê òî÷êà wk, òàê è òî÷êà wk+1. Ïîãðåøíîñòü àïïðîêñèìàöèè
íà ñåãìåíòå ∆k ðàâíà

|ϕ(t)− Tr−1(ϕ, ∆k, wk)| ≤ 1

(r − 1)!

∣∣∣∣∣∣

t∫

wk

(t− τ)r−1ϕ(r)(τ)dτ

∣∣∣∣∣∣
≤

≤ 1

(r − 1)!
h

r−1/p
k ‖ϕ(r)‖Lp(∆k),
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ãäå hk = |wk+1 − wk|. Ââåäåì îáîçíà÷åíèå ψ(∆k) = ‖ϕ(r)‖Lp(∆k). Ïóñòü
ψ(∆k) = mkh

1/p
k . Ðàññìîòðèì äâå âîçìîæíîñòè: 1)mk ≤ 1, mk > 1.

Â ïåðâîì ñëó÷àå

|ϕ(t)− Tr−1(ϕ, ∆k, ck)| ≤ Ahr
k ≤ AN−r

è, ñëåäîâàòåëüíî, íà ñåãìåíòàõ, äëÿ êîòîðûõ âûïîëíåíî ýòî óñëîâèå, àï-
ïðîêñèìàöèÿ ôóíêöèè ϕ(t) îñóùåñòâëÿåòñÿ ïîëèíîìîì Tr−1(ϕ, ∆k, ck).

Ïåðåéäåì êî âòîðîìó ñëó÷àþ. Ïóñòü ψ(∆k) = mkh
1/p
k . Ðàçäåëèì ñåã-

ìåíò ∆k íà nk = [(mk)
p/(rp−1)] + 1 ([α]− àíòüå α) ðàâíûõ ÷àñòåé. Ñåã-

ìåíòû, ïîëó÷åííûå â ðåçóëüòàòå ðàçáèåíèÿ ñåãìåíòà ∆k, îáîçíà÷èì ÷åðåç
∆k,j = [wkj, wk,j+1], ãäå wkj = wk + j(wk+1 − wk)/nk,

j = 0, 1, . . . , nk.

Íà êàæäîì ñåãìåíòå ðàçáèåíèÿ ∆kj ôóíêöèÿ ϕ(t) àïïðîêñèìèðóåòñÿ
îòðåçêîì ðÿäà Òåéëîðà Tr−1(ϕ, ∆kj, ckj), ãäå ckj = wkj èëè ckj =
= wk,j+1 â çàâèñèìîñòè îò òîãî, íàõîäèòñÿ ∆kj â [−1, 0] èëè â [0, 1]. Òî-
ãäà ïîãðåøíîñòü íà êàæäîì ó÷àñòêå ðàçáèåíèÿ íå ïðåâîñõîäèò âåëè÷èíû
A(hk/nk)

r−1/ph
1/p
k mk ≤ AN−r.

Ïîêàæåì, ÷òî
N−1∑
k=0

nk ≤ AN. Â ñàìîì äåëå,

N−1∑

k=0

mp
khk =

N−1∑

k=0

ψp
k(∆k) =

N−1∑

k=0

∫

∆k

∣∣∣ϕ(r)(τ)
∣∣∣
p

dτ ≤ 1.

Âîñïîëüçîâàâøèñü íåðàâåíñòâîì Ãåëüäåðà ñ q = 1/(rp− 1) è q′ =
= 1/(2− rp) (r > 2/p), èìååì

1 ≥
N−1∑

k=0

mp
khk ≥

(
N−1∑

k=0

(mk)
p/(rp−1)

)rp−1 (
N−1∑

k=0

(hk)
1/(2−rp)

)2−rp

≥

≥
(

N−1∑

k=0

(mk)
p/(rp−1)

)rp−1 (
N−1∑

k=0

(
N

2

)1/(rp−2)
)2−rp

≥

≥
(

N−1∑

k=0

(mk)
p/(rp−1)

)rp−1
2

N rp−1 .

310



Îòñþäà
N−1∑

k=0

nk ≤
N−1∑

k=0

(mk)
p/(rp−1) + N ≤ 2N.

Ñëåäîâàòåëüíî, äîáàâëÿÿ íå áîëåå ÷åì 2N óçëîâ, èìååì ïîãðåøíîñòè
àïïðîêñèìàöèè, íå ïðåâîñõîäÿùåé AN−r.

Äëÿ ïðîñòîòû îïèñàíèÿ ïðèâîäèìîé íèæå ê.ô. ââåäåì ñëåäóþùèå îáî-
çíà÷åíèÿ. Åñëè ñåãìåíò ∆k íå äåëèòñÿ íà áîëåå ìåëêèå ñåãìåíòû ∆k,j, òî
íàðÿäó ñ îáîçíà÷åíèåì ∆k = [wk, wk+1] áóäåì ïîëüçîâàòüñÿ îáîçíà÷åíèåì
∆k = [wk,0, wk,1]. Êðîìå òîãî, ïîëîæèì wk,−1 =
= wk−1,nk−1−1, wk,nk+1 = wk+1,1.

Ïóñòü t ∈ [wi,j, wi,j+1] ïðè (i, j) 6= (0, 0), (N − 1, nN−1 − 1). Åñëè
(i, j) = (0, 0), òî ïîëàãàåì, ÷òî t ∈ (−1, w0,1). Åñëè t ∈ ∆N−1,nN−1−1,

òî t ∈ (wN−1,nN−1−1, 1). Èíòåãðàë Kϕ ïðè äàííîé ôóíêöèè ϕ(t) âû÷èñ-
ëÿåòñÿ ïî ôîðìóëå

Kϕ =
N−1∑

k=0

nk−1∑

l=0

′
∫

∆k,l

Tr−1(ϕ, ∆kl, ckl)

τ − t
dτ+

+

wi,j+2∫

wi,j−1

Tr−1(ϕ, [wi,j−1, wi,j+2], c
∗
i,j−1)

τ − t
dτ + RN(ϕ),

ãäå
∑∑′ îçíà÷àåò ñóììèðîâàíèå ïî (k, l) 6= (i, j − 1), (i, j), (i, j + 1),

c∗i,j−1 = wi,j−1 ïðè wi,j−1 ≤ 0 è c∗i,j−1 = wi,j+2 ïðè wi,j+2 > 0.
Îöåíèì ïîãðåøíîñòü ýòîé ôîðìóëû. Ðàññìîòðèì ñëó÷àé, êîãäà t ∈

[w0,i, w0,i+1) ïðè i 6= 0 (èëè t ∈ (w0,i, w0,i+1) ïðè i = 0.) Îñòàëüíûå ñëó÷àè
ðàññìàòðèâàþòñÿ àíàëîãè÷íî. Íåòðóäíî âèäåòü, ÷òî

|RN(ϕ)| ≤
∑

l

′

∣∣∣∣∣∣∣

w0,l+1∫

w0,l

ψN(τ, ∆0l, c0,l)

τ − t
dτ

∣∣∣∣∣∣∣
+

+

∣∣∣∣∣∣∣

w0,i+2∫

w0,i−1

ψN(τ, [w0,i−1, w0,i+2], c
∗
0,i)

τ − t
dτ

∣∣∣∣∣∣∣
+
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+
N−1∑

k=1

∑

l

∣∣∣∣∣∣∣

wk,l+1∫

wk,l

ψN(τ, ∆kl, ckl)

τ − t
dτ

∣∣∣∣∣∣∣
= r1 + r2 + r3,

ãäå ψN(t, ∆kl, ckl) = ϕ(t)−Tr−1(ϕ, ∆kl, ckl),
∑′ îçíà÷àåò ñóììèðîâàíèå ïî

l 6= i− 1, i, i + 1. Íèæå èñïîëüçóåòñÿ îáîçíà÷åíèå ψN(t),−1 ≤ t ≤ 1, ãäå
ψN(t) = ψN(t, ∆kl, ckl) ïðè t ∈ ∆kl.

Îöåíèì âûðàæåíèÿ r1 − r3 â îòäåëüíîñòè

r1 =
∑

l

′

∣∣∣∣∣∣∣

w0,l+1∫

w0,1

ψN(τ)dτ

τ − t
dτ

∣∣∣∣∣∣∣
≤

(
i−2∑

l=0

+

n0−1∑

l=i+2

) w0,l+1∫

w0,l

∣∣∣∣
ψN(τ)

τ − t

∣∣∣∣ dτ ≤

≤ A

N r

(
i−2∑

l=0

h

(i− l − 1)h
+

n0−1∑

l=i+2

h

(l − i− 1)h

)
≤ A ln N

N r
,

ãäå h = h0/n0;

r2 =

∣∣∣∣∣∣∣

w0,i+2∫

wo,i−1

ψN(τ)

τ − t
dτ

∣∣∣∣∣∣∣
≤

∣∣∣∣∣∣∣

t−h∫

w0,i−1

ψN(τ)

τ − t
dτ

∣∣∣∣∣∣∣
+

∣∣∣∣∣∣

t+h∫

t−h

ψN(τ)

τ − t
dτ

∣∣∣∣∣∣
= r1

2 + r2
2.

Çäåñü h = w0,i+2 − t. Ñëó÷àé, êîãäà h = t − w0,i−1, ðàññìàòðèâàåòñÿ
àíàëîãè÷íî.

Îöåíèì èíòåãðàëû r1
2 è r2

2 :

r1
2 ≤ A

(
h0

n0

)r−1/p

m0h
1/p
0 ln

∣∣∣∣
h

wo,i−1 − t

∣∣∣∣ ≤
A ln 2

N r
≤ A

N r
;

r2
2 =

1

(r − 1)!

∣∣∣∣∣∣

t+h∫

t−h




τ∫

0

(τ − v)r−1ϕ(r)(v)dv −
t∫

0

(t− v)r−1ϕ(r)dv


 1

τ − t
dτ

∣∣∣∣∣∣
≤

≤ A




∣∣∣∣∣∣

t+h∫

t−h




τ∫

t

(τ − v)r−1ϕ(r)(v)dv


 1

τ − t
dτ

∣∣∣∣∣∣
+

+

∣∣∣∣∣∣

t+h∫

t−h




t∫

0

(
(τ − v)r−1 − (t− v)r−1) ϕ(r)(v)dv


 1

τ − t
dτ

∣∣∣∣∣∣


 ≤ AN−r.
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Çäåñü ïðåäïîëàãàëîñü, ÷òî t ≤ τ. Ñëó÷àé, êîãäà t > τ, ðàññìàòðèâàåò-
ñÿ àíàëîãè÷íî.

Â îòäåëüíîñòè ðàññìîòðèì ñëó÷àé, êîãäà t ∈ (w0,0, w0,1). Â ýòîì ñëó÷àå
h = t− w0,0 è

r2 =

∣∣∣∣∣∣∣

w0,2∫

w0,0

ψN(τ)

τ − t
dτ

∣∣∣∣∣∣∣
≤

∣∣∣∣∣∣∣

t+h∫

w0,0

ψN(τ)

τ − t
dτ

∣∣∣∣∣∣∣
+

∣∣∣∣∣∣

w0,2∫

t+h

ψN(τ)

τ − t
dτ

∣∣∣∣∣∣
= r3

2 + r4
2.

Èíòåãðàë r3
2 îöåíèâàåòñÿ òî÷íî òàê æå, êàê áûë îöåíåí èíòåãðàë r2

2.

Îñòàíîâèìñÿ íà îöåíêå èíòåãðàëà r4
2 :

r4
2 ≤

[2/Nn0h]∑

k=1

t+(k+1)h∫

t+kh

ψN(τ)

τ − t

∣∣∣∣∣∣∣
dτ ≤

≤ 1

(r − 1)!

[2/Nn0h]∑

k=1

t+(k+1)h∫

t+kh

∣∣∣∣∣∣




τ∫

0

(τ − v)r−1ϕ(r)(v)dv


 1

τ − t

∣∣∣∣∣∣
dτ ≤

≤ A

[2/Nn0h]∑

k=1

hr−1/pkr−1−1/pm0h
1/p
0 ≤ AN−r.

Îñòàëîñü îöåíèòü r3

r3 =
N−1∑

k=1

∣∣∣∣∣∣∣

wk+1,0∫

wk,0

ψN(τ)

τ − t
dτ

∣∣∣∣∣∣∣
≤ A

N−1∑

k=1

1

N rk
≤ AN−r ln N.

Ñîáèðàÿ îöåíêè r1 − r3, óáåæäàåìñÿ â ñïðàâåäëèâîñòè òåîðåìû 1.1.

2. Àäàïòèâíûå àëãîðèòìû âû÷èñëåíèÿ ìíîãîìåðíûõ
ñèíãóëÿðíûõ èíòåãðàëîâ

Ðàññìîòðèì ñèíãóëÿðíûé èíòåãðàë

Mϕ =

∫

D

f(θ)ϕ(τ)

(r(τ, t))l
dτ,
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ãäå D = [0, 1]l, l ≥ 2, t = (t1, . . . , tl), τ = (τ1, . . . , τl), θ = (t− τ)/r(τ, t),

r(t, τ) =
[∑l

k=1(tk − τk)
2
]1/2

, íà ñîáîëåâñêîì êëàññå ôóíêöèé W r
p (D).

Çàäà÷à ïîñòðîåíèÿ àäàïòèâíîãî àëãîðèòìà çàêëþ÷àåòñÿ â ñëåäóþùåì.
Îáëàñòü D ïîñëåäîâàòåëüíî ðàçáèâàåòñÿ íà áîëåå ìåëêèå îáëàñòè ∆kl. Â
êàæäîé îáëàñòè ðàçáèåíèÿ èíòåãðàë âû÷èñëÿåòñÿ ïî îäíîé è òîé æå êó-
áàòóðíîé ôîðìóëå. Íåîáõîäèìî ïîñòðîèòü àëãîðèòì ïîñëåäîâàòåëüíîãî
ðàçáèåíèÿ îáëàñòè D íà áîëåå ìåëêèå îáëàñòè òàê, ÷òîáû â ðåçóëüòàòå
ïðèìåíåíèÿ ýòîé êóáàòóðíîé ôîðìóëû ê èíòåãðàëàì ïî êàæäîé èç îá-
ëàñòåé ðàçáèåíèÿ (ïðè ïðîèçâîëüíîì t ∈ D) ïîãðåøíîñòè âû÷èñëåíèé
èìåëè áû îäèí è òîò æå ïîðÿäîê.

Òåîðåìà 2.1. Ïóñòü ϕ ∈ W r
p (D), 1 < p < ∞, D = [0, 1]l, p(r + l) >

> 2l. Ñóùåñòâóåò àäàïòèâíûé àëãîðèòì âû÷èñëåíèÿ èíòåãðàëà Mϕ íà
êëàññå W r

p (D), èñïîëüçóþùèé (Nl) çíà÷åíèé ôóíêöèè ϕ è èìåþùèé ïî-
ãðåøíîñòü AN−r ln N.

Äîêàçàòåëüñòâî. Äëÿ ïðîñòîòû îãðàíè÷èìñÿ ñëó÷àåì, êîãäà l =
= 2. Ðàçîáüåì îáëàñòü D íà áîëåå ìåëêèå îáëàñòè: ∆kl = [tk, tk+1; tl, tl+1],
ãäå tk = 2kπ/N, k = 0, 1, . . . , N.

Îáîçíà÷èì ÷åðåç Pr(ϕ, [−1, 1]) èíòåðïîëÿöèîííûé ïîëèíîì ñòåïåíè
r − 1, ïîñòðîåííûé ïî r ðàâíîîòñòîÿùèì óçëàì tk = −1+
+k/(r−1), k = 0, 1, . . . , r−1. ×åðåç Pr(ϕ, [a, b]) îáîçíà÷èì èíòåðïîëÿöè-
îííûé ïîëèíîì, ïîëó÷åííûé èç Pr(ϕ, [−1, 1]) ïðè îòîáðàæåíèè ñåãìåíòà
[−1, 1] íà [a, b]. ×åðåç Pr(ϕ, ∆kl) îáîçíà÷èì èíòåðïîëÿöèîííûé ïîëèíîì
Pr(ϕ, ∆kl) = P x1

r P x2
r (ϕ, ∆kl), ãäå âåðõíèé èíäåêñ xj îçíà÷àåò ïåðåìåííóþ,

ïî êîòîðîé ïðîâîäèòñÿ èíòåðïîëÿöèÿ.
Äëÿ îöåíêè ïîãðåøíîñòè àïïðîêñèìàöèè ôóíêöèé ϕ ∈ W r

p (D) íà êó-
áàõ ∆kl èíòåðïîëÿöèîííûìè ïîëèíîìàìè Pr(ϕ, ∆kl) âîñïîëüçóåìñÿ ëåì-
ìàìè 3.4 è 3.5, ïðèâåäåííûìè â ðàçä. 3 ãëàâû 1.

Îáîçíà÷èì ÷åðåç P∆kl
(ϕ, ∆kl), îïèñàííûé â ëåììàõ 3. 4 è 3.5 èíòåðïî-

ëÿöèîííûé ïîëèíîì ñòåïåíè r. Òîãäà

‖ϕ(t)− Pr(ϕ, ∆kl)‖C ≤
≤ ‖ϕ(t)− P∆kl

(ϕ, ∆kl)‖C + ‖Pr(ϕ− P∆kl
(ϕ, ∆kl), ∆kl)‖C ≤

≤ A(1 + ln2 r)(mes∆kl)
r/2−1/p‖ϕ‖Lr

p(∆kl) ≤ A ln2 rh
r−2/p
kl ‖ϕ‖Lr

p(∆kl),

ãäå hkl− äëèíà ñòîðîíû êâàäðàòà ∆kl.
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Àïïðîêñèìèðóåì ôóíêöèþ ϕ(x) â êóáàõ ∆kl ïîëèíîìîì Pr(ϕ, ∆kl).
Íåòðóäíî âèäåòü, ÷òî

∫

∆kl

|ϕ(t)− Pr(ϕ, ∆kl)| dt ≤ A(h2)r/2+1/p∗‖ϕ‖Lr
p(∆kl) ≤

≤ A

(
1

N

)2(r/2+1/p′)

‖ϕ‖Lr
p(∆kl) ≤ A

(
1

N

)r+2/p′

‖ϕ‖Lr
p(∆kl) ≤

≤ A

(
1

N

)r+2/p′

ψ(∆kl),

ãäå 1/p + 1/p′ = 1, h = 1/N, ψ(∆kl) = ‖ϕ‖Lr
p(∆kl).

Ïóñòü ψ(∆kl) = mkl(1/N)2/p.
Ðàññìîòðèì äâå âîçìîæíîñòè: 1) mkl ≤ 1, 2) mkl > 1.
Â ïåðâîì ñëó÷àå

∫

∆kl

|ϕ(t)− Pr(ϕ∆kl)| dt ≤ A

(
1

N

)r+2

.

Âî âòîðîì ñëó÷àå ðàçäåëèì êàæäóþ èç ñòîðîí êóáà ∆kl íà nkl =
= [m

p′/(rp′+2)
kl ] + 1 ðàâíûõ ÷àñòåé. Â ïîëó÷åííûõ â ðåçóëüòàòå ðàçáèå-

íèÿ êóáàõ, êîòîðûå îáîçíà÷èì ÷åðåç ∆kl,ij, áóäåì âû÷èñëÿòü èíòåãðàë
ïî ôîðìóëå

∫

∆kl,ij

ϕ(t)dt =

∫

∆kl,ij

Pr(ϕ, ∆kl,ij)dt + R(ϕ, ∆kl,ij),

ïîãðåøíîñòü êîòîðîé îöåíèâàåòñÿ íåðàâåíñòâîì

|R(ϕ, ∆kl,ij)| ≤ A(h/nkl)
(rp∗+2)/p∗mkl(1/N)2/p = A(1/N)r.

Îöåíèì âåëè÷èíó
∑
kl

n2
kl, ïîëàãàÿ, ÷òî â êóáàõ, â êîòîðûõ mkl ≤ 1,

âåëè÷èíà mkl ðàâíà åäèíèöå.
Íåòðóäíî âèäåòü, ÷òî

∑

kl

mp
klh

2 =
∑

kl

ϕ(∆kl)
p =

∑

kl

∑

|α|=r

∫

∆kl

|Dαϕ|pdt =
∑

|α|=r

∫

D

|Dαϕ|pdt ≤ 1.
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Âîñïîëüçîâàâøèñü íåðàâåíñòâîì Ãåëüäåðà ñ q = 2p′/((rp′+2)p) è q′ =
2/(4− p(r + 2)), èìååì

1 ≥ h2
∑

kl

mp
kl ≥ h2

(∑

kl

m
2p′/(rp′+2)
kl

)(rp′+2)p/2p′

N (4−p(r+2)) =

= AN−2

(∑

kl

n2
kl

)(rp′+2)p/(2p′)

N 4−p(r+2) = AN 2−p(r+2)

(∑

kl

n2
kl

)(rp′+2)p/(2p′)

.

Îòñþäà

n∗ =
∑

kl

n2
kl ≤ AN (p(r+2)−2)2p′/((rp′+2)p) = AN 2.

Òàêèì îáðàçîì, äîáàâëÿÿ íå áîëåå AN 2 íîâûõ êâàäðàòîâ, äîáèâàåìñÿ
òîãî, ÷òîáû ïîãðåøíîñòü âû÷èñëåíèÿ èíòåãðàëà

∫
∆kl,ij

∫
ϕ(t)dt â êàæäîì

êóáå ∆kl,ij áûëà íå ìåíüøå AN−r−2.

Â ðåçóëüòàòå îïèñàííûõ äåéñòâèé êâàäðàò D îêàçàëñÿ ðàçáèò íà áî-
ëåå ìåëêèå êâàäðàòû ∆kl,ij (ïðè÷åì, åñëè êâàäðàò ∆kl íå ðàçáèâàåòñÿ íà
áîëåå ìåëêèå, òî îí îáîçíà÷àåòñÿ ÷åðåç ∆kl,00). Ïóñòü (t1, t2) ∈
∈ ∆kl,ij. Ïîñòðîèì àäàïòèâíûé àëãîðèòì âû÷èñëåíèÿ ñèíãóëÿðíîãî èí-
òåãðàëà. Ïðè ýòîì íåîáõîäèìî ðàññìîòðåòü íåñêîëüêî âîçìîæíîñòåé.

Ïðåäïîëîæèì âíà÷àëå, ÷òî êâàäðàò ∆kl,ij ÿâëÿåòñÿ âíóòðåííèì äëÿ
êâàäðàòà ∆kl, ò.å. íå ïåðåñåêàåòñÿ ñ åãî ãðàíèöåé. Îáîçíà÷èì ÷åðåç ∆0

êâàäðàò, êîòîðûé ÿâëÿåòñÿ îáúåäèíåíèåì ñîïðèêàñàþùèõñÿ ñ ∆kl,ij êâàä-
ðàòîâ

∆0 =
⋃

v=i−1,i,i+1;w=j−1,j,j+1

∆kl,vw

Ôóíêöèÿ ϕ â êâàäðàòå ∆0 àïïðîêñèìèðóåòñÿ ïîëèíîìîì P3r−3(ϕ, ∆0),
â îñòàëüíûõ êâàäðàòàõ ∆kl,ij ýòà ôóíêöèÿ àïïðîêñèìèðóåòñÿ ïîëèíîìà-
ìè Pr(ϕ, ∆kl,ij). Ñïëàéí, ïîëó÷åííûé â ðåçóëüòàòå òàêîé àïïðîêñèìàöèè,
îáîçíà÷èì ÷åðåç ϕr(t1, t2). Ñèíãóëÿðíûé èíòåãðàë âû÷èñëÿåòñÿ ïî ôîð-
ìóëå

∫

D

f(θ)
ϕ(τ1, τ2)

r2(τ, t)
dτ1dτ2 =

∫

D

∫
f(θ)ϕr(τ1, τ2)

r2(τ, t)
dτ1dτ2 + Rr(ϕ). (2.1)
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Ïóñòü òåïåðü ïåðåñå÷åíèå ãðàíèöû îáëàñòè ∆kl,ij ñ ãðàíèöåé êâàäðàòà
∆kl íå ïóñòî. Çäåñü òàêæå âîçíèêàåò íåñêîëüêî ñëó÷àåâ, êîòîðûå ïîÿñ-
íÿþòñÿ ðèñóíêàìè. Ðàññìîòðèì âíà÷àëå ñèòóàöèþ, ïðåäñòàâëåííóþ íà
ðèñ. 2.1. Â ýòîì ñëó÷àå îáðàçóåòñÿ îáëàñòü ∆0 àôôèííûì ïðåîáðàçîâà-
íèåì îáëàñòè ∆kl,ij ñ öåíòðîì ïðåîáðàçîâàíèÿ â òî÷êå ïåðåñå÷åíèÿ äèà-
ãîíàëåé êâàäðàòà ∆kl,ij. ×åðåç ∆∗

rs,vw îáîçíà÷àþòñÿ îáëàñòè, ÿâëÿþùèåñÿ
ïåðåñå÷åíèåì îáëàñòåé ∆rs,vw ñ äîïîëíåíèåì ∆0. Â îáëàñòè ∆0 àïïðîê-
ñèìàöèÿ ôóíêöèè îñóùåñòâëÿåòñÿ ñïëàéíîì Pr(ϕ, ∆0), êîòîðûé ñòðî-
èòñÿ ñëåäóþùèì îáðàçîì. Â ïðÿìîóãîëüíèêå ∆(A1A2A9A10) ôóíêöèÿ
ϕ(τ1, τ2) àïïðîêñèìèðóåòñÿ ïîëèíîìîì Pr(ϕ, ∆(A1A2A9A10)). Â êâàäðàòå
∆(A2A3B2B1) ôóíêöèÿ ϕ(τ1, τ2) àïïðîêñèìèðóåòñÿ ïîëèíîìîì Pr(ϕ̄, ∆(A1A2B2B1)),
ãäå ϕ̄(τ1, τ2)− ôóíêöèÿ, ðàâíàÿ ϕ(τ1, τ2) âî âñåì êâàäðàòå ∆(A1A2B2B1)
çà èñêëþ÷åíèåì ñòîðîíû A2B1, íà êîòîðîé îíà ïðèíèìàåò çíà÷åíèÿ ðàâ-
íûå çíà÷åíèÿì ïîëèíîìà Pr(ϕ, ∆(A1A2A9A10)) íà ýòîé ïðÿìîé. Â êâàä-
ðàòå ∆(B1B2B3B4) ôóíêöèÿ ϕ(τ1, τ2) àïïðîêñèìèðóåòñÿ ïîëèíîìîì
Pr(ϕ̄, ∆(B1B2B3B4)), ãäå ϕ̄(τ1, τ2) â êâàäðàòå ∆(B1B2B3B4) ñîâïàäàåò ñ
ϕ(τ1, τ2) âñþäó, çà èñêëþ÷åíèåì ñòîðîí B1B2 è B2B4. Íà ñòîðîíå B1B2

çíà÷åíèÿ ôóíêöèè ϕ̄(τ1, τ2) ñîâïàäàþò ñî çíà÷åíèÿìè ïîëèíîìà Pr(ϕ̄, ∆(B1B2B3B4)),
à íà ñòîðîíå A2B4 çíà÷åíèÿ ôóíêöèè ϕ̄(τ1, τ2) ñîâïàäàþò ñî çíà÷åíèÿìè
ïîëèíîìà Pr(ϕ, ∆(A1A2A9A10)). Àíàëîãè÷íûì îáðàçîì ñòðîÿòñÿ èíòåð-
ïîëÿöèîííûå ïîëèíîìû âî âñåõ êâàäðàòàõ, âõîäÿùèõ â ïðÿìîóãîëüíèê
∆0. Îáúåäèíÿÿ ïîñòðîåííûå â îáëàñòè ∆0 èíòåðïîëÿöèîííûå ïîëèíîìû,
ïîëó÷àåì ëîêàëüíûé ñïëàéí P ∗

r (ϕ, ∆0). Â öåëîì â êâàäðàòå D àïïðîêñè-
ìàöèÿ îñóùåñòâëÿåòñÿ ñïëàéíîì ϕr(τ1, τ2), îïðåäåëÿåìûì ôîðìóëîé

ϕr(τ1, τ2) =

{
P ∗

r (ϕ, ∆0) (τ1, τ2) ∈ ∆0;
Pr(ϕ, ∆kl,ij) (τ1, τ2) ∈ ∆∗

kl,ij.

Ñèíãóëÿðíûé èíòåãðàë âû÷èñëÿåòñÿ ïî ôîðìóëå (2.1).
Ñëåäóþùàÿ ñèòóàöèÿ ïðåäñòàâëåíà íà ðèñ. 2.2. Â ýòîì ñëó÷àå îáðàçó-

åòñÿ ïðÿìîóãîëüíèê ∆0, ïîñòðîåíèå êîòîðîãî ëåãêî ïðîñëåäèòü ïî ðèñ.
2.2. Åäèíñòâåííîå òðåáîâàíèå, êîòîðîå íåîáõîäèìî ñîáëþäàòü ïðè ïî-
ñòðîåíèè ïðÿìîóãîëüíèêà ∆0, çàêëþ÷àåòñÿ â òîì, ÷òî ðàññòîÿíèå îò òî÷-
êè (t1, t2) äî ñòîðîí ïðÿìîóãîëüíèêà ∆0 äîëæíû áûòü íå ìåíüøå äëèíû
ñòîðîíû êâàäðàòà ∆k,l−1,ij. Ïåðåñå÷åíèå êâàäðàòîâ ∆rs,vw ñ äîïîëíåíè-
åì ∆0 äî êâàäðàòà D îáîçíà÷èì ÷åðåç ∆∗

rs,vw. Ââåäåì ñïëàéí ϕr(t1, t2)

317



ôîðìóëîé

ϕr(τ1, τ2) =

{
P ∗

r (ϕ, ∆0) (τ1, τ2) ∈ ∆0;
Pr(ϕ, ∆kl,ij) (τ1, τ2) ∈ ∆∗

kl,ij.

Ñèíãóëÿðíûé èíòåãðàë Kϕ âû÷èñëÿåòñÿ ïî ôîðìóëå (2.1)
Òðåòüÿ ñèòóàöèÿ ïðåäñòàâëåíà íà ðèñ. 2.3. Îáëàñòè ∆k−1,l, ∆k−1,l−1,

∆k,l, ∆k,l−1 äåëÿòñÿ íà áîëåå ìåëêèå êâàäðàòû ∆k−1,l,i,j è ò.ä. â ñîîòâåò-
ñòâèè ñ àëãîðèòìîì àïïðîêñèìàöèè ôóíêöèè ϕ. Èç ÷åòûðåõ òèïîâ êâàä-
ðàòîâ ∆k−1,l−1,ij, ∆k,l−1,ij, ∆kl,ij, ∆k−1,l,i,j âûáèðàåòñÿ òîò, ó êîòîðîãî íàè-
ìåíüøàÿ äëèíà ñòîðîíû. Îáîçíà÷èì åå ÷åðåç h. Îáëàñòè ∆k−1,l, ∆k−1,l−1, ∆k,l, ∆k,l−1

ïîêðûâàþòñÿ êâàäðàòàìè ñî ñòîðîíàìè, ðàâíûìè h. Çà ýòèìè êâàäðàòà-
ìè ñîõðàíÿþòñÿ ïðåæíèå îáîçíà÷åíèÿ. Ïîñòðîèì êâàäðàò ∆0 ñ öåíòðîì
â òî÷êå (t1, t2) è äëèíîé ñòîðîíû, ðàâíîé 2h. ×åðåç ∆∗

rs,vw îáîçíà÷èì
ïåðåñå÷åíèå ∆rs,vw ñ äîïîëíåíèåì ∆0 äî D. Â îáëàñòè ∆0 ïîñòðîèì ëî-
êàëüíûé ñïëàéí P ∗

r (ϕ, ∆0) îïèñàííûì âûøå ñïîñîáîì.
Ââåäåì ñïëàéí ϕ(τ1, τ2) ôîðìóëîé

ϕr(τ1, τ2) =

{
P ∗

r (ϕ, ∆0) (τ1, τ2) ∈ ∆0;
Pr(ϕ, ∆kl,ij) (τ1, τ2) ∈ ∆∗

kl,ij.
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Ñèíãóëÿðíûé èíòåãðàë âû÷èñëÿåòñÿ ïî ôîðìóëå (2.1).
Òåïåðü ïðèñòóïèì ê îöåíêå ïîãðåøíîñòè êóáàòóðíîé ôîðìóëû (2.1).

Òàê êàê ñèòóàöèÿ, ïðåäñòàâëåííàÿ íà ðèñ. 2.3, íàèáîëåå îáùàÿ, òî îñòà-
íîâèìñÿ íà íåé.

Ïóñòü (t1, t2) ∈ ∆ij. Íåòðóäíî âèäåòü, ÷òî ïîãðåøíîñòü êóáàòóðíîé
ôîðìóëû (2.1) èìååò âèä

|Rr(ϕ)| ≤ r1 + · · ·+ r14 =

∣∣∣∣∣∣

∫

∆0

∫
f(θ)ψr(τ1, τ2)

r2(τ, t)
dτ1dτ2

∣∣∣∣∣∣
+

+
i−2∑

k=0

N−1∑

l=0

∣∣∣∣∣∣

∫

∆kl

∫
f(θ)ψr(τ1, τ2)

r2(τ, t)
dτ1dτ2

∣∣∣∣∣∣
+

+
i+1∑

k=i−2

j−1∑

l=0

∣∣∣∣∣∣

∫

∆kl

∫
f(θ)ψr(τ1, τ2)

r2(τ, t)
dτ1dτ2

∣∣∣∣∣∣
+

+
N−1∑

k=i+2

N−1∑

l=0

∣∣∣∣∣∣

∫

∆kl

∫
f(θ)ψr(τ1, τ2)dτ1dτ2

r2(τ, t)

∣∣∣∣∣∣
+

+
i+1∑

k=i−2

N−1∑

l=j+1

∣∣∣∣∣∣

∫

∆kl

∫
f(θ)ψr(τ1, τ2)

r2(τ, t)
dτ1dτ2

∣∣∣∣∣∣
+

+
M−1∑

k=1

M−1∑

l=1




∣∣∣∣∣∣∣

∫

∆∗
i−1,j−1,kl

∫
f(θ)ψr(τ1, τ2)

r2(τ, t)
dτ1dτ2

∣∣∣∣∣∣∣
+

+

∣∣∣∣∣∣∣

∫

∆∗
i−1,j,kl

∫
f(θ)ψr(τ1, τ2)

r2(τ, t)
dτ1dτ2

∣∣∣∣∣∣∣
+

+

∣∣∣∣∣∣∣

∫

∆∗
i−1,j+1,kl

∫
f(θ)

ψr(τ1, τ2)

r2(τ, t)
dτ1dτ2

∣∣∣∣∣∣∣
+ · · ·+

∣∣∣∣∣∣∣

∫

∆∗
i+1,j+1,kl

∫
f(θ)

ψr(τ1, τ2)

r2(τ, t)
dτ1dτ2

∣∣∣∣∣∣∣


 ,

ãäå M = [1/Nh] + 1, ψr(t1, t2) = ϕ(t1, t2) − ϕr(t1, t2). Èç ïðåäûäóùèõ
âûêëàäîê ÿñíî, ÷òî M ≤ AN.
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Îöåíèì ïîãðåøíîñòü âûðàæåíèé r1, r2, r6, òàê êàê ñóììû r2 è r6 îöå-
íèâàþòñÿ òàê æå, êàê è îñòàëüíûå ñëàãàåìûå ãðóïï (r2− r5) è (r6− r14),
ïðåäñòàâèòåëÿìè êîòîðûõ îíè ÿâëÿþòñÿ.

Íåòðóäíî âèäåòü, ÷òî

r2 =
i−2∑

k=0

N−1∑

l=0

∣∣∣∣∣∣

∫

∆kl

∫
f(θ)

ϕ(τ1, τ2)− ϕr(τ1, τ2)

(τ1 − t1)
2 + (τ2 − t2)

2dτ1dτ2

∣∣∣∣∣∣
≤

≤ A

N r

i−2∑

k=0

N−1∑

l=0

1

(k + 1)2 + (l + 1)2 ≤ AN−r ln N.

Ïðèñòóïèì ê îöåíêå òðåòüåé ãðóïïû ñëàãàåìûõ:

r6 =
M−1∑
i=1

M−1∑
j=1

∣∣∣∣∣∣∣

∫

∆kl,ij

∫
f(θ)

ϕ(τ1, τ2)− ϕr(τ1, τ2)

(τ1 − t1)
2 + (τ2 − t2)

2dτ1dτ2

∣∣∣∣∣∣∣
≤

≤
M−1∑
i=1

M−1∑
j=1

1

N r

1

(i + 1)2 + (j + 1)2 ≤
A

N r

M−1∑
i=1

M−1∑
j=1

1

i2 + j2 ≤

≤ AN−r ln N.

Ïðèñòóïèì ê îöåíêå èíòåãðàëà r1 :

r1 =

∣∣∣∣∣∣

∫

∆0

∫
f(θ)

ϕ(τ1, τ2)− ϕr(τ1, τ2)

r2(τ, t)
dτ1dτ2

∣∣∣∣∣∣
≤

≤
∣∣∣∣∣∣

∫ ∫

∆0

f(θ)
(ϕ(τ1, τ2)− ϕr(τ1, τ2))− (ϕ(t1, t2)− ϕr(t1, t2))

r2(τ, t)
dτ1dτ2

∣∣∣∣∣∣
+

+ |(ϕ(t1, t2)− ϕr(t1, t2))|
∣∣∣∣∣∣

∫

∆0

∫
f(θ)

r2(τ, t)
dτ1dτ2

∣∣∣∣∣∣
= r11 + r12.

Òàê êàê ∣∣∣∣∣∣

∫

∆0

∫
f(θ)

r2(τ, t)
dτ1dτ2

∣∣∣∣∣∣
≤ A,
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òî r12 ≤ AN−r.
Ïðèñòóïàÿ ê îöåíêå r11, çàìåòèì, ÷òî ïî òåîðåìå À.À.Ìàðêîâà

|ϕ(τ1, τ2)− ϕr(τ1, τ2)− ϕ(t1, t2) + ϕr(t1, t2)| ≤
≤ AN−rh−1(|τ1 − t1|+ |τ2 − t2|) ≤ AN−rr(τ, t)h−1.

Ñëåäîâàòåëüíî,

r11 ≤ AN−rh−1
∫

∆0

∫
|f(θ)|dτ1dτ2 ≤ AN−r ln N.

Ñîáèðàÿ ïîëó÷åííûå îöåíêè, óáåæäàåìñÿ â ñïðàâåäëèâîñòè òåîðåìû.

3. Àäàïòèâíûé àëãîðèòì âû÷èñëåíèÿ ïîëèñèíãóëÿðíûõ
èíòåãðàëîâ

Â äàííîì ïàðàãðàôå èññëåäóþòñÿ àäàïòèâíûå àëãîðèòìû âû÷èñëåíèÿ
áèñèíãóëÿðíûõ èíòåãðàëîâ ñ ÿäðàìè Êîøè

Kϕ =
1

π2

∫

γ1

∫

γ2

ϕ(τ1, τ2)

(τ1 − t1)(τ2 − t2)
dτ1dτ2 (3.1)

è Ãèëüáåðòà

Fϕ =
1

(2π)2

2π∫

0

2π∫

0

ϕ(σ1, σ2)ctg
σ1 − s1

2
ctg

σ2 − s2

2
dσ1dσ2. (3.2)

Äëÿ ïðîñòîòû îáîçíà÷åíèé â èíòåãðàëå (3.1) ïîä γi (i = 1, 2) áóäåì
ïîíèìàòü åäèíè÷íóþ îêðóæíîñòü ñ öåíòðîì â íà÷àëå êîîðäèíàò. Òàê
êàê èíòåãðàëû (3.1) è (3.2) ñâÿçàíû ìåæäó ñîáîé ôîðìóëàìè Ãèëüáåðòà
[63], òî â äàëüíåéøåì îãðàíè÷èìñÿ ðàññìîòðåíèåì èíòåãðàëà (3.1). Áó-
äåì ñ÷èòàòü, ÷òî ôóíêöèÿ ϕ(s1, s2) ∈ W r

p (D), ãäå r = 1, 2, . . . , 1 < p <

∞, D = γ1 × γ2.
Òåîðåìà 3.1. Ïóñòü ϕ(s1, s2) ∈ W r

p (D), r = 1, 2, . . . , 1 < p <

< ∞, p(r + 2) > 4. Ñóùåñòâóåò àäàïòèâíûé àëãîðèòì âû÷èñëåíèÿ èí-
òåãðàëîâ òèïà Kϕ, èñïîëüçóþùèé çíà÷åíèÿ ïîäûíòåãðàëüíîé ôóíêöèè
ϕ(t1, t2) â n = N 2 óçëàõ è èìåþùèé ïîãðåøíîñòü

Rn(ϕ) ≤ AN−r ln2 N = An−r/2 ln2 n.
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Çàìå÷àíèå. Â ãëàâå 4 ïîêàçàíî, ÷òî âåðõíÿÿ ãðàíü îöåíêè ñíèçó ïî-
ãðåøíîñòè ê.ô. âû÷èñëåíèÿ áèñèíãóëÿðíîãî èíòåãðàëà Kϕ íà êëàññå
W r

p (D), 1 < p < ∞, èñïîëüçóþùèõ n çíà÷åíèé ïîäûíòåãðàëüíîé ôóíê-
öèè ϕ(t1, t2) åñòü âåëè÷èíà, íå ïðåâîñõîäÿùàÿ An−r/2+1/p. Èç ñîïîñòàâ-
ëåíèÿ ýòîé îöåíêè è óòâåðæäåíèÿ òåîðåìû 3.1 ñëåäóåò, ÷òî íà êëàññå
W r

p (D) àäàïòèâíûå àëãîðèòìû âû÷èñëåíèÿ ïîëèñèíãóëÿðíûõ èíòåãðà-
ëîâ çíà÷èòåëüíî òî÷íåå ïàññèâíûõ.

Äîêàçàòåëüñòâî. Ïðè äîêàçàòåëüñòâå ïðåäûäóùåé òåîðåìû áûë èç-
ëîæåí àäàïòèâíûé àëãîðèòì òàêîãî ðàçáèåíèÿ êâàäðàòà D íà áîëåå ìåë-
êèå îáëàñòè ∆klij, ÷òîáû àïïðîêñèìàöèÿ ôóíêöèè ϕ(t1, t2) èíòåðïîëÿöè-
îííûì ïîëèíîìîì Pr(ϕ, ∆klij) = ϕN(t1, t2, ∆klij) íå ïðåâîñõîäèëà âåëè-
÷èíó AN−r.

Â ðåçóëüòàòå ïðèìåíåíèÿ ýòîãî àëãîðèòìà êâàäðàò D îêàçàëñÿ ðàçáèò
íà áîëåå ìåëêèå îáëàñòè ∆klij, ïðè÷åì â êàæäîé îáëàñòè ∆klij ôóíêöèÿ
ϕ(t1, t2) àïïðîêñèìèðóåòñÿ ïîëèíîìîì Pr(ϕ, ∆klij) ñ òî÷íîñòüþ AN−r.

Ñïëàéí, îïðåäåëåííûé â îáëàñòè D = γ1×γ2 è ñîñòîÿùèé èç èíòåðïîëÿ-
öèîííûõ ïîëèíîìîâ Pr(ϕ, ∆klij), è ñïëàéíà P ∗

r (ϕ, ∆0), îáîçíà÷èì ÷åðåç
ϕr(t1, t2).

Ïîëèñèíãóëÿðíûé èíòåãðàë Kϕ áóäåì âû÷èñëÿòü ïî ôîðìóëå

Kϕ =
1

4π2




∫

γ1

∫

γ2

ϕr(τ1, τ2)dτ1dτ2

(τ1 − t1 + n1h)(τ2 − t2 + n2h)
+

+

∫

γ1

∫

γ2

ϕr(τ1, τ2)dτ1dτ2

(τ1 − t1 − n1h)(τ2 − t2 + n2h)
+

+

∫

γ1

∫

γ2

ϕr(τ1, τ2)dτ1dτ2)

(τ1 − t1 + n1h)(τ2 − t2 − n2h)
+

+

∫

γ1

∫

γ2

ϕr(τ1, τ2)dτ1dτ2

(τ1 − t1 − n1h)(τ2 − t2 − n2h)


 + RN(ϕ), (3.3)

ãäå h = N−r, ni− åäèíè÷íàÿ íîðìàëü, ïðîâåäåííàÿ â òî÷êå ti âíóòðü
îêðóæíîñòè γi, i = 1, 2.
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Îöåíèì ïîãðåøíîñòü ôîðìóëû (3.3). Íåòðóäíî âèäåòü, ÷òî

|RN(ϕ)| ≤
∣∣∣∣∣∣

1

π2

∫

γ1

∫

γ2

ϕ(τ1, τ2)

(
1

(τ1 − t1 + n1h)(τ2 − t2 + n2h)
−

− 1

(τ1 − t1)(τ2 − t2)

)
dτ1dτ2

∣∣∣∣ +

∣∣∣∣∣∣
1

π2

∫

γ1

∫

γ2

(ϕ(τ1, τ2)− ϕr(τ1, τ2))dτ1dτ2

(τ1 − t1 + n1h)(τ2 − t2 + n2h)

∣∣∣∣∣∣
=

= r1 + r2.

Èíòåãðàë r1 áûë îöåíåí â [40], ãäå ïîêàçàíî, ÷òî r1 ≤ Ah = AN−r.

Ïåðåéäåì ê îöåíêå èíòåãðàëà r2. Ïðåäïîëîæèì, ÷òî òî÷êà (t1, t2) ∈
∈ ∆kl. Òîãäà

r2 ≤ 1

π2

∣∣∣∣∣∣

∫ ∫

d0

ϕ(τ1, τ2)− ϕr(τ1, τ2)

(τ1 − t1 + n1h)(τ2 − t2 + n2h)
dτ1dτ2

∣∣∣∣∣∣
+

+A

[N/2]−1∑
v1=1

[N/2]−1∑
v2=1

(
N

v1

)(
N

v2

) ∫

∆v1,v2

∫
|ϕ(τ1, τ2)− ϕr(τ1, τ2)||dτ1||dτ2|+

+A

k+1∑

v1=k−1

[N/2]−1∑
v2=1

N 2

v2

∫

∆v1v2

∫
|ϕ(τ1, τ2)− ϕr(τ1, τ2)||dτ1||dτ2| ≤

≤ AN−r ln2 N ≤ An−r/2 ln2 n,

ãäå d0 = ∆k−1,l−1 ∪∆k−1,l ∪∆k−1,l+1 ∪∆k,l−1 ∪∆k,l ∪∆k,l+1 ∪
∪∆k+1,l−1 ∪∆k+1,l ∪∆k+1,l+1.

Èç îöåíîê r1 è r2 ñëåäóåò ñïðàâåäëèâîñòü òåîðåìû.
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ÃËÀÂÀ 6

ÎÏÒÈÌÀËÜÍÛÅ ÏÎ ÑËÎÆÍÎÑÒÈ ÀËÃÎÐÈÒÌÛ
ÂÛ×ÈÑËÅÍÈß ÑÈÍÃÓËßÐÍÛÕ ÈÍÒÅÃÐÀËÎÂ

Ïðåäûäóùèå ãëàâû áûëè ïîñâÿùåíû ïîñòðîåíèþ îïòèìàëüíûõ ïî òî÷-
íîñòè ìåòîäîâ âû÷èñëåíèÿ ñèíãóëÿðíûõ, ïîëèñèíãóëÿðíûõ è ìíîãîìåð-
íûõ ñèíãóëÿðíûõ èíòåãðàëîâ. Íàðÿäó ñ îöåíêîé òî÷íîñòè, îöåíêà ñëîæ-
íîñòè âû÷èñëåíèé ÿâëÿåòñÿ òàêæå îäíèì èç êðèòåðèåâ, õàðàêòåðèçóþ-
ùèõ ýôôåêòèâíîñòü àëãîðèòìà. Íåñìîòðÿ íà ýòî, âîïðîñû ïîñòðîåíèÿ
îïòèìàëüíûõ ïî ñëîæíîñòè ìåòîäîâ âû÷èñëåíèÿ ñèíãóëÿðíûõ èíòåãðà-
ëîâ ê íàñòîÿùåìó âðåìåíè ìàëî èññëåäîâàíû.

Â äàííîé ãëàâå ïðèâåäåí ðÿä àëãîðèòìîâ âû÷èñëåíèÿ ñèíãóëÿðíûõ
è ïîëèñèíãóëÿðíûõ èíòåãðàëîâ, êîòîðûå ÿâëÿþòñÿ îäíîâðåìåííî îïòè-
ìàëüíûìè ïî òî÷íîñòè è ñëîæíîñòè.

1. Îïòèìàëüíûå ïî ñëîæíîñòè àëãîðèòìû âû÷èñëåíèÿ
ñèíãóëÿðíûõ èíòåãðàëîâ ñ ôèêñèðîâàííîé ñèíãóëÿðíîñòüþ íà

êëàññå ôóíêöèé Ãåëüäåðà

Â ýòîì ïàðàãðàôå èññëåäóþòñÿ ìåòîäû âû÷èñëåíèÿ íà êëàññå ôóíê-
öèé Ãåëüäåðà Hα, 0 < α ≤ 1 ñèíãóëÿðíûõ èíòåãðàëîâ âèäà

Iϕ =

1∫

−1

ϕ(τ)

τ
dτ.

Äëÿ âû÷èñëåíèÿ èñïîëüçóþòñÿ êâàäðàòóðíûå ôîðìóëû âèäà

Iϕ =
N∑

k=−N

′
ρ∑

l=0

pklϕ
(l)(tk) + RN(ϕ), (1.1)

ãäå −1 ≤ t−N < · · · < t−1 < 0 < t1 < · · · < tN ≤ 1,
∑′ îçíà÷àåò

ñóììèðîâàíèå ïî k 6= 0.
Âî âòîðîé ãëàâå áûëè ïîñòðîåíû àñèìïòîòè÷åñêè îïòèìàëüíûå ïî

òî÷íîñòè àëãîðèòìû âû÷èñëåíèÿ ñèíãóëÿðíûõ èíòåãðàëîâ ñ ôèêñèðî-
âàííîé ñèíãóëÿðíîñòüþ. Äëÿ ïîñòðîåíèÿ àëãîðèòìîâ, îäíîâðåìåííî îï-
òèìàëüíûõ è ïî òî÷íîñòè è ïî ñëîæíîñòè, íåîáõîäèìî ïðåîáðàçîâàòü ýòè
ôîðìóëû.
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Ðàññìîòðèì êâàäðàòóðíûå ôîðìóëû:

Iϕ =
N−1∑

k=1

(ϕ(t′k)− ϕ(t′−k−1)) ln(tk+1/tk) + RN(ϕ), (1.2)

Iϕ =
N−1∑

k=1

ϕ(t′k)− ϕ(t′−k−1)

tk
(tk+1 − tk) + RN(ϕ). (1.3)

Iϕ =
1 + α

α

N−1∑

k=1

ϕ(t′k)− ϕ(t′−k−1)

k
+ RN(ϕ), (1.4)

ãäå t±k = ±(k/N)(1+α)/α, t′k = (tk+1 + tk)/2, k = 0, 1, . . . , N − 1.
Òåîðåìà 1.1 [36]. Ñðåäè ê.ô. âèäà (1.1) ïðè ρ = 0 àñèìïòîòè÷åñêè

îïòèìàëüíûìè ïî òî÷íîñòè ÿâëÿþòñÿ ôîðìóëû (1.2), (1.3) ïðè 0 <

< α ≤ 1 è ôîðìóëà (1.4) ïðè 0 < α < 1. Ê.ô. (1.4) ÿâëÿåòñÿ îïòèìàëüíîé
ïî ïîðÿäêó ïî òî÷íîñòè ïðè α = 1. Êâàäðàòóðíûå ôîðìóëû (1.2) − (1.4)
ÿâëÿþòñÿ îïòèìàëüíûìè ïî ïîðÿäêó ïî ñëîæíîñòè ïðè 0 < α ≤ 1. Ïðè
ýòîì òî÷íîñòü ê.ô. (1.2), (1.3) ðàâíà

RN [Hα(1)] = (1 + o(1))21−α(1 + α)α/α1+αNα,

à òî÷íîñòü ê.ô. (1.4) ðàâíà

RN [Hα(1)] = (1 + o(1))21−α(1 + α)α/(α1+αNα) + (2 + o(1))(1 + α)/α3N.

Îöåíêà ñëîæíîñòè ê.ô. (1.2)− (1.4) ðàâíà AN, ãäå A− êîíñòàíòà, çàâè-
ñÿùàÿ òîëüêî îò α.

Äîêàçàòåëüñòâî òåîðåìû 1.1. Âî âòîðîé ãëàâå áûëà âû÷èñëåíà
âåðõíÿÿ ãðàíü îöåíêè ñíèçó ïîãðåøíîñòè ê.ô. âèäà (1.1) íà êëàññå Hα(1),
ðàâíàÿ

ζN(Hα(1)) ≥ (1 + o(1))(1 + α)α21−α 1

α1+αNα .

Ïîêàæåì, ÷òî ê.ô. (1.2) àñèìïòîòè÷åñêè îïòèìàëüíà. Â ñàìîì äåëå,

|RN(ϕ)| ≤
∣∣∣∣∣∣

t1∫

t−1

ϕ(τ)− ϕ(0)

τ
dτ

∣∣∣∣∣∣
+

N∑

k=−N

′′

∣∣∣∣∣∣

tk+1∫

tk

ϕ(τ)− ϕ(t′k)
τ

dτ

∣∣∣∣∣∣
≤

≤ (1 + o(1))21−α(1 + α)α 1

α1+αNα . (1.5)
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Çäåñü
∑ ′′ îçíà÷àåò ñóììèðîâàíèå ïî k 6= −1, 0.

Èç ñîïîñòàâëåíèÿ îöåíîê ζN [Hα(1)] è îöåíêè (1.5) ñëåäóåò àñèìïòîòè-
÷åñêàÿ îïòèìàëüíîñòü ïî òî÷íîñòè ê.ô. (1.2).

Ïîêàæåì, ÷òî ê.ô. (1.3) àñèìïòîòè÷åñêè îïòèìàëüíà. Â ñàìîì äåëå,

|RN | ≤
∣∣∣∣∣∣

t1∫

t−1

ϕ(τ)− ϕ(0)

τ
dτ

∣∣∣∣∣∣
+

N−1∑

k=1

∣∣∣∣∣∣

tk+1∫

tk

(
ϕ(τ)

τ
− ϕ(t′k)

tk

)
dτ

∣∣∣∣∣∣
+

+
−2∑

k=−N

∣∣∣∣∣∣

tk+1∫

tk

(
ϕ(τ)

τ
− ϕ(t′k)

tk+1

)
dτ

∣∣∣∣∣∣
= r1 + r2 + r3.

Îöåíèì êàæäîå ñëàãàåìîå â îòäåëüíîñòè. Íåòðóäíî âèäåòü, ÷òî

r1 =

∣∣∣∣∣∣

t1∫

t−1

ϕ(τ)− ϕ(0)

τ
dτ

∣∣∣∣∣∣
≤ 2

α

1

N 1+α = o

(
1

Nα

)
.

Ïðè îöåíêå r2 íå îãðàíè÷èâàÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî
tk+1∫

tk

ϕ(τ)

τ
dτ ≥ 0.

Òîãäà

r2 =
N−1∑

k=1

∣∣∣∣∣∣

tk+1∫

tk

(
ϕ(τ)

τ
− ϕ(t′k)

tk

)
dτ

∣∣∣∣∣∣
≤

≤
N−1∑

k=1




∣∣∣∣∣∣

tk+1∫

tk

ϕ+(τ)

tk
dτ +

tk+1∫

tk

ϕ−(τ)

tk+1
dτ −

tk+1∫

tk

ϕ(t′k)
tk

dτ

∣∣∣∣∣∣


 ≤

≤
N−1∑

k=1




∣∣∣∣∣∣

tk+1∫

tk

ϕ(τ)− ϕ(t′k)
tk

dτ

∣∣∣∣∣∣
+

∣∣∣∣∣∣
tk+1 − tk
tktk+1

tk+1∫

tk

ϕ−(τ)dτ

∣∣∣∣∣∣


 ≤

≤
N−1∑

k=1

∣∣∣∣∣∣

tk+1∫

tk

ϕ(τ)− ϕ(t′k)
tk

dτ

∣∣∣∣∣∣
+

N−1∑

k=1

|tk+1 − tk|
tktk+1

∣∣∣∣∣∣

tk+1∫

tk

ϕ−(τ)dτ

∣∣∣∣∣∣
= r21 + r22,
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ãäå

ϕ+(t) =

{
ϕ(t) ϕ(t) ≥ 0,
0 ϕ(t) < 0,

ϕ−(t) =

{
ϕ(t) ϕ(t) ≤ 0,
0 ϕ(t) > 0.

Î÷åâèäíî,

r21 =
N−1∑

k=1

∣∣∣∣∣∣

tk+1∫

tk

ϕ(τ)− ϕ(t′k)
tk

dτ

∣∣∣∣∣∣
≤

≤ 2

1 + α

N−1∑

k=1

(
N

k

)(1+α)/α (
tk+1 − tk

2

)1+α

≤ (1 + o(1))(1 + α)α

2αα1+αNα
.

Òàê êàê ôóíêöèÿ ϕ(t) íåïðåðûâíà, òî åñëè íà ñåãìåíòå [tk, tk+1] ôóíê-
öèÿ ϕ−(t) íå ðàâíà òîæäåñòâåííî íóëþ, òî ñóùåñòâóåò òî÷êà c ∈ [tk, tk+1]
òàêàÿ, ÷òî ϕ−(c) = 0. Òîãäà

r22 =
N−1∑

k=1

|tk+1 − tk|
tktk+1

∣∣∣∣∣∣

tk+1∫

tk

ϕ−(τ)dτ

∣∣∣∣∣∣
≤

≤
N−1∑

k=1

|tk+1 − tk|
tktk+1

∣∣∣∣∣∣

tk+1∫

tk

(
ϕ−(τ)− ϕ(c)

)
dτ

∣∣∣∣∣∣
≤ A

N 1+α

N−1∑

k=1

1

k
≤ A ln N

N 1+α = o(N−α).

Òàêèì îáðàçîì,
r2 ≤ (1 + o(1))

(1 + α)α

2αα1+αNα .

Ñóììà r3 îöåíèâàåòñÿ àíàëîãè÷íî. Ñîáèðàÿ îöåíêè âûðàæåíèé r1−r3,
èìååì

R ≤ (1 + o(1))
21−α(1 + α)α

α1+αNα .

Èç ñîïîñòàâëåíèÿ ýòîãî íåðàâåíñòâà è îöåíêè ζN [Hα(1)] ñëåäóåò àñèìï-
òîòè÷åñêàÿ îïòèìàëüíîñòü ïî òî÷íîñòè ê.ô. (1.3).

Îöåíèì ïîãðåøíîñòü ê.ô. (1.4). Äëÿ ýòîãî äîñòàòî÷íî îöåíèòü ðàç-
íîñòü ∣∣∣∣∣

N−1∑

k=1

(ϕ(t′k)− ϕ(0))

(
tk+1 − tk

tk
− 1 + α

αk

)∣∣∣∣∣ ≤

≤
N−1∑

k=1

(
k

N

)1+α (
(k + 1)(1+α)/α − k(1+α)/α

k(1+α)/α
− 1 + α

αk

)
≤
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≤ 1 + α

αN 1+α

N−1∑

k=1

k1+α

(
(k + 1)1/α

k1/α+1 − 1

k

)
≤

≤ 1 + α

αN 1+α

N−1∑

k=1

kα

((
1 +

1

k

)1/α

− 1

)
=

=
1 + α

αN 1+α

N−1∑

k=1

kα

(
1

αk
+

1

α

(
1

α
− 1

)
1

2!

1

k2 + · · ·+
)
≤

≤ 1 + α

α2N 1+α

(
N−1∑

k=1

kα−1 − o(1)

)
=

1 + α

α2N 1+α

(
Nα

α
− o(1)

)
=

1 + α

α3N
+o(N−1).

Èç ýòîé îöåíêè ñëåäóåò, ÷òî ê.ô. (1.4) àñèìïòîòè÷åñêè îïòèìàëüíà
ïðè 0 < α < 1 è îïòèìàëüíà ïî ïîðÿäêó ïðè α = 1.

Îöåíèì ÷èñëî àðèôìåòè÷åñêèõ äåéñòâèé, íåîáõîäèìûõ äëÿ ðåàëèçà-
öèè ê.ô. (1.2) − (1.4). Â êà÷åñòâå íàáîðà ïðîñòåéøèõ îïåðàöèé âîçüìåì
íàáîð P = {àðèôìåòè÷åñêèå îïåðàöèè, âû÷èñëåíèå çíà÷åíèé ôóíêöèé}.

Âûøå áûëî ïîêàçàíî, ÷òî äëÿ èíôîðìàöèîííîãî îïåðàòîðà ηN =
= (t−N , . . . t−1, t1, . . . , tN)

ζN [Ψ] ≥ (1 + o(1))21−α(1 + α)α/(α1+αNα).

Èç îïðåäåëåíèÿ ôóíêöèîíàëà ζN(Ψ) ñëåäóåò, ÷òî íèæíÿÿ ãðàíü ðàç-
ìåðíîñòè îïåðàòîðà ηN , íåîáõîäèìàÿ äëÿ äîñòèæåíèÿ òî÷íîñòè ε, îïðå-
äåëÿåòñÿ èç íåðàâåíñòâà ε > ζN [Ψ]. Îòñþäà ñëåäóåò, ÷òî N =
= A(1/ε)1/α, à ïðè N →∞ ζN [Ψ] ≥ (1 + o(1))(21−α(1 + α)α/(α1+αε))1/α.

Äëÿ îöåíêè ñíèçó comp(ηN, I, ε) çàìåòèì, ÷òî

comp(ηN, I, ε) ≥
N∑

i=−N

′(ci + αi) + N1,

ãäå ci− ñëîæíîñòü âû÷èñëåíèÿ ôóíêöèîíàëà ϕ(ti); αi− ñëîæíîñòü âû-
÷èñëåíèÿ êîýôôèöèåíòà pi; N1− ÷èñëî àðèôìåòè÷åñêèõ äåéñòâèé íàä
ϕ(ti) è pi. Î÷åâèäíî, ci ≥ 2, αi ≥ 0, N1 ≥ 2N. Ñëåäîâàòåëüíî, comp(ηN, I, ε) >

6N.

Îöåíèì ÷èñëî àðèôìåòè÷åñêèõ äåéñòâèé, ïðè êîòîðûõ âîçìîæíà ðå-
àëèçàöèÿ ê.ô. (1.2). Ïðåäñòàâèì ôîðìóëó (1.2) â âèäå

Iϕ =
1 + α

α

N−1∑

k=1

(ϕ(t′k)− ϕ(t′−k−1)) (ln(k + 1)− ln k) + RN(ϕ). (1.6)
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Äëÿ ðåàëèçàöèè âû÷èñëèòåëüíîé ñõåìû (1.6) ñ òî÷íîñòüþ

(1 + o(1))21−α(1 + α)α/α1+αNα

íåîáõîäèìî âû÷èñëèòü çíà÷åíèÿ ln k (k = 2, 3, . . . , N) ñ òî÷íîñòüþ N−1−α.
Èçâåñòíà ôîðìóëà [101]

ln x = 2
∞∑

k=1

1

2k − 1

(
x− 1

x + 1

)2k+1

, (1.7)

ñïðàâåäëèâàÿ ïðè x > 0.
Ïóñòü p1, p2, . . . , pN− ïðîñòûå ÷èñëà, íå ïðåâîñõîäÿùèå N.

Äëÿ âû÷èñëåíèÿ ln 2 è ln 3 ïî ýòîé ôîðìóëå ñ òî÷íîñòüþ N−1−α òðåáóåòñÿ
3

2
[(1 + α) log3 N ] + 2

3

2
[(1 + α) log2 N ] + 2

àðèôìåòè÷åñêèõ äåéñòâèé.
Äëÿ âû÷èñëåíèÿ ëîãàðèôìà ÷èñëà k(3 < k ≤ N), ïðåäñòàâèìîãî â

âèäå k = 2v èëè k = 3v, äîñòàòî÷íî îäíîãî óìíîæåíèÿ.
Äëÿ âû÷èñëåíèÿ ëîãàðèôìà ÷èñëà k(2 < k ≤ N), ïðåäñòàâèìîãî â

âèäå k = 2v3v1, äîñòàòî÷íî îäíîãî ñëîæåíèÿ.
Ïðåäïîëîæèì, ÷òî óæå âû÷èñëåíû ëîãàðèôìû âñåõ ïðîñòûõ ÷èñåë,

ìåíüøèõ pk, è ëîãàðèôìû âñåõ ÷èñåë, íå ïðåâîñõîäÿùèõ N è ñîñòàâëåí-
íûõ èç ïðîèçâåäåíèé ðàçëè÷íûõ ñòåïåíåé ïðîñòûõ ÷èñåë p1, p2, . . . , pk−1.

Âû÷èñëåíèå ln pk ïðîâåäåì ïî ôîðìóëå

ln pk = ln

(
(pk + 1)

(
1− 1

pk + 1

))
= ln(pk + 1) + ln

(
1− 1

pk + 1

)
.

Âû÷èñëèì ln(1 − 1/(pk + 1)) ïî ôîðìóëå (1.7). Äëÿ äîñòèæåíèÿ òî÷-
íîñòè N−1−α â ýòèõ âû÷èñëåíèÿõ äîñòàòî÷íî ïîëîæèòü

n =
3

2
[(1 + α) ln2pk+1 N ] + 2 =

3

2

[
(1 + α)

ln N

ln(2pk + 1)

]
+ 2.

Òàêèì îáðàçîì, ÷èñëî àðèôìåòè÷åñêèõ äåéñòâèé, íåîáõîäèìûõ äëÿ
âû÷èñëåíèÿ ln pk, ðàâíî

3

2

[
(1 + α)

ln N

ln(2pk + 1)

]
+ 2.
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Ïîñëå âû÷èñëåíèÿ ëîãàðèôìà î÷åðåäíîãî ïðîñòîãî ÷èñëà pk âû÷èñëÿ-
þòñÿ âñå ÷èñëà n ≤ N, ïðåäñòàâèìûå â âèäå pv1

1 pv2

2 . . . pvk

k .

Ýòîò ïðîöåññ çàâåðøàåòñÿ ïîñëå âû÷èñëåíèÿ ëîãàðèôìîâ âñåõ ÷èñåë
1 ≤ n ≤ N.

Ïî òåîðåìå ×åáûøåâà [53, c.326] äëÿ ÷èñëà π(N) ïðîñòûõ ÷èñåë, ìåíü-
øèõ N(N ≥ 2), âûïîëíÿþòñÿ íåðàâåíñòâà aN/ ln N ≤ (π(N) ≤
≤ bN/ ln N.

Ï.Ë.×åáûøåâ ïîêàçàë, ÷òî a ≥ 0.921, b ≤ 1.08. Ïîçäíåå áûëî ïîêàçà-
íî, ÷òî çíà÷åíèÿ a è b åùå áîëåå áëèçêè ê åäèíèöå.

Ñëåäîâàòåëüíî, äëÿ âû÷èñëåíèÿ çíà÷åíèé ln k(k = 2, . . . , N) äîñòà-
òî÷íî âûïîëíåíèÿ M àðèôìåòè÷åñêèõ äåéñòâèé, ãäå

M ≤ (N − aN/ ln N) +
3

2

∑

k

(
(1 + α)

ln N

ln(pk + 1)
+ 1

)
≤

≤ N − 0.921N

ln N
+

3

2
(1 + α) ln N

∑

k

1

ln(pk + 1)
+

2.16N

ln N
≤

≤ N +
1.139N

ln N
+

3

2
(1 + α) ln N

∑

k

1

ln(pk + 1)
.

Çäåñü ñóììèðîâàíèå ïðîâîäèòñÿ ïî âñåì ïðîñòûì ÷èñëàì, íå ïðåâîñ-
õîäÿùèì N.

Èçâåñòíî [53, c.330], ÷òî äëÿ r-ãî ïðîñòîãî ÷èñëà pr ñïðàâåäëèâû íåðà-
âåíñòâà cr ln r < pr < dr ln r, ãäå c = 1/b, d = 1/a.

Òîãäà

M ≤ N +
1.139N

ln N
+

3

2
(1 + α) ln N

π(N)∑
r=2

1

ln(cr ln r)
≤

≤ (1 + o(1))


N +

3

2
(1 + α) ln N

π(N)∑
r=1

1

ln r


 .

Îöåíèì èíòåãðàë
π(N)+1∫

2

1

ln r
dr =

ln(π(N)+1)/2∫

ln 2

eu

u
du+
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+

ln(π(N)+1)∫

ln(π(N)+1)/2

e

u
du ≤

√
π(N) + 1 ln ln(π(N) + 1) + 2(π(N) + 1).

Ñëåäîâàòåëüíî, M ≤ (1 + o(1))N.

Äëÿ ðåàëèçàöèè ôîðìóëû (1.6) ïðè çàðàíåå âû÷èñëåííûõ çíà÷åíèÿõ
ln k (k = 2, . . . , N) òðåáóåòñÿ 4N − 2 àðèôìåòè÷åñêèõ äåéñòâèÿ.

Åùå 3N−1 àðèôìåòè÷åñêîå äåéñòâèå òðåáóåòñÿ äëÿ âû÷èñëåíèÿ óçëîâ
t′k (íèæå ïîêàçàíî, ÷òî äëÿ âû÷èñëåíèÿ tk (k = 1, 2, . . . , N) äîñòàòî÷íî
N + O(1) àðèôìåòè÷åñêèõ äåéñòâèé) è 2N − 2 äåéñòâèÿ òðåáóåòñÿ äëÿ
âû÷èñëåíèÿ çíà÷åíèé ϕ(t′k).

Òàêèì îáðàçîì, ïðè íàáîðå ïðîñòåéøèõ îïåðàöèé P ðåàëèçàöèÿ ôîð-
ìóëû (1.2) òðåáóåò 10N + O(1) àðèôìåòè÷åñêèõ äåéñòâèé. Ñëåäîâàòåëü-
íî, ê.ô. (1.2) îïòèìàëüíà ïî ïîðÿäêó ïî ñëîæíîñòè.

Îöåíèì ñëîæíîñòü ê.ô. (1.3). Ïðåäâàðèòåëüíî ïðåäñòàâèì åå â âèäå

Iϕ =
N−1∑

k=1

(ϕ(t′k)− ϕ(t′−k−1))

(
1− tk

tk+1

)
+ RN(ϕ). (1.8)

Âíà÷àëå âû÷èñëèì çíà÷åíèÿ k(1+α)/α ïðè 2 ≤ k ≤ N. Åñëè α = 1,
òî êàæäîå âû÷èñëåíèå òðåáóåò îäíîãî óìíîæåíèÿ è, ñëåäîâàòåëüíî, äëÿ
âû÷èñëåíèÿ âñåõ çíà÷åíèé k2, 2 ≤ k ≤ N, òðåáóåòñÿ N − 1 óìíîæåíèå.

Ïóñòü 0 < α < 1. Ëåãêî âèäåòü, ÷òî åñëè k íå ÿâëÿåòñÿ ïðîñòûì
÷èñëîì (k = k1k2), òî ïðè èçâåñòíûõ çíà÷åíèÿõ k

(1+α)/α
1 è k

(1+α)/α
2 äëÿ

âû÷èñëåíèÿ k(1+α)/α òðåáóåòñÿ îäíî óìíîæåíèå. Îöåíèì òåïåðü ÷èñëî
àðèôìåòè÷åñêèõ äåéñòâèé, íåîáõîäèìûõ äëÿ âû÷èñëåíèÿ p

(1+α)/α
k , êîãäà

pk− ïðîñòîå ÷èñëî. Ïóñòü óæå âû÷èñëåíû çíà÷åíèÿ p
(1+α)/α
1 , . . . ,

p
(1+α)/α
k−1 è âñå ÷èñëà, ïðåäñòàâèìûå â âèäå

(
p

(1+α)/α
1

)v1 × · · · ×
(
p

(1+α)/α
k−1

)vk−1

è íå ïðåâîñõîäÿùèå N. Ïðåäñòàâèì ÷èñëî p
(1+α)/α
k â âèäå

p
(1+α)/α
k = (pk + 1)(1+α)/α

(
1− 1

pk + 1

)(1+α)/α

.

Âîñïîëüçîâàâøèñü ôîðìóëîé Òåéëîðà äëÿ âû÷èñëåíèÿ(
1− 1

pk + 1

)(1+α)/α

, óáåæäàåìñÿ, ÷òî ïðè n > (1+α)/α äëÿ âû÷èñëåíèÿ
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p
(1+α)/α
k ñ òî÷íîñòüþ N−1−α òðåáóåòñÿ n = [(1+α) logpk+1 N ]+1 ñëàãàåìûõ

â ðàçëîæåíèè
(
1− 1

pk + 1

)(1+α)/α

â ñòåïåííîé ðÿä. Ó÷èòûâàÿ, ÷òî k ÷ëåí
ðàçëîæåíèÿ èìååò âèä

(
1 + α

α

)(
1 + α

α
− 1

)
× · · · ×

(
1 + α

α
− k + 1

)
1

k!(pk + 1)k
,

ëåãêî ïîäñ÷èòûâàåì, ÷òî äëÿ âû÷èñëåíèÿ k ÷ëåíà ðàçëîæåíèÿ òðåáóåòñÿ
4 àðèôìåòè÷åñêèõ äåéñòâèÿ. Ñëåäîâàòåëüíî, äëÿ âû÷èñëåíèÿ p

(1+α)/α
k ñ

òî÷íîñòüþ N−1−α òðåáóåòñÿ

4 max

([
1 + α

α

]
,
[
(1 + α) logpk+1 N

])
+ 1

àðèôìåòè÷åñêîå äåéñòâèå.
Ïîñëå âû÷èñëåíèÿ çíà÷åíèÿ pk âû÷èñëÿþòñÿ âñå ÷èñëà, íå ïðåâîñõîäÿ-

ùèå N è ïðåäñòàâèìûå â âèäå pv1

1 pv2

2 . . . pvk

k . Âû÷èñëåíèå êàæäîãî òàêîãî
÷èñëà òðåáóåò îäíîãî óìíîæåíèÿ.

Ïîâòîðÿÿ ðàññóæäåíèÿ, ïðîâåäåííûå ïðè îïðåäåëåíèè ñëîæíîñòè ê.ô.
(1.2), ëåãêî ïîêàçàòü, ÷òî ÷èñëî àðèôìåòè÷åñêèõ äåéñòâèé, íåîáõîäèìûõ
äëÿ âû÷èñëåíèÿ âñåõ ÷èñåë k(1+α)/α, k = 2, 3, . . . , N, ïî ïðèâåäåííîìó
âûøå àëãîðèòìó îöåíèâàåòñÿ íåðàâåíñòâîì

M ≤ N +
1.139N

ln N
+ 4(1 + α) ln N

∑

k

1

ln(pk + 1)
≤ N +

1.139N

ln N
+

+4(1 + α) ln N

(√
π(N) + 1 ln ln(π(N) + 1) + 2(π(N) + 1)

1

ln π(N)

)
=

= N + O(1).

Äëÿ ðåàëèçàöèè ê.ô. (1.8) òðåáóåòñÿ îïðåäåëèòü óçëû

t′k = (tk+1 + tk)/2 =
(
(k + 1)(1+α)/α + k(1+α)/α

)
/(2N (1+α)/α)

ïðè k = ±1,±2, . . . ,±N, ÷òî òðåáóåò 3(N−1) àðèôìåòè÷åñêèõ äåéñòâèé.
Âû÷èñëåíèÿ âûðàæåíèÿ (ϕ(t′k)− ϕ(t′−k−1))(1− tk/tk+1) òðåáóåò
4 àðèôìåòè÷åñêèõ äåéñòâèé. Ñëåäîâàòåëüíî, ñëîæíîñòü ôîðìóëû (1.8)
ðàâíà 11N + O(1).

Èç ñîïîñòàâëåíèÿ ýòîé îöåíêè ñ îöåíêîé ñíèçó ñëåäóåò îïòèìàëüíîñòü
ïî ïîðÿäêó ôîðìóëû (1.8) è ýêâèâàëåíòíîé åé ôîðìóëû (1.3).
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Îöåíèì ñëîæíîñòü ê.ô. (1.4). Äëÿ âû÷èñëåíèÿ çíà÷åíèé tk = k(1+α)/α,

k = 2, 3, . . . , N òðåáóåòñÿ, êàê ïîêàçàíî âûøå, N + O(1) àðèôìåòè-
÷åñêèõ äåéñòâèé. Äëÿ âû÷èñëåíèÿ çíà÷åíèé t′k ïðè k = 1, . . . , N − 1
òðåáóåòñÿ åùå 3N − 2 àðèôìåòè÷åñêèõ äåéñòâèÿ. Âû÷èñëåíèå çíà÷åíèé
f(t′k), k = −N, . . . ,−2, 1, . . . , N−1 òðåáóåò 2N−2 àðèôìåòè÷åñêèõ äåé-
ñòâèé. Íåïîñðåäñòâåííàÿ ðåàëèçàöèÿ ôîðìóëû (1.4) òðåáóåò 2N−2 àðèô-
ìåòè÷åñêèõ äåéñòâèé. Òàêèì îáðàçîì, ñëîæíîñòü ôîðìóëû (1.4) ðàâíà
8N + O(1) àðèôìåòè÷åñêèõ äåéñòâèé. Èç ñîïîñòàâëåíèÿ îöåíîê ñíèçó è
ñâåðõó ñëåäóåò îïòèìàëüíîñòü ïî ïîðÿäêó ïî ñëîæíîñòè ê.ô. (1.4).

Òåîðåìà äîêàçàíà.

2. Îïòèìàëüíûå ïî ñëîæíîñòè àëãîðèòìû âû÷èñëåíèÿ
ñèíãóëÿðíûõ èíòåãðàëîâ ñ ôèêñèðîâàííîé ñèíãóëÿðíîñòüþ íà

êëàññå ôóíêöèé W r
p (1)

Â ýòîì ðàçäåëå èññëåäóþòñÿ êâàäðàòóðíûå ôîðìóëû (1.1) íà êëàñ-
ñå ôóíêöèé W r

p (1). Ó÷èòûâàÿ ñèììåòðè÷íîñòü ê.ô. (1.1) è ðàâåíñòâî
1∫
−1

dτ

τ
= 0, ìîæíî äëÿ ïðîñòîòû îáîçíà÷åíèé îãðàíè÷èòüñÿ ðàññìîòðå-

íèåì ê.ô. âèäà

Iϕ =

1∫

0

ϕ(τ)

τ
dτ =

N∑

k=1

ρ∑

l=0

pklϕ
(l)(tk) + RN(ϕ) (2.1)

äëÿ ôóíêöèé ϕ(t) ∈ W r
p (1), óäîâëåòâîðÿþùèõ äîïîëíèòåëüíîìó óñëîâèþ

ϕ(0) = 0. Ýòîò êëàññ îáîçíà÷èì ÷åðåç W
r
p(1).

Òåîðåìà 2.1. Ïóñòü Ψ = W
r
p(1)(1 ≤ p ≤ ∞) è èíòåãðàë Iϕ âû÷èñëÿ-

åòñÿ ïî ê.ô. âèäà (2.1). Òîãäà

ζN [Ψ] ≥
(

rq + 1

rq + 1− q

)r+1/q
Rrq(1)

2rr!(rq + 1)1/qN r
+ o(N−r)

ïðè ρ = r − 1, r = 1, 2, . . . , ;

ζN [Ψ] ≥
(

rq + 1

rq + 1− q

)r+1/q ‖Rrq‖Lq

r!2r+1/pN r
+ o(N−r)

ïðè ρ = r − 2, ρ = r − 3, r = 3, 5, . . . .

334



Äîêàçàòåëüñòâî òåîðåìû 2.1 ïðèâåäåíî â ãëàâå 2 äëÿ ñèíãóëÿðíûõ
èíòåãðàëîâ, îïðåäåëåííûõ íà ñåãìåíòå [-1,1].

Èíòåãðàë Iϕ áóäåì âû÷èñëÿòü ïî êâàäðàòóðíîé ôîðìóëå

Iϕ =

t∗1∫

0

PL(ϕ, [0, t1])

τ
dτ+

+
M−1∑

k=1

t∗k+1∫

t∗k

(
ϕ(t∗k) +

r−1∑

l=1

1

l!

∏
n,r,p

(
ϕ(l)(t∗k)

)
(τ − t∗k)

l

)
1

τ
dτ+

+
M−2∑

k=1

(
N

kL

)v

lL,r,p(ϕ, [t∗k, t
∗
k+1]) +

1∫

t∗M−1

PL(ϕ, [t∗M−1, 1])

τ
dτ + RN(ϕ), (2.2)

â êîòîðîé èñïîëüçîâàíû îáîçíà÷åíèÿ, ââåäåííûå â ðàçä. 1 ãëàâû 2.
Òåîðåìà 2.2. Ïóñòü Ψ = W

r
p(1). Ñðåäè âñåâîçìîæíûõ ê.ô. âèäà (2.1)

ïðè ρ = 0 àñèìïòîòè÷åñêè îïòèìàëüíîé ïî òî÷íîñòè ÿâëÿåòñÿ ôîðìóëà
(2.2). Ïîãðåøíîñòü ýòîé ôîðìóëû ðàâíà

RN(Ψ) =
(1 + o(1))

N r

(
rq + 1

rq + 1− q

)r+1/q

inf
c
‖B∗

r (·)− c‖Lq
,

ãäå B∗
r− ïîëèíîìû Áåðíóëëè r ïîðÿäêà.

Äîêàçàòåëüñòâî òåîðåìû 2.2 ïðèâåäåíî â ãëàâå 2 äëÿ ñèíãóëÿðíûõ
èíòåãðàëîâ, îïðåäåëåííûõ íà ñåãìåíòå [−1, 1].

Òåîðåìà 2.3. Ïóñòü Ψ = W
r
p(1), 1 ≤ p ≤ ∞, ηN = (ϕ(t1), . . . , ϕ(tN)).

Êâàäðàòóðíàÿ ôîðìóëà (2.2) ÿâëÿåòñÿ àñèìïòîòè÷åñêè îïòèìàëüíîé ïî
ñëîæíîñòè è comp(ηN, I, ε) = 3(1 + o(1))N.

Äîêàçàòåëüñòâî. Âû÷èñëèì îöåíêó ñíèçó ñëîæíîñòè ê.ô., èñïîëü-
çóþùèõ èíôîðìàöèîííûé îïåðàòîð ηN .

Âûøå áûëî ïîêàçàíî, ÷òî äëÿ èíôîðìàöèîííîãî îïåðàòîðà ηN

(ηN = (ϕ(t1), . . . , ϕ(tN)))

ζN [Ψ] ≥ 1 + o(1)

N r

(
rq + 1

rq + 1− q

)r+1/q

inf
c
‖B∗

r (·)− c‖Lq
.

Èç îïðåäåëåíèÿ ôóíêöèîíàëà ζN [Ψ] ñëåäóåò, ÷òî íèæíÿÿ ãðàíü ðàç-
ìåðíîñòè îïåðàòîðà ηN , íåîáõîäèìàÿ äëÿ äîñòèæåíèÿ òî÷íîñòè ε, îïðå-
äåëÿåòñÿ èç íåðàâåíñòâà ε > ζN [Ψ]. Îòñþäà ñëåäóåò, ÷òî ðàçìåðíîñòü
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îïåðàòîðà ηN äîëæíà áûòü íå ìåíüøå N = (A/ε)1/r, à ïðè N →∞

N = (1 + o(1))

(
1

ε

(
rq + 1

rq + 1− q

)r+1/q

inf
c
‖B∗

r (·)− c‖Lq[0,1]

)1/r

.

Äëÿ îöåíêè ñíèçó comp(ηN, I, ε) çàìåòèì, ÷òî comp(ηN, I, ε) ≥
N∑

i=1
(ci +

+αi)+N1, ãäå ci− ñëîæíîñòü âû÷èñëåíèÿ ôóíêöèîíàëà ϕ(ti); αi− ñëîæ-
íîñòü âû÷èñëåíèÿ êîýôôèöèåíòà pi; N1− ÷èñëî àðèôìåòè÷åñêèõ äåé-
ñòâèé íàä ϕ(ti) è pi. Î÷åâèäíî ci ≥ 2, αi ≥ 0, N1 ≥ N. Ñëåäîâàòåëüíî,
comp(η, I, ε) ≥ 3N.

Îöåíèì ñëîæíîñòü ê.ô. (2.2). Ïîâòîðÿÿ ðàññóæäåíèÿ, ïðîâåäåííûå
ïðè îöåíêå ñëîæíîñòè ê.ô. (1.3), ìîæíî ïîêàçàòü, ÷òî äëÿ âû÷èñëå-
íèÿ çíà÷åíèé t∗k (k = 1, 2, . . . , M) òðåáóåòñÿ (1 + o(1))M àðèôìåòè÷å-
ñêèõ äåéñòâèé. Äëÿ âû÷èñëåíèÿ óçëîâ ê.ô. lL,r,p(ϕ, [t∗k, t

∗
k+1]) òðåáóåòñÿ

L + 2r àðèôìåòè÷åñêèõ äåéñòâèé äëÿ êàæäîãî ñåãìåíòà [t∗k, t
∗
k+1]. (Îò-

ìåòèì, ÷òî ïðè ïîñòðîåíèè ê.ô. lL,r,p èñïîëüçóþòñÿ, êàê îïèñàíî â ðàçä.
3 ãëàâû 1, ê.ô. Ýéëåðà − Ìàêëîðåíà ñ ðàâíûìè êîýôôèöèåíòàìè pk.)
Òàêèì îáðàçîì, âû÷èñëåíèå óçëîâ äëÿ âñåõ ñåãìåíòîâ [t∗k, t

∗
k+1] òðåáó-

åò N + 2Mr àðèôìåòè÷åñêèõ äåéñòâèé. Äëÿ âû÷èñëåíèÿ ôóíêöèîíà-
ëîâ

∏
N,r,p

(ϕ(l)(t∗k)), l = 1, 2, . . . , r, òðåáóåòñÿ äîïîëíèòåëüíî âû÷èñëèòü

çíà÷åíèÿ ϕ(t) â r óçëàõ. Âû÷èñëåíèå äîïîëíèòåëüíûõ óçëîâ ïîòðåáó-
åò rM = o(N) àðèôìåòè÷åñêèõ äåéñòâèé. Âû÷èñëåíèå çíà÷åíèé ôóíê-
öèé ϕ(t) â óçëàõ ê.ô. (2.2) òðåáóåò N + o(N) äåéñòâèé èç íàáîðà P.

Íåòðóäíî âèäåòü, ÷òî ÷èñëî àðèôìåòè÷åñêèõ äåéñòâèé, êîòîðûå íåîá-
õîäèìî âûïîëíèòü ïðè ðåàëèçàöèè ôîðìóëû (2.2), ðàâíî (1 + o(1))N.
Ñëåäîâàòåëüíî, ñëîæíîñòü âû÷èñëåíèé ïî ê.ô. (2.2) ðàâíà 3(1 + o(1))N.

Èç ñîïîñòàâëåíèÿ ýòîé îöåíêè ñ îöåíêîé ñíèçó ñëåäóåò ñïðàâåäëèâîñòü
òåîðåìû.

3. Îïòèìàëüíûå ïî ñëîæíîñòè àëãîðèòìû âû÷èñëåíèÿ
ñèíãóëÿðíûõ èíòåãðàëîâ ñ ÿäðîì Ãèëüáåðòà

Ðàññìîòðèì ñèíãóëÿðíûé èíòåãðàë ñ ÿäðîì Ãèëüáåðòà

Fϕ =
1

2π

2π∫

0

ϕ(σ)ctg
σ − s

2
dσ,
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êîòîðûé áóäåì âû÷èñëÿòü ïî ê.ô. âèäà

Fϕ =
N∑

k=1

ϕ(sk)pk(s) + RN(s, sk, pk(s), ϕ) (3.1)

ñ óçëàìè 0 ≤ sk ≤ 2π è âåñàìè pk(s), k = 1, 2, . . . , N.

Â òðåòüåé ãëàâå ïîñòðîåíû àñèìïòîòè÷åñêè îïòèìàëüíûå ïî òî÷íîñòè
ê.ô. âû÷èñëåíèÿ èíòåãðàëîâ âèäà Fϕ. Àíàëèç ýòèõ ôîðìóë ïîêàçûâàåò,
÷òî îíè íå ÿâëÿþòñÿ îäíîâðåìåííî àñèìïòîòè÷åñêè îïòèìàëüíûìè ïî
ñëîæíîñòè. Íèæå ñòðîÿòñÿ áîëåå ñëîæíûå â ðåàëèçàöèè ôîðìóëû, êîòî-
ðûå îäíîâðåìåííî ÿâëÿþòñÿ àñèìïòîòè÷åñêè îïòèìàëüíûìè ïî òî÷íîñòè
è ñëîæíîñòè.

Äëÿ ïðîñòîòû îáîçíà÷åíèé ïðåäïîëîæèì, ÷òî N, L, M,M1,M2− öå-
ëûå ÷èñëà, ñâÿçàííûå ìåæäó ñîáîé ñîîòíîøåíèÿìè M = N/L, M1 =
= M/L, M2 = M/2, L = A ln N,A = const, 0 < A < ∞. Ââåäåì îáîçíà-
÷åíèÿ vk = 2kπ/M, k = 0, 1, . . . ,M, tk = 2kπ/N, k = 0, 1, . . . , N. Ïóñòü
s ∈ [vj, vj+1) ∪ [ti, ti+1). Ðàññìîòðèì êâàäðàòóðíóþ ôîðìóëó

Fϕ =
1

π

M−1−r∑

k=0

(ϕ(t′i+k)− ϕ(t′i−k−1))

(
ln

∣∣∣∣sin
π(2k + 1)

2N

∣∣∣∣− ln

∣∣∣∣sin
π(2k − 1)

2N

∣∣∣∣
)

+

+
1

π

jL−M+2r−1∑

k=jL−M

(
ϕ(t′k)

(
ln

∣∣∣∣sin
π(2(k − i) + 1)

2N

∣∣∣∣− ln

∣∣∣∣sin
π(2(k − i)− 1)

2N

∣∣∣∣
))

+

+
1

π

M2−1∑

k=M1

(
ϕ(v′j+k)− ϕ(v′j−k−1)

) (
ln

∣∣∣sin π

2N
(2(j + k + 1)L− 2i− 1)

∣∣∣−

− ln
∣∣∣sin π

2N
(2(j + k)L− 2i− 1)

∣∣∣
)

+ RN(ϕ), (3.2)

ãäå t′k = (tk + tk+1)/2, k = 0, 1, . . . , N − 1, v′k = (vk + vk+1)/2, k =
= 0, 1, . . . , M − 1, r = i− jL.

Òåîðåìà 3.1 [36] Ïóñòü Ψ = Hα(1), 0 < α ≤ 1. Ñðåäè âñåâîçìîæíûõ
ê.ô. âèäà (3.1) ôîðìóëà (3.2) ÿâëÿåòñÿ àñèìïòîòè÷åñêè îïòèìàëüíîé ïî
òî÷íîñòè è èìååò ïîãðåøíîñòü RN [Hα(1)] ∼ 2 ln N/(π1−α(1 +
+ α)Nα).

Äîêàçàòåëüñòâî ïîäîáíî äîêàçàòåëüñòâó òåîðåìû 2.1 ãëàâû 3.
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Îöåíèì ñëîæíîñòü ê.ô. âèäà (3.1). Â êà÷åñòâå íàáîðà ïðîñòåéøèõ îïå-
ðàöèé âîçüìåì íàáîð P = {àðèôìåòè÷åñêèå îïåðàöèè, âû÷èñëåíèå çíà-
÷åíèÿ ôóíêöèè}.

Òåîðåìà 3.2 [36] Ïóñòü Ψ = Hα(1), 0 < α ≤ 1. Ñðåäè âñåâîçìîæíûõ
ê.ô. âèäà (3.1) ôîðìóëà (3.2) ÿâëÿåòñÿ àñèìïòîòè÷åñêè îïòèìàëüíîé ïî
ñëîæíîñòè.

Äîêàçàòåëüñòâî. Âíà÷àëå îöåíèì ÷èñëî ïðîñòåéøèõ îïåðàöèé,
íåîáõîäèìûõ äëÿ ðåàëèçàöèè ê.ô. âèäà (3.1) ïðè ïðîèçâîëüíîì s (0 ≤
≤ s ≤ 2π) è áåç ïðåäâàðèòåëüíîé îáðàáîòêè êîýôôèöèåíòîâ.

Âûøå áûëî ïîêàçàíî, ÷òî àñèìïòîòè÷åñêè îïòèìàëüíàÿ ê.ô.,
èñïîëüçóþùàÿ N óçëîâ, èìååò ïîãðåøíîñòü (1 + o(1))2 ln N/(π1−α(1 +
+ α)Nα). Ýòî îçíà÷àåò, ÷òî ñóùåñòâóåò òàêàÿ êîíñòàíòà , ÷òî ïðè âñåõ
1 ≤ N < ∞ ζN [Ψ] ≥ AN−α ln N. Ïóñòü ε− òî÷íîñòü âû÷èñëåíèÿ
ñèíãóëÿðíîãî èíòåãðàëà íà êëàññå Ψ. Èç îïðåäåëåíèÿ ôóíêöèîíàëà ζN [Ψ]
ñëåäóåò, ÷òî ε ≥ ζN [Ψ]. Îòñþäà ïîëó÷àåì îöåíêó ñíèçó ÷èñëà óçëîâ N0,
íåîáõîäèìûõ äëÿ äîñòèæåíèÿ òî÷íîñòè ε : AN−α

0 ln N0 ≥ ε. Ðåøàÿ ýòî
íåðàâåíñòâî, èìååì N0 ³

(
| ln ε|

ε

)1/α

. Ïîëàãàÿ ε = 2 ln N
π1−α(1+α)Nα , ïîëó÷àåì,

÷òî ðàçìåðíîñòü èíôîðìàöèîííîãî îïåðàòîðà ηN =
= (ϕ(t1), . . . , ϕ(tN)) ðàâíà

N = (1 + o(1))
2| ln ε|

(π1−α(1 + α)ε)1/α
.

Îöåíêà ñíèçó ñëîæíîñòè ê.ô. âèäà (3.1) ðàâíà
N∑

i=1
(ci + ai) + N1, ãäå

ci− ñëîæíîñòü âû÷èñëåíèÿ êàæäîãî ôóíêöèîíàëà f(ti); 1 ≤ i ≤ N ; ai−
ñëîæíîñòü âû÷èñëåíèÿ êàæäîé âåñîâîé ôóíêöèè pi(s); N1− ÷èñëî àðèô-
ìåòè÷åñêèõ äåéñòâèé, íåîáõîäèìûõ äëÿ ðåàëèçàöèè ê.ô. (3.1). Î÷åâèäíî,
ci ≥ 2, ai ≥ 0. Äëÿ îöåíêè N1 çàìåòèì, ÷òî äëÿ âû÷èñëåíèÿ èíòåãðàëà
Fϕ ñ òî÷íîñòüþ ε ïðè çàðàíåå íåèçâåñòíîì çíà÷åíèè ïàðàìåòðà s òðåáó-
åòñÿ N çíà÷åíèé ôóíêöèîíàëà ϕ(tk). Åñëè æå âû÷èñëÿåòñÿ èíòåãðàë Fϕ
â èçâåñòíîé òî÷êå s, òî, êàê ïîêàçàíî â ãëàâå 2, ïðè èññëåäîâàíèè ñèíãó-
ëÿðíûõ èíòåãðàëîâ ñ ôèêñèðîâàííîé ñèíãóëÿðíîñòüþ, ÷èñëî ôóíêöèîíà-
ëîâ ϕ(tk), íåîáõîäèìûõ äëÿ äîñòèæåíèÿ òî÷íîñòè ε, ðàâíî AN/ ln1/α N.

Ñëåäîâàòåëüíî, N1 ≥ AN/ ln1/α N è comp(ηN, F, ε) ≥ 2(1 + o(1))N.
Îöåíèì ÷èñëî àðèôìåòè÷åñêèõ äåéñòâèé, íåîáõîäèìîå äëÿ ðåàëèçà-

öèè ê.ô. (3.2).
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Âíà÷àëå îöåíèì ÷èñëî àðèôìåòè÷åñêèõ äåéñòâèé, íåîáõîäèìûõ äëÿ
âû÷èñëåíèÿ

yk = ln
∣∣∣sin π

2N
(2k + 1)

∣∣∣ , k = 1, . . . , M,

è
zk = ln

∣∣∣sin π

2M
(2k + 1)

∣∣∣ , k = 1, 2, . . . , M.

Äëÿ âû÷èñëåíèÿ sin π
2N (2k + 1) ñ òî÷íîñòüþ ε = N−1 âîñïîëüçóåìñÿ

ñëåäóþùèì àëãîðèòìîì. Âû÷èñëèì ñ òî÷íîñòüþ ε0 = 4−Mε çíà÷åíèÿ
sin π

2N è cos π
2N ïî ôîðìóëå Òåéëîðà. Äëÿ ýòîãî â ðàçëîæåíèè

sin
π

2N
=

( π

2N

)
− 1

3!

( π

2N

)3
+ · · ·+ (−1)n

(2n + 1)!

( π

2N

)2n+1

äîñòàòî÷íî ïîëîæèòü (2n + 1) = [N/ log2 N ]. Àíàëîãè÷íîå ðàçëîæåíèå
èñïîëüçóåòñÿ è äëÿ âû÷èñëåíèÿ cos π

2N .

Çíà÷åíèÿ sin π
N è cos π

N âû÷èñëÿþòñÿ ïî ôîðìóëàì

sin
π

N
= 2 sin

π

2N
cos

π

2N
è

cos
π

N
= cos2 π

2N
− sin2 π

2N
.

Ïðè ýòîì ïîãðåøíîñòü â âû÷èñëåíèè sin π
N è cos π

N íå ïðåâîñõîäèò
2(1+ π

2N )ε0+2ε2
0 ≤ 2(1+ π

N )ε0 = ε′0. Çíà÷åíèÿ sin π
2N (2k+1) è cos π

2N (2k+
1) âû÷èñëÿþòñÿ ïî ôîðìóëàì

sin
π

2N
(2k + 1) = sin

( π

2N
(2k − 1)

)
cos

π

N
+ sin

π

N
cos

( π

2N
(2k − 1)

)
,

cos
π

2N
(2k + 1) = cos

( π

2N
(2k − 1)

)
cos

π

N
− sin

( π

2N
(2k − 1)

)
sin

π

N
,

k = 1, 2, . . . , N.

Ïðè k = 1 ïîãðåøíîñòü âû÷èñëåíèÿ íå ïðåâîñõîäèò ε1 < 2ε′0. Íåòðóä-
íî âèäåòü, ÷òî åñëè íà k-ì øàãå âû÷èñëåíèé ïîãðåøíîñòè âû÷èñëåíèÿ
sin π

2N (2k + 1) è cos π
2N (2k + 1) ðàâíû εk, òî íà ñëåäóþùåì øàãå îíè íå

ïðåâîñõîäÿò
(
1 + π

N

)
εk +

(
1 + π

2N

)
(2k + 1)ε0

′ + 2ε0
′εk ïðè âû÷èñëåíèè

sin π
2N (2k+3) è íå ïðåâîñõîäÿò

(
1 +

π(2k + 1)
2N

)
ε′0+

(
1 + π

N

)
εk +2ε0

′εk

ïðè âû÷èñëåíèè cos π
2N (2k + 3). Èç ýòèõ íåðàâåíñòâ ñëåäóåò, ÷òî εk+1 ≤

4εk. Ñëåäîâàòåëüíî, εM ≤ 4M−1ε1 ≤ 4Mε0 ≤ ε.
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Èç ïðèâåäåííûõ âûøå ðàññóæäåíèé ñëåäóåò, ÷òî äëÿ âû÷èñëåíèÿ ζk =
sin π

2N (2k+1) ñ òî÷íîñòüþ ε òðåáóåòñÿ AN/ log2 N àðèôìåòè÷åñêèõ äåé-
ñòâèé.

Íåòðóäíî âèäåòü, ÷òî äëÿ âû÷èñëåíèÿ ηk = sin π
2N (2kL + 1), k =

= 1, 2, . . . , M, òàêæå òðåáóåòñÿ AN/ log2 N àðèôìåòè÷åñêèõ äåéñòâèé.
Îáîçíà÷èì ÷åðåç ζ ′k è η′k ðåçóëüòàò ïðèáëèæåííîãî âû÷èñëåíèÿ ζk è

ηk ïî îïèñàííîìó âûøå àëãîðèòìó.
Ïðèñòóïèì ê âû÷èñëåíèþ çíà÷åíèé yk è zk, k = 0, 1, . . . , M c òî÷íî-

ñòüþ N−1. (Ìîæíî ïîêàçàòü, ÷òî ýòîé òî÷íîñòè äîñòàòî÷íî äëÿ ñîõðà-
íåíèÿ àñèìïòîòè÷åñêîé îïòèìàëüíîñòè ê.ô. (3.2) ïîñëå çàìåíû òî÷íûõ
çíà÷åíèé yk ïðèáëèæåííûìè.) Ïðè ýòîì âû÷èñëåíèå çíà÷åíèé yk è zk

ïðè 0 ≤ k ≤ [M/4] è ïðè [M/4] + 1 ≤ k ≤ M ïðèõîäèòñÿ ïðîâîäèòü ïî
ðàçëè÷íûì ôîðìóëàì. Ïóñòü âíà÷àëå 0 ≤ k ≤ [M/4]. Ââåäåì îáîçíà÷å-
íèå xk = π(2k + 1)/2N. Òîãäà yk = ln ζk = ln(xk(1 +
+ (ζ ′k − xk)/xk)) = ln xk + ln(1 + (ζ ′k − xk)/xk).

×èñëî àðèôìåòè÷åñêèõ äåéñòâèé, íåîáõîäèìûõ äëÿ âû÷èñëåíèÿ ln xk, k =
1, 2, . . . , M, áûëî îöåíåíî â ðàçä. 1, ãäå áûëî ïîêàçàíî, ÷òî îíî íå áîëüøå
AN/ ln N. Âû÷èñëåíèå ln(1 + (ζ ′k − xk)/xk), k = 1, 2, . . . , M, ñ òî÷íîñòüþ
N−1 ïðîâîäèòñÿ ïî ôîðìóëå Òåéëîðà. Ìîæíî ïîêàçàòü, ÷òî íåîáõîäèìîå
äëÿ ýòîãî ÷èñëî àðèôìåòè÷åñêèõ äåéñòâèé íå ïðåâîñõîäèò AN/ ln N.

Ïðè [M/4]+1 ≤ k ≤ M âû÷èñëåíèå yk = ln ζk ïðîâîäèòñÿ ïî ôîðìóëå
(1.7). Ìîæíî ïîêàçàòü, ÷òî äëÿ ýòîãî òðåáóåòñÿ íå áîëåå ÷åì AN/ ln N

àðèôìåòè÷åñêèõ äåéñòâèé.
Àíàëîãè÷íûì îáðàçîì ìîæíî ïîêàçàòü, ÷òî ÷èñëî àðèôìåòè÷åñêèõ

äåéñòâèé, èñïîëüçóåìûõ äëÿ âû÷èñëåíèÿ ηk è zk, k = 1, 2, . . . , M, íå
ïðåâîñõîäèò N/ log2 N = o(N).

Òàêèì îáðàçîì, îáùåå ÷èñëî àðèôìåòè÷åñêèõ äåéñòâèé, íåîáõîäèìîå
äëÿ ðåàëèçàöèè êâàäðàòóðíîé ôîðìóëû (3.2), íå ïðåâîñõîäèò 2(1+o(1))N.

Òåîðåìà äîêàçàíà.
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4. Îïòèìàëüíûå ïî ñëîæíîñòè àëãîðèòìû âû÷èñëåíèÿ
ïîëèñèíãóëÿðíûõ èíòåãðàëîâ

Ðàññìîòðèì ïîëèñèíãóëÿðíûé èíòåãðàë

Fϕ =
1

(2π)l

2π∫

0

. . .

2π∫

0

ϕ(σ1, . . . , σl) ctg
σ1 − s1

2
. . . ctg

σl − sl

2
dσ1 . . . dσl.

(4.1)
Â äàëüíåéøåì ïîëîæèì l = 2. Èç ïðîâîäèìûõ âûêëàäîê áóäåò âèäíî,

÷òî âñå ïîëó÷åííûå íèæå ðåçóëüòàòû ðàñïðîñòðàíÿþòñÿ íà èíòåãðàëû
ëþáîé êîíå÷íîé ðàçìåðíîñòè.

Èíòåãðàë (4.1) áóäåì âû÷èñëÿòü ïî êóáàòóðíûì ôîðìóëàì âèäà

Fϕ =
N∑

k=1

N∑

l=0

pkl(s1, s2)ϕ(tk, tl) + RN(s1, s2; pkl; tk, tl; ϕ). (4.2)

Ïðè ïîñòðîåíèè êóáàòóðíîé ôîðìóëû äëÿ ïðîñòîòû îáîçíà÷åíèé ïðåä-
ïîëîæèì, ÷òî N = 2n + 1 è ÷òî N, L, M,M1− öåëûå ÷èñëà, ñâÿçàííûå
ìåæäó ñîáîé ñîîòíîøåíèÿìè M = N/L, M1 = M/L, L = A ln N. ×å-
ðåç A(A ≥ 1) îáîçíà÷åíî íàèìåíüøåå ÷èñëî, ïðè êîòîðîì âûïîëíÿþòñÿ
óêàçàííûå ñîîòíîøåíèÿ.

Ââåäåì îáîçíà÷åíèÿ: tk = 2kπ/N, k = 0, 1, . . . , N, t′k = (2k+1)π/N, k =

= 0, 1, . . . , N − 1, ∆kl = [tk, tk+1; tl, tl+1], k, l = 0, 1, . . . , N − 1.
Áóäåì ñ÷èòàòü îáëàñòü D = [0, 2π]2 çàêîëüöîâàííîé, ò.å. x1 + 2π =

= x1, x2 + 2π = x2, ãäå x1, x2 ∈ D.

Ïóñòü (s1, s2) ∈ ∆ij. Ïîñòàâèì óçëó (i, j) â ñîîòâåòñòâèå ñëåäóþùèå
ïðÿìîóãîëüíèêè:

Γ++
kl = [ti+1+kL, ti+1+(k+1)L; tj+1+lL, tj+1+(l+1)L];

Γ+−
kl = [ti+1+kL, ti+1+(k+1)L; tj−(l+1)L, tj−lL];

Γ−+
kl = [ti−(k+1)L, ti−kL; tj+1+lL, tj+1+(l+1)L;

Γ−−kl = [ti−(k+1)L, ti−kL; tj−(l+1)l, tj−lL];

d++
kl = [ti+1+k, ti+k+2; tj+1+lL, tj+1+(l+1)L];

d+−
kl = [ti+1+k, ti+k+2; tj−(l+1)L, tj−lL];
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d−+
kl = [ti−k−1, ti−k; tj+1+lL, tj+1+(l+1)L];

d−−kl = [ti−k−1, ti−k; tj−(l+1)L, tj−lL];

q++
kl = [ti+1+kL, ti+1+(k+1)L; tj+l+1, tj+l+2];

q+−
kl = [ti+1+kL, ti+1+(k+1)L; tj−l−1, tj−l];

q−+
kl = [ti−(k+1)L, ti−kL; tj+l+1, tj+l+2];

q−−kl = [ti−(k+1)L, ti−kL; tj−l−1, tj−l].

Êàæäîé èç îáëàñòåé Γ±±kl ïîñòàâèì â ñîîòâåòñòâèå óçåë M±±
kl , â êà-

÷åñòâå êîòîðîãî áåðåòñÿ òî÷êà èç ìíîæåñòâà (t′r, t
′
s), r, s = 0, 1, . . . , N,

áëèæàéøàÿ ê öåíòðó òÿæåñòè ñîîòâåòñòâóþùåé îáëàñòè. Åñëè òàêèõ òî-
÷åê íåñêîëüêî, òî âûáîð îñóùåñòâëÿåòñÿ ïðîèçâîëüíî. Çíà÷åíèå ôóíêöèè
ϕ(t1, t2) â òî÷êå M±±

kl îáëàñòè Γ±±kl áóäåì îáîçíà÷àòü êàê ϕ(Mkl, Γ
±±
kl ).

Àíàëîãè÷íûé ñìûñë èìåþò îáîçíà÷åíèÿ ϕ(Mkl, d
±±
kl ),

ϕ(Mkl, q
±±
kl ).

Ðàññìîòðèì êóáàòóðíóþ ôîðìóëó

Fϕ =

=
1

π2

M−1∑

k=0

M−1∑

l=0

(
ϕ(t′i+k,j+l)− ϕ(t′i+k,j−l−1)− ϕ(t′i−k−1,j+l) + ϕ(t′i−k−1,j−l−1)

)×

×
(

ln

∣∣∣∣sin
π(2k + 1)

2N

∣∣∣∣− ln

∣∣∣∣sin
π(2k − 1)

2N

∣∣∣∣
)
×

×
(

ln

∣∣∣∣sin
π(2l + 1)

2N

∣∣∣∣− ln

∣∣∣∣sin
π(2l − 1)

2N

∣∣∣∣
)

+

+
1

4π2

M−1∑

k=M1

M−1∑

l=M1

(
ϕ(Mkl, Γ

++
kl )− ϕ(Mkl, Γ

+−
kl )− ϕ(Mkl, Γ

−+
kl ) + ϕ(Mkl, Γ

−−
kl )

)×

×
∫

Γ++
kl

∫
ctg

σ1 − ti

2
ctg

σ2 − tj

2
dσ1dσ2+

+
1

4π2

M−1∑

k=1

M−1∑

l=M1

(
ϕ(Mkl, d

++
kl )− ϕ(Mkl, d

+−
kl )− ϕ(Mkl, d

−+
kl ) + ϕ(Mkl, d

−−
kl )

)×

×
∫

d++
kl

∫
ctg

σ1 − ti

2
ctg

σ2 − tj

2
dσ1dσ2+
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+
1

4π2

M−1∑

k=M1

M−1∑

l=1

(
ϕ(Mkl, q

++
kl )− ϕ(Mkl, q

+−
kl )− ϕ(Mkl, q

−+
kl ) + ϕ(Mkl, q

−−
kl )

)×

×
∫

q++
kl

∫
ctg

σ1 − ti

2
ctg

σ2 − tj

2
dσ1dσ2 + RN(ϕ). (4.3)

Òåîðåìà 4.1. Ïóñòü Ψ = Hα,α(1), 0 < α < 1. Ñðåäè âñåâîçìîæíûõ
êóáàòóðíûõ ôîðìóë âèäà (4.2) àñèìïòîòè÷åñêè îïòèìàëüíîé ïî òî÷íîñòè
ÿâëÿåòñÿ ôîðìóëà (4.3). Åå ïîãðåøíîñòü ðàâíà

RN [Ψ] = (1 + o(1))8 ln2 N/(1 + α)π2−αNα.

Äîêàçàòåëüñòâî ïîäîáíî äîêàçàòåëüñòâó òåîðåìû 3.6 ãëàâû 4 è ïî-
ýòîìó îïóñêàåòñÿ.

Îöåíèì ñëîæíîñòü êóá.ô. (4.3). Â êà÷åñòâå íàáîðà ïðîñòåéøèõ îïåðà-
öèé âîçüìåì íàáîð P = { ,

}.
Òåîðåìà 4.2. Ïóñòü Ψ = Hα,α(1), 0 < α ≤ 1. Ñðåäè âñåâîçìîæíûõ

êóáàòóðíûõ ôîðìóë âèäà (4.2) ôîðìóëà (4.3) ÿâëÿåòñÿ àñèìïòîòè÷åñêè
îïòèìàëüíîé ïî ñëîæíîñòè.

Äîêàçàòåëüñòâî òåîðåìû 4.2. Âíà÷àëå îöåíèì ÷èñëî ïðîñòåéøèõ
îïåðàöèé, íåîáõîäèìûõ äëÿ ðåàëèçàöèè êóáàòóðíîé ôîðìóëû (4.3) ñ òî÷-
íîñòüþ ε ïðè ïðîèçâîëüíûõ çíà÷åíèÿõ s1, s2 (0 ≤ s1, s2 ≤
≤ 2π) è áåç ïðåäâàðèòåëüíîé îáðàáîòêè êîýôôèöèåíòîâ.

Âûøå áûëî ïîêàçàíî, ÷òî àñèìïòîòè÷åñêè îïòèìàëüíàÿ êóáàòóðíàÿ
ôîðìóëà, èñïîëüçóþùàÿ N 2 óçëîâ, èìååò ïîãðåøíîñòü
(1+o(1))8 ln2 N/(1+α)π2−αNα. Ýòî îçíà÷àåò, ÷òî ñóùåñòâóåò òàêàÿ êîí-
ñòàíòà A (0 < A < ∞), ÷òî ïðè âñåõ 1 ≤ N < ∞ ζN [Ψ] ≥
≥ AN−α ln2 N. Ïóñòü ε− òî÷íîñòü âû÷èñëåíèÿ ïîëèñèíãóëÿðíîãî èí-
òåãðàëà íà êëàññå Ψ. Èç îïðåäåëåíèÿ ôóíêöèîíàëà ζN [Ψ] ñëåäóåò, ÷òî
ε ≥ ζN [Ψ]. Îòñþäà ïîëó÷àåì îöåíêó ñíèçó ÷èñëà óçëîâ n0 = N 2

0 , íåîáõî-
äèìûõ äëÿ äîñòèæåíèÿ òî÷íîñòè ε : AN−α

0 ln2 N0 ≥ ε. Èç ýòîãî íåðàâåí-

ñòâà èìååì N0 ³
(
| ln2 ε|

ε

)1/α

è, ñëåäîâàòåëüíî, n0 = A

(
| ln2 ε|

ε

)2/α

.

Ïîëàãàÿ ε = 8 ln N/(1 + α)π2+αNα, ïîëó÷àåì, ÷òî ðàçìåðíîñòü èí-
ôîðìàöèîííîãî îïåðàòîðà ηn = (ϕ(t1, t1), ϕ(t1, t2), . . . , ϕ(tN , tN)) ðàâíà
n = [(8(ln2 ε)/(1 + α)π2−αε)2/α] + 1. Îöåíêà ñíèçó ñëîæíîñòè ôîðìóë
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âèäà (4.2) ðàâíà
N∑

k=1

N∑

l=1

(ckl + akl) + N1,

ãäå ckl− ñëîæíîñòü âû÷èñëåíèÿ êàæäîãî ôóíêöèîíàëà ϕ(t′k, t
′
l); akl− ñëîæ-

íîñòü âû÷èñëåíèÿ êàæäîé âåñîâîé ôóíêöèè pkl; N1− ÷èñëî àðèôìåòè÷å-
ñêèõ äåéñòâèé, íåîáõîäèìûõ äëÿ ðåàëèçàöèè ôîðìóëû (4.2). Î÷åâèäíî,
akl ≥ 0,

N∑

k=1

N∑

l=1

ckl ≥ N 2 + 2N = (1 + o(1))N 2.

Äëÿ îöåíêè N1 çàìåòèì, ÷òî äëÿ äîñòèæåíèÿ ïîãðåøíîñòè âû÷èñëå-
íèÿ ïîëèñèíãóëÿðíîãî èíòåãðàëà Fϕ â ïðîèçâîëüíîé, çàðàíåå íåèçâåñò-
íîé òî÷êå (si, sj) ∈ [0, 2π]2 íåîáõîäèìî ðàñïîëàãàòü N 2 çíà÷åíèÿìè ôóíê-
öèîíàëà ϕ(tk, tl). Îäíàêî âû÷èñëåíèå èíòåãðàëà Fϕ â êîíêðåòíîé òî÷êå
(si, sj) ∈ [0, 2π]2 ñ òî÷íîñòüþ ε òðåáóåò, êàê ëåãêî âèäåòü èç ðàññóæäå-
íèé, ïðîâåäåííûõ â ïàðàãðàôå 2 ãëàâû 4 ìîíîãðàôèè [36], AN 2/ ln N
çíà÷åíèé ôóíêöèîíàëîâ ϕ(tk, tl). Ñëåäîâàòåëüíî,
N1 ≥ AN 2/ ln N = o(N 2). Òàêèì îáðàçîì, comp(ηn, F, ε) ≥ (1 + o(1))N2.

Îöåíèì ÷èñëî àðèôìåòè÷åñêèõ äåéñòâèé N2, íåîáõîäèìûõ äëÿ ðåà-
ëèçàöèè êóáàòóðíîé ôîðìóëû (4.3). Ïðåæäå âñåãî îòìåòèì, ÷òî âû÷èñ-
ëåíèå èíòåãðàëîâ, ñòîÿùèõ â ïðàâîé ÷àñòè ôîðìóëû (4.3), ñâîäèòñÿ ê
âû÷èñëåíèþ ln

∣∣sin π
2N (2k + 1)

∣∣ è ln
∣∣sin π

2N (2kL + 1)
∣∣ , k = 0, 1, . . . , M.

×èñëî àðèôìåòè÷åñêèõ äåéñòâèé, íåîáõîäèìûõ äëÿ âû÷èñëåíèÿ ýòèõ
çíà÷åíèé, îöåíèâàëîñü â ïðåäûäóùåì ðàçäåëå. Ïîâòîðÿÿ ïðîâåäåííûå
òàì ðàññóæäåíèÿ, ìîæíî ïîêàçàòü, ÷òî ÷èñëî àðèôìåòè÷åñêèõ äåéñòâèé,
íåîáõîäèìûõ äëÿ âû÷èñëåíèÿ ln

∣∣sin π
2N (2k + 1)

∣∣ è
ln

∣∣sin π
2N (2kL + 1)

∣∣ , k = 0, 1, . . . , M, ñ òî÷íîñòüþ N−2, åñòü âåëè÷èíà
O(N/ ln N) = o(N).

×èñëî àðèôìåòè÷åñêèõ äåéñòâèé, íåîáõîäèìûõ äëÿ ðåàëèçàöèè êóáà-
òóðíîé ôîðìóëû (4.3), åñòü âåëè÷èíà AM = O(N/ ln N) = o(N).

Òàêèì îáðàçîì, ñëîæíîñòü êóáàòóðíîé ôîðìóëû (4.3) ðàâíà (1 +
+ o(1))N 2.

Òåîðåìà äîêàçàíà.

344



ÃËÀÂÀ 7

ÏÐÈÌÅÍÅÍÈÅ ÎÏÒÈÌÀËÜÍÛÕ ÊÓÁÀÒÓÐÍÛÕ
ÔÎÐÌÓË Ê ÂÛ×ÈÑËÅÍÈÞ ÝËÅÊÒÐÈ×ÅÑÊÎÉ

ÅÌÊÎÑÒÈ ÒÅË ÏÐÎÈÇÂÎËÜÍÎÉ ÔÎÐÌÛ

Â îáçîðå, ïðèâåäåííîì â ïåðâîé ãëàâå è ïîñâÿùåííîì ïðèáëèæåííûì
ìåòîäàì âû÷èñëåíèÿ ñèíãóëÿðíûõ èíòåãðàëîâ, ïåðå÷èñëåíû ìíîãî÷èñ-
ëåííûå ðàçäåëû ôèçèêè è òåõíèêè, ïðè èññëåäîâàíèè êîòîðûõ âîçíè-
êàåò íåîáõîäèìîñòü â âû÷èñëåíèè ñèíãóëÿðíûõ èíòåãðàëîâ. Íå ìåíåå
ìíîãî÷èñëåííûìè ÿâëÿþòñÿ ïðèëîæåíèÿ ñëàáîñèíãóëÿðíûõ èíòåãðàëîâ.
Äàííàÿ ãëàâà ïîñâÿùåíà îäíîìó èç òàêèõ ïðèëîæåíèé � èòåðàöèîííîìó
ìåòîäó âû÷èñëåíèÿ ýëåêòðè÷åñêîé åìêîñòè ïðîâîäÿùåãî òåëà ïðîèçâîëü-
íîé ôîðìû.

Âû÷èñëåíèå ýëåêòðè÷åñêîé åìêîñòè òåëà ïðîèçâîëüíîé ôîðìû ÿâëÿ-
åòñÿ êëàññè÷åñêîé çàäà÷åé ýëåêòðîñòàòèêè, êîòîðîé ïîñâÿùåíî áîëåå 800
ðàáîò. Èçëîæåíèå èçâåñòíûõ ìåòîäîâ è ïîäðîáíàÿ áèáëèîãðàôèÿ ñîäåð-
æàòñÿ â êíèãàõ [83], [120], [121]. Ïðè ýòîì îñòàëñÿ îòêðûòûì âîïðîñ î
ïðèáëèæåííûõ ìåòîäàõ âû÷èñëåíèÿ ýëåêòðè÷åñêîé åìêîñòè òåë ïðîèç-
âîëüíîé ôîðìû. Ýôôåêòèâíûé àëãîðèòì ðåøåíèÿ ýòîé çàäà÷è äàí â
ñòàòüå [165].

Â êà÷åñòâå îäíîãî èç ïðèëîæåíèé çäåñü èçëîæåí ïðèáëèæåííûé ìåòîä
âû÷èñëåíèÿ ýëåêòðè÷åñêîé åìêîñòè òåë ïðîèçâîëüíîé ôîðìû.

1. Èòåðàöèîííûå ìåòîäû âû÷èñëåíèÿ ýëåêòðè÷åñêîé åìêîñòè
òåë ïðîèçâîëüíîé ôîðìû

Â ìîíîãðàôèè [210] ïðåäëîæåíà àíàëèòè÷åñêàÿ ôîðìóëà äëÿ âû÷èñ-
ëåíèÿ åìêîñòè ïðîèçâîëüíîãî òåëà ñ ëþáîé íàïåðåä çàäàííîé òî÷íîñòüþ
ε :

C(n) =

= 4πε0S
2





(−1)n

(2π)n

∫

Γ

∫

Γ

dsdt

rst

∫

Γ

. . .

∫

Γ︸ ︷︷ ︸
n

ψ(t, t1) . . . ψ(tn−1, tn)dt1 . . . dtn





−1

,

(7.1)
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ãäå S− ïëîùàäü ïîâåðõíîñòè Γ ïðîâîäíèêà, ε0− ýëåêòðè÷åñêàÿ ïðîíè-
öàåìîñòü, rst := |s− t| è ψ(t, s) := ∂

∂Nt

1
rst

,

C(0) =
4πε0S

2

J
≤ C, J ≡

∫

Γ

∫

Γ

dsdt

rst
.

Òàì æå äîêàçàíî, ÷òî
∣∣C − C(n)

∣∣ ≤ Aqn, 0 < q < 1, ãäå A è q−
ïîñòîÿííûå, çàâèñÿùèå îò ôîðìû òåëà Γ.

Èñïîëüçóåì ôîðìóëó (7.1) äëÿ ïîñòðîåíèÿ ÷èñëåííîãî àëãîðèòìà âû-
÷èñëåíèÿ ýëåêòðè÷åñêîé åìêîñòè.

Â ìîíîãðàôèè [210] ïîêàçàíî, ÷òî

C(n) = 4πε0S
2




∫

Γ

∫

Γ

r−1
st δn(t)dtds



−1

, (7.2)

ãäå δn îïðåäåëÿåòñÿ ïîñëåäîâàòåëüíûìè ïðèáëèæåíèÿìè

δn+1 = −Aδn, δ0 = 1,

∫

Γ

δndt = S, (7.3)

à îïåðàòîð A îïðåäåëÿåòñÿ ôîðìóëîé

Aδ =

∫

Γ

δ(t)
∂

∂Ns

1

2πrst
dt,

ãäå Ns− âíåøíÿÿ åäèíè÷íàÿ íîðìàëü ê ïîâåðõíîñòè Γ â òî÷êå s.
Ïðè èñïîëüçîâàíèè èòåðàöèîííîãî ìåòîäà (7.3) íåîáõîäèìî ðàñïîëà-

ãàòü ýôôåêòèâíûìè êóáàòóðíûìè ôîðìóëàìè äëÿ âû÷èñëåíèÿ èíòåãðà-
ëà

1

2π

∫

Γ

δ(t)
∂

∂NS

1

rst
dt. (7.4)

Îïèøåì êóáàòóðíóþ ôîðìóëó âû÷èñëåíèÿ èíòåãðàëà (7.4), ïðåäïî-
ëàãàÿ, äëÿ ïðîñòîòû îáîçíà÷åíèé, ÷òî îáëàñòü G, îãðàíè÷åííàÿ ïîâåðõ-
íîñòüþ Γ,− âûïóêëàÿ. Ñëåäóåò îòìåòèòü, ÷òî ïðåäëàãàåìûé àëãîðèòì
ìîæåò áûòü ïðèìåíåí ê òåëàì ïðîèçâîëüíîé ôîðìû.

Îáîçíà÷èì ÷åðåç S ñôåðó ñ öåíòðîì â íà÷àëå êîîðäèíàò è ñ ìàê-
ñèìàëüíûì ðàäèóñîì r∗, âïèñàííóþ â ïîâåðõíîñòü Γ. Ââåäåì ñôåðè÷å-
ñêèå êîîðäèíàòû (r, ϕ, Θ) è ÷åðåç (r∗, ϕk, Θl) îáîçíà÷èì ñèñòåìó óçëîâ
ϕk = 2kπ/n, k = 0, 1, . . . , n, Θl = πl/m, l = 0, 1, . . . , m.

346



Ïðåäïîëîæèì, ÷òî m− ÷åòíîå ÷èñëî è ïîêðîåì ñôåðó S ñôåðè÷åñêè-
ìè òðåóãîëüíèêàìè ∆k, k = 1, 2, . . . , N, N = 2n(m− 1).

Îïèøåì ïîñòðîåíèå ñôåðè÷åñêîãî òðåóãîëüíèêà. Ïðè 0 ≤ Θ ≤
≤ π/m òðåóãîëüíèêè ∆k, k = 1, 2, . . . , n, èìåþò âåðøèíû
(r∗, 0, 0), (r∗, ϕk−1, θ1), (r∗, ϕk, θ1), k = 1, 2, . . . , n.

Ïðè θl ≤ θ ≤ θl+1, l = 1, 2, . . . , m/2− 1, òðåóãîëüíèêè ∆k, k = n+
+2n(l − 1) + j, 1 ≤ j ≤ 2n, ñòðîÿòñÿ ñëåäóþùèì îáðàçîì. Ïðÿìîóãîëü-
íèê [0, 2π; θl, θl+1] ïîêðûâàåòñÿ êâàäðàòàìè ∆kl = [ϕk, ϕk+1; θl, θl+1], k =
= 0, 1, . . . , n− 1. Êàæäûé êâàäðàò ∆kl äåëèòñÿ íà äâà ðàâíûõ òðåóãîëü-
íèêà ∆1

kl è ∆2
kl, k = 0, 1, . . . , n − 1, l = 1, 2, . . . , m/2 − 1. Ñôåðè÷åñêèå

òðåóãîëüíèêè ∆1
kl è ∆2

kl, k = 0, 1, . . . , n − 1, l = 1, 2, . . . , m/2 − 1, ÿâëÿ-
þòñÿ îáðàçàìè òðåóãîëüíèêîâ ∆1

kl è ∆2
kl íà ñôåðå S.

Â ðåçóëüòàòå ýòèõ ïîñòðîåíèé ñôåðà S îêàçûâàåòñÿ ïîêðûòîé òðå-
óãîëüíèêàìè ∆k, k = 1, 2, . . . , N.

Ïðîâåäåì ïðÿìûå èç íà÷àëà êîîðäèíàò ÷åðåç âåðøèíû òðåóãîëüíèêîâ
∆k, k = 1, 2, . . . , N. Òî÷êè ïåðåñå÷åíèÿ ýòèõ ïðÿìûõ ñ ïîâåðõíîñòüþ Γ
ÿâëÿþòñÿ âåðøèíàìè òðåóãîëüíèêîâ ∆k, k = 1, 2, . . . , N. Â ðåçóëüòàòå
ýòèõ ïîñòðîåíèé ïîâåðõíîñòü Γ àïïðîêñèìèðóåòñÿ ïîâåðõíîñòüþ ΓN , ñî-
ñòîÿùåé èç ïëîñêèõ òðåóãîëüíèêîâ ∆k, k = 1, 2, . . . , N, è èíòåãðàë (7.4)
àïïðîêñèìèðóåòñÿ èíòåãðàëîì

U(s) =

∫

ΓN

δ(t)
∂

∂NS

1

rst
dt. (7.5)

Çàôèêñèðóåì ïðîèçâîëüíûé òðåóãîëüíèê ∆k, k = 1, 2, . . . , N, è ïîñòà-
âèì åìó â ñîîòâåòñòâèå òî÷êó τk ∈ ∆k, k = 1, 2, . . . , N, ðàâíîóäàëåííóþ
îò âåðøèí òðåóãîëüíèêà ∆k, k = 1, 2, . . . , N. Âû÷èñëèì èíòåãðàë (7.5) â
òî÷êàõ τk, k = 1, 2, . . . , N, ïî êóáàòóðíûì ôîðìóëàì, îïèñàííûì â ðàçä.
1 ãëàâû 4. Ïîñëå âû÷èñëåíèÿ çíà÷åíèé U(τk), k = 1, 2, . . . , N ïî ýòèì
êóáàòóðíûì ôîðìóëàì âû÷èñëÿåòñÿ ïåðâàÿ èòåðàöèÿ

C̃(1) = −4πε0S
2
N




∫

ΓN

∫

ΓN

r−1
st Ũ(t)dtds



−1

,

ãäå Ũ(t) = U(τk) ïðè t ∈ ∆k, k = 1, 2, . . . , N, SN− ïëîùàäü ïîâåðõíî-
ñòè ΓN , C̃(1)− ïðèáëèæåíèå ê C(1). Ïîñëåäóþùèå èòåðàöèè âû÷èñëÿþòñÿ
àíàëîãè÷íî.
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Òàêèì îáðàçîì, äëÿ âû÷èñëåíèÿ åìêîñòè ðåàëèçóåòñÿ ñëåäóþùèé âû-
÷èñëèòåëüíûé ïðîöåññ:

δn+1 = −ANδn, δ0 = 1,

∫

ΓN

δndt = SN , (7.6)

C
(n)
N = 4πε0S

2
N




∫

ΓN

∫

ΓN

r−1
st δn(t)dt



−1

, (7.7)

ãäå
ANδ =

1

2π

∫

ΓN

δ(t)
∂

∂Ns

1

rst
dt.

2. Îïèñàíèå ïðîãðàììû

Â ýòîì ðàçäåëå äàåòñÿ îïèñàíèå áëîê-ñõåìû ïðîãðàììû âû÷èñëåíèÿ
åìêîñòè òåë ïðîèçâîëüíîé ôîðìû.

Ïóñòü G− âûïóêëîå îãðàíè÷åííîå çàìêíóòîå òåëî, åìêîñòü êîòîðîãî
íóæíî âû÷èñëèòü. Ïóñòü Γ− ïîâåðõíîñòü, îãðàíè÷èâàþùàÿ îáëàñòü G.
Ïîëàãàåì, ÷òî ïîâåðõíîñòü Γ îïðåäåëÿåòñÿ àíàëèòè÷åñêèìè âûðàæåíè-
ÿìè. Îáîçíà÷èì ÷åðåç Î öåíòð òåëà G (èëè òî÷êó áëèçêóþ ê öåíòðó).

Ïîìåñòèì â òî÷êó Î íà÷àëà äåêàðòîâîé è ñôåðè÷åñêîé ñèñòåì êîîð-
äèíàò. Âïèøåì âíóòðü ïîâåðõíîñòè Γ ñôåðó ñ öåíòðîì â òî÷êå Î. Äëÿ
ïðîñòîòû îáîçíà÷åíèé ïðåäïîëîæèì, ÷òî ðàäèóñ ñôåðû ðàâåí 1.

Îáîçíà÷èì ÷åðåç vkl òî÷êó ñ êîîðäèíàòàìè vkl = (1, θk, ϕl), θk =
= kπ/N, ϕk = 2kπ/N, k = 0, 1, . . . , N. Ïðîâåäåì òðèàíãóëÿöèþ åäè-
íè÷íîé ñôåðû ñëåäóþùèì îáðàçîì. Ñîåäèíèì òî÷êó v00 ñ òî÷êàìè v1k,

k = 0, 1, . . . , N, è ñîñåäíèå òî÷êè v1k, k = 0, 1, . . . , N, ìåæäó ñîáîé. Â
ðåçóëüòàòå ïîëó÷àåì N òðåóãîëüíèêîâ, êîòîðûå îáîçíà÷èì ÷åðåç ∆0k,

k = 0, 1, . . . , N − 1. Íàíåñåì íà åäèíè÷íóþ ñôåðó N òî÷åê v2k, k =
= 0, 1, . . . , N, êîòîðûå ïîñëåäîâàòåëüíî ñîåäèíèì ìåæäó ñîáîé. Ñîåäè-
íèì êàæäóþ òî÷êó v1k, ñ òî÷êîé v2k, k = 0, 1, . . . , N − 1, è ñ òî÷êîé
v2,k+1, k = 0, 1, . . . , N − 2. Â ðåçóëüòàòå ïîëó÷àåì N òðåóãîëüíèêîâ
∆1

1k = (v1k, v2k, v2,k+1) è N òðåóãîëüíèêîâ ∆2
1k = (v1k, v1,k+1, v2,k+1).

Ïðîäîëæàÿ ýòè äåéñòâèÿ, àïïðîêñèìèðóåì ïîâåðõíîñòü åäèíè÷íîé ñôå-
ðû 2n(N−1) òðåóãîëüíèêàìè ∆0,l, ∆i

k,l, i = 1, 2, k = 1, 2, . . . , N−2, ∆N,l,

l = 0, 1, . . . , N − 1.
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Òðèàíãóëÿöèåé ïîâåðõíîñòè åäèíè÷íîé ñôåðû çàêàí÷èâàåòñÿ ïåðâûé
ýòàï ïîñòðîåíèÿ ïðîãðàììû.

Âòîðîé ýòàï ïðîãðàììû çàêëþ÷àåòñÿ â òðèàíãóëÿöèè ïîâåðõíîñòè Γ.

Äëÿ ýòîãî èç íà÷àëà êîîðäèíàò ÷åðåç âåðøèíû êàæäîãî èç òðåóãîëüíè-
êîâ ∆0,l, ∆i

k,l, k = 1, 2, . . . , N − 2, i = 1, 2, ∆N,l, l = 0, 1, . . . , N−
−1, ïðîâîäèì ëó÷è äî ïåðåñå÷åíèÿ ñ ïîâåðõíîñòüþ Γ. Ïðè ýòîì êàæäûé
òðåóãîëüíèê ∆0,l, ∆i

k,l, k = 1, 2, . . . , N − 1, ∆N,l, l = 0, 1, . . . , N − 1, îòîá-
ðàæàåòñÿ â òðåóãîëüíèê ∆̄0,l, ∆̄i

k,l, k = 1, 2, . . . , N − 1, ∆̄N,l, l =
= 0, 1, . . . , N−1. Ïîâåðõíîñòü, ñîñòàâëåííóþ èç ýòèõ òðåóãîëüíèêîâ, îáî-
çíà÷èì ÷åðåç ΓN , à åå ïëîùàäü ÷åðåç SN .

Íà òðåòüåì ýòàïå âû÷èñëÿþòñÿ ïëîùàäè ∆̄0,l, ∆̄i
k,l, i = 1, 2, k =

= 2, . . . , N−2, ∆̄N,l, l = 0, 1, . . . , N−1; âû÷èñëÿþòñÿ íàïðàâëÿþùèå êîñè-
íóñû è íàõîäÿòñÿ âíåøíèå åäèíè÷íûå íîðìàëè ê êàæäîìó òðåóãîëüíèêó.

Íà ÷åòâåðòîì è ïÿòîì ýòàïàõ âû÷èñëÿþòñÿ ñëàáîñèíãóëÿðíûå èíòå-
ãðàëû.

Îáîçíà÷èì ÷åðåç δ0 íà÷àëüíîå ïðèáëèæåíèå. Ïîëîæèì, ñëåäóÿ [210],
δ0 = 1. Ñîãëàñíî (7.2), äëÿ âû÷èñëåíèÿ ïåðâîãî ïðèáëèæåíèÿ ê òî÷íîìó
çíà÷åíèþ åìêîñòè, íóæíî âû÷èñëèòü ïîñëåäîâàòåëüíî äâà ñëàáîñèíãó-
ëÿðíûõ èíòåãðàëà ïî ôîðìóëå

C(1) = 4πεS2
N




∫

ΓN

∫

ΓN

dτ

((τ1 − t1)2 + (τ2 − t2)2)1/2



−1

.

Íà ÷åòâåðòîì ýòàïå âû÷èñëÿþòñÿ ôóíêöèè

ψ(t1, t2) =

∫

ΓN

dτ

((τ1 − t1)2 + (τ2 − t2)2)1/2 (7.8)

íà ñåòêå óçëîâ, êîòîðàÿ íà ñëåäóþùåì ýòàïå áóäåò ñåòêîé óçëîâ êóáàòóð-
íîé ôîðìóëû, ïðåäíàçíà÷åííîé äëÿ âû÷èñëåíèÿ èíòåãðàëà∫

ΓN

∫

ΓN

ψ(t1, t2)dt1dt2. (7.9)

Äëÿ òîãî, ÷òîáû óïðîñòèòü ïðîãðàììó, èíòåãðàëû â ôîðìóëàõ (7.8) è
(7.9) âû÷èñëÿþòñÿ ïî îäíèì è òåì æå ñèñòåìàì óçëîâ.

Òàê êàê èíòåãðàë â ôîðìóëå (7.8) áåðåòñÿ ïî êóñî÷íî-ãëàäêîé îáëà-
ñòè ΓN , òî ôóíêöèÿ ψ(t1, t2) íà âñåé ïîâåðõíîñòè ΓN ïðèíàäëåæèò êëàñ-
ñó Ãåëüäåðà, ïðè÷åì óæå ïåðâûå ÷àñòíûå ïðîèçâîäíûå ôóíêöèè ψ(t1, t2)
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èìåþò ðàçðûâû. Ïîýòîìó äëÿ âû÷èñëåíèÿ èíòåãðàëîâ (7.8) è (7.9) èñ-
ïîëüçóþòñÿ îïòèìàëüíûå ïî ïîðÿäêó êóáàòóðíûå ôîðìóëû âû÷èñëåíèÿ
ñëàáîñèíãóëÿðíûõ èíòåãðàëîâ íà êëàññå ôóíêöèé Ãåëüäåðà.

Òàêèì îáðàçîì, â êàæäîì òðåóãîëüíèêå ∆0,l, ∆i
k,l, i = 1, 2, k =

= 1, 2, . . . , N − 2, ∆N,l, l = 0, 1, . . . , N − 1, ñòðîèòñÿ îïòèìàëüíàÿ ïî
ïîðÿäêó êóáàòóðíàÿ ôîðìóëà âû÷èñëåíèÿ ñëàáîñèíãóëÿðíûõ èíòåãðàëîâ
íà êëàññàõ Ãåëüäåðà.

Äëÿ ýòîãî â êàæäîì òðåóãîëüíèêå ∆0,l, ∆i
k,l, i = 1, 2, k = 1, 2, . . . , N−

−2, ∆N,l, l = 0, 1, . . . , N − 1, ââîäÿòñÿ óçëû M0,l(j), M i
k,l(j), i = 1, 2,

k = 1, 2, . . . , N − 2, MN,l(j), l = 0, 1, . . . , N − 1, j = 1, 2, . . . , m, ãäå m−
÷èñëî óçëîâ êóáàòóðíîé ôîðìóëû.

Äàëåå âû÷èñëÿþòñÿ çíà÷åíèÿ ôóíêöèè ψ(t1, t2) â òî÷êàõ M0,l(j), Mk,l(j),
k = 1, 2, . . . , N − 2, i = 1, 2, Mk,l(j), l = 0, 1, . . . , N − 1,
j = 1, 2, . . . , m, ïî îïèñàííûì âûøå êóáàòóðíûì ôîðìóëàì.

Íà ïÿòîì ýòàïå âû÷èñëÿåòñÿ èíòåãðàë (7.7) ïî îïèñàííûì âûøå êâàä-
ðàòóðíûì ôîðìóëàì.

Íà øåñòîì ýòàïå âû÷èñëÿåòñÿ ïåðâîå ïðèáëèæåíèå ê òî÷íîìó çíà÷å-
íèþ åìêîñòè.

Íà ñåäüìîì ýòàïå îðãàíèçóåòñÿ öèêë âû÷èñëåíèé ïîñëåäîâàòåëüíûõ
ïðèáëèæåíèé. Âûõîä èç öèêëà îïðåäåëÿåòñÿ ÷èñëîì çàäàííûõ çàðàíåå
èòåðàöèé.

Ëèñòèíã ïðîãðàììû ñîñòîèò èç 35 ñòðàíèö è çäåñü íå ïðèâîäèòñÿ.
Ïðîãðàììà íàïèñàíà íà ÿçûêå Ïàñêàëü è âûïîëíåíà â ñðåäå DELPHY.

3. ×èñëåííûå ïðèìåðû
Â ýòîì ðàçäåëå ïðèâîäÿòñÿ ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ. Â

êà÷åñòâå ïðèìåðà âû÷èñëèì åìêîñòè ýëëèïñîèäîâ, òàê êàê äëÿ íèõ èç-
âåñòíû àíàëèòè÷åñêèå ôîðìóëû, âûðàæàþùèå ýëåêòðè÷åñêóþ åìêîñòü
÷åðåç äëèíû ïîëóîñåé. Ýòî äàåò âîçìîæíîñòü ðåàëüíî îöåíèòü òî÷íîñòü
ïîñòðîåííîãî àëãîðèòìà.

Ðàññìîòðèì ýëëèïñîèä
x2

a2 +
y2

b2 +
z2

c2 = 1.

Èçâåñòíî [83], ÷òî òî÷íîå çíà÷åíèå âåëè÷èíû åìêîñòè ýëëèïñîèäà ïðè
a = b ðàâíî

C =
4πε0

√
a2 − c2

arccos(c/a)
,
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ãäå ε0− äèýëåêòðè÷åñêàÿ ïîñòîÿííàÿ.
Ïóñòü a = b = 1, ε0 = 1. Áóäåì âû÷èñëÿòü åìêîñòü ýëëèïñîèäà ïðè

ðàçëè÷íûõ çíà÷åíèÿõ äëèíû ïîëóîñè c. Ðåçóëüòàòû âû÷èñëåíèé ïðèâå-
äåíû â òàáë. 7.1.

Î÷åíü âàæíûì ìîìåíòîì â ÷èñëåííûõ ìåòîäàõ ÿâëÿåòñÿ óñòîé÷èâîñòü
àëãîðèòìîâ ê ðàçëè÷íûì ïîìåõàì.

Èññëåäóåì óñòîé÷èâîñòü ïîñòðîåííîãî àëãîðèòìà ê âîçìóùåíèÿì íà-
÷àëüíûõ çíà÷åíèé.

Â èòåðàöèîííîé ñõåìå (7.6) âìåñòî íà÷àëüíîãî ïðèáëèæåíèÿ δ0 ≡ 1
âîçüìåì íà÷àëüíîå ïðèáëèæåíèå δ̃0 = (δ1

0, . . . , δ
n
0 ), ãäå δk

0− çíà÷åíèå íà-
÷àëüíîãî ïðèáëèæåíèÿ δ̃0 íà òðåóãîëüíèêå ∆k, k = 1, 2, . . . , n. Çíà÷åíèÿ
δk
0 îïðåäåëÿþòñÿ ôîðìóëîé δk

0 = 1+2(random(k)−0, 5)δ, ãäå random(k)−
ê-å çíà÷åíèå äàò÷èêà ñëó÷àéíûõ ÷èñåë, δ− êîýôôèöèåíò âîçìóùåíèÿ.

Ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ ïðè ðàçëè÷íûõ çíà÷åíèÿõ ïðè-
âåäåíû â òàáë. 7.2.

4. Çàêëþ÷åíèå

Â ïðåäûäóùèõ ðàçäåëàõ îïèñàí èòåðàöèîííûé ìåòîä âû÷èñëåíèÿ ýëåê-
òðè÷åñêîé åìêîñòè óåäèíåííûõ òåë ïðîèçâîëüíîé ãåîìåòðè÷åñêîé ôîð-
ìû. Ïðåäëîæåííàÿ âû÷èñëèòåëüíàÿ ñõåìà è åå ïðîãðàììíàÿ ðåàëèçàöèÿ
ïîêàçàëè ïðè òåîðåòè÷åêèõ èññëåäîâàíèÿõ è ïðè ðåøåíèè ìîäåëüíûõ
ïðèìåðîâ âûñîêóþ òî÷íîñòü è óñòîé÷èâîñòü ê âîçìóùåíèÿì íà÷àëüíûõ
äàííûõ. Ïðè ýòîì íàðÿäó ñ âû÷èñëåíèåì åìêîñòè ýëëèïñîèäîâ âðàùå-
íèÿ, ðåçóëüòàòû êîòîðûõ ïðèâåäåíû â òàáë. 7.1 ì 7.2, ìåòîä áûë ïðî-
òåñòèðîâàí íà áîëüøîì ÷èñëå çàìêíóòûõ òåë ïðîèçâîëüíîé ãåîìåòðè-
÷åñêîé ôîðìû. Ðåçóëüòàòû òåñòèðîâàíèÿ âñåõ ìîäåëüíûõ ïðèìåðîâ ïî-
êàçàëè âûñîêóþ ýôôåêòèâíîñòü âû÷èñëèòåëüíîé ñõåìû. Ýòî ïîçâîëÿåò
óòâåðæäàòü, ÷òî ñîçäàí óíèâåðñàëüíûé ïðèáëèæåííûé ìåòîä âû÷èñëå-
íèÿ ýëåêòðè÷åñêîé åìêîñòè òåë ïðîèçâîëüíîé ãåîìåòðè÷åñêîé ôîðìû.
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